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AmpliBSima et pulchemma scientia figurarum. At quam eat r 
nomen Geomfetnae ' NiGOD FsiscHLiiras, Dialog I 

Perspective methodus, qua nee inter inventas nee inter mventn pa 
compendiosior esse videtur IB PASCAL, Lit ad Acad Paro , i( 

Da vemam scnptis, quorum non glona nobis 

Causa, sed utilitas officiumque fuit OVID, ex, font , in 9 



THIS book is not intended for those whose high i 

is to advance the progress of science , they would f 

nothing new, neither as regards principles, nor as 

methods The propositions are all old , in fact, not 

them owe their origin to mathematicians of the mo 

antiquity They may be traced back to EUCLID (38 

APOLLONITJS of Perga (247 B a ), to PAPPUS of Alexar 

centuiy aftei Christ), to DES ARGUES of Lyons (i5c 

to PASCAL (1623-1662), to DE LA HIRE (1640-3 

NEWTON (1642-1727), to MACLAURIN (1698-1746), 

LAMBERT (1728-1777), &c The theories and methc 

make of these propositions a homogeneous and ha 

whole it is usual to call modem, because they have 

covered or perfected by mathematicians of an age 

ours, such as CARNOT, BRIA><CHON, PONCEI ET, MOBIUS, 

CHASLES, STAUDT, &c , whose works weie pubhsh 

earlier half of the present century 

Various names have been given to this subject of 
are about to develop the fundamental principles 
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to adopt that of Higher Geometry (G/om/tne wptnewrt 
&0]iere Geometne}, because that to which the title c higher ' a 
<me time seemed appropriate, may to-day have become ver 
elementary, nor that of Modern Geometry (neuere Geometne] 
wtaeh in like manner expresses a merely relative idea , and i 
moreover open to the objection that although the method 
si&y be regarded as modern, yet the matter is to a great exten 
old Nor does the title Geometry of position (Geometne der Lage 
as used by STAUDT* seem to me a suitable one, since i 
excludes the consideration of the metrical properties of figure c 
I have chosen the name of Protective Geometry f, as expressin, 
the true nature of the methods, which are based essentially 01 
$eteal projection or perspective And one reason which ha 
cieierained this choice is that the great POKOELET, the chie 
areator of the modern methods, gave to his immortal boo] 
the ktle of fraite Aes $ro$n&fa projectives des figures (1823) 

In developing the subject I have not followed exclusivel 
any one author, but have borrowed from all what seeme 
useful for my purpose, that namely of writing a book whic 
should be thoroughly elementary, and accessible even to thos 
whose knowledge does not extend beyond the mere elements c 
ordinary geometry I might, after the manner of STAUD r 
have taken forgianted no previous notions at all , but in ths 
case my work would have become too extensive, and woul 
no longer have been suitable for students who have read th 
usual elements of mathematics Yet the whole of what sue 
students have probably read is not necessary in ordei t 
undei stand my book , it is sufficient that they should kno^ 
the chief propositions relating to the ciicle and to simile 
triangles 

It is, I think, desirable that theoretical instruction i 

* Equivalent to the Descriptive Geometry of CAYLEY (Sixth memoir on quantu 
Phil Trans of the Royal Society of London, 1859 P 9) The name Geomttr 
de position as used by CARROT coi responds to an idea quite different from th 
which J wished to expiess in the title of my book I leave out of consideratu 
oth r nimes, such as Geom tme segmentaire and Oigamsche Geometne, as referrn 
to ideas which are too limited m my opinion 
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geometry should have the help afforded it by the pi 
constructing and drawing of figures. I have aceordiBg 
more stress on descriptive properties than on metrical oiae 
have followed rather the methods of the Gtometne der 
STATJDT than those of the G&mStne supenewre of CHA 
It has not however been my wish entirely to exclude n 
properties, for to do this would have been detnmej 
other practical objects of teaching f I have therefor* 
duced into the book the important notion of the an& 
ratio, which has enabled me, with the help of the few 
mentioned propositions of the ordinary geometry, to ec 
easily the most useful metrical properties, which are 
consequences of the projective properties, or are closely 
to them 

I have made use of central projection in order to e* 
the idea of infinitely distant elements, and, following the e 
of STEINEB, and of STAUDT, I have placed the law of 
quite at the beginning of the book, as being a logi 
which arises immediately and naturally from the pos 
of constructing space by taking either the point or the ] 
element The enunciations and proofs which corres] 
one another by virtue of this law have often been pi 
parallel columns , occasionally however this arrangerc 
been departed from, in order to give to students the 
tumty of practising themselves m deducing fiom a 1 
its correlative Piofessor BEYE remaiks, with justice 
preface to his book, that Geometry affords nothing so 
to a beginner, nothing so likely to stimulate him to 
work, as the principle of duality, and for this reas 
veiy important to make him acquainted with it 
as possible, and to accustom him to employ it wi 
fidence 

The masterly treatises of PONCELET, STEIXEB, CHA.S 

* Of REYE, Geometric der Lage (Hannover, 1866, 2nd edition, 187 

the preface 

^ r7^ -n i~i a a* pi* ft tltYPr AniflfnrfuntJ auf Keaelaci 
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are those to which I must acknowledge myself most 
, not only because all who devote themselves to 
Geometry commence with the study of these works, but also 
because I have taken from them, besides the substance of 
tfao methods, the proofs of many theorems and the solutions of 
mmj problems. But along with these I have had occasion 
ateoto consult the works of APOLLONIUS, PAPPUS, DESARGKJES, 
DB &A HIRE, NEWTON, MAOLAURIN, LAMBERT, CARNOT, 
BRIANODHON, I^OBIUS, BBLLAVITIB, &c , and the later ones of 
GASKBST, WITZSOHEL, TOWNSEND, REYE, POTTDRA, 

fee. 

o$*der noi to increase the difficulties, already very con- 
of my undertaking, I have relieved myself from the 
responsibility of quoting in all cases the sources from which 
I bwe drawn, or the original discoverers of the various pro- 
positions or theories I trust then that I may be excused if 
sometimes the source quoted is not the original one f> or if 
occasionally the reference is found to be wanting entirely 
In giving references, my desire has been chiefly to call the 
attention of the student to the names of the great geometers 
Jhe titles of their works, which have become classical 
--- issociation with certain great theorems of the illustrious 
tames of EUCLID, APOLLONIUS, PAPPUS, DES ARGUES, PASCAL, 
NEWTON, CARNOT, &c will not be without advantage in assist- 
ing the mind to retain the results themselves, and in exciting 
that scientific curiosity which so often contributes to enlarge 
our knowledge 

Another object which I have had m view in giving refer- 
ences is to coriect the first impressions of those to whom the 
name Piojective Geometry }&& a suspicious an of novelty Such 

* POJ*CEIET Ti aite ties propnefe* pi ojechiesdes figures (Pans, 1822) STEINEB, 
Systematise Eniwickelmg derAbhanyiffkeitgeometnschet Gebtalten loneinander 
<tc Berlin, 1832) CHASLES, Tiatttcle GeomttnebiipeneutetF&n , 1852) Ttaite 
de* sections conique* (Pans, 186-,) STAUDT Geomett te der Laye (Number^ 1847) 

f In quotm e an author 1 have almost always cited fauch of his treatise* as are 
of considerable extent and generally known although his discoveries may have 
been originally announced elsewhere * or example, the researches of CHASLES in 
the theory of conies date from a period in ruo^t cases anterior to the year 1830 
those of bTAUDT began m 1831 , &c 
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persons I desire to convince that the subjects are to a gre 
extent of venerable antiquity, matured in the minds of t 
greatest thinkers, and now reduced to that form of exta-ed 
simplicity which GEROONNE considered as the mark of perfects 
in a scientific theory* In my analysis I shall follow t 
order in which the various subjects are arranged in the boo 
The conception of ekmenfe lying at an twfimte distance IB d 
to the celebrated mathematician DESABGUES , who more th 
two centunes ago explicitly considered parallel straight lir 
as meeting in an infinitely distant point f, and parallel plai 
as passing through the same straight line at an mfin 
distance J 

The same idea was thrown into fall light and ma 
generally known by PONCELET, who, starting from the posi 
lates of the Euclidian Geometry, arrived at the condusi 
that the points in space which lie at an infinite distance mi 
be regarded as all lying in the same plane 

DESAHGUES || and NEWTON IT considered the asympto 
of the hyperbola as tangents whose points of contact lie at 
infinite distance 

The name homology is due to PONCELET Homology, w 
reference to plane figures, is found in some of the ear] 
treatises on perspective, for example in LAMBERT** or p 
haps even in DESAEGUES ft. wto enunciated and proved 
theorem concerning tuangles and quadrilaterals in perspect 
or homology This theorem, for the particular case of t 
triangles (Art 17), is however really of much older date, a 

* ' On lie peut se flatter d'avoir le dernier mot d une throne, tant qu 01 
peut pas 1'exphquer en peu de paroles a un passant dans la rue (cf CHAS 
Apergu histonque, p 115) 

f (Euires de DESVRGUES, tenmes et analyses par M POUDRA (Pans, ib 
tome i Biouillonptojet dune atteinte aux elements de* renconties d*un 
a^ec un plan (1639), PP 1O 4> 1O 5> 20 5 

Loc city pp 105, 106 

Tiaite<hspiop\iett&yrojectuesdes figures (Pans, 1822) Arts 90, 5^ 

|| Loc cit , p 210 

f[ PJiilo^opluae naturalis principia mathematica (1686), lib i prop 

scholium 

** Freie Perspective 2nd edition (Zurich, 1774) 
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is substantially identical with a celebrated ponsm of EUCLID 
(Art, 114), which has been handed down to us by PAPPUS* 
Homological figures in space were first studied by PONCELET f 

The law of duality, as an independent principle, was enun- 
ciated by OER<K)NNE t , as a consequence of the theory oi 
reciprocal polars (under the name pnnctpe de reciprocity polaire] 
ifcis due to PONCELET 

*Ehe geometric forms (range of points, flat pencil) are found, 
t&e names exeepted, in DESARGRJES and the later geometers 
Srooma || has defined them in a more explicit manner than 
any previous writer 

The complete quadrilateral was consideied by CABNOT H" 3 
ifce idea was extended by STEINEB** to polygons of any 
immber of sides and to figures in space 

sectwn, was known to geometers of the most 
antiquity , the fundamental properties of it are to be 
found for example in APOLLONIUS ft DE L ^ H IR E tt gave the 
construction of the fourth element of a harmonic system by 
means of the harmonic property of the quadrilateral, ^ e "by 
help of the ruler only 

From 1833 the construction of projective forms was taught 
by STEINER 

The complete theory of the anharmonic ratios is due to 
MOBIUS || ||, but before him EUCLID, PAPPUS ![[, DESAEGUES ***, 
and BRIANCHON fff had demonstrated the fundamental pro- 
position of Art 63 DESAEGUEsJJt was the author of the theory 

* CHASLES, Les troib limes cle porwmes d'Euchde, &c (Pans, 1860), p 102 

f Loc cit , pp 369 sqq 

J Annales de Mathematiques vol xvi (Montpellier 1826), p 209 

Ibid , vol vni (Montpellier, 1818), p 201 

|| Systematiscke EntwicTcelung , pp xni, xiv Collected Works, vol i p 237 

fl De la CM relation desfigiues de G-eometne (Pans, 1801), p 122 

** Loc cit pp 72 235, 19, 5^ 

ft Comcorttm lib i 34 36, 37, 38 

tt bcetionea comcae (Parisiih, 1685), i 20 

Loc cit p 91 

Illl Der barycentnsche Calcul (Leipzig 1827), chap v 

^ Mnthematicae Collectiones, vn 129 

*** Loc cit p 425 

ftt Mtmone sur le$ hgnes du second ordre (Pans, 1817), p 7 

ttt Loc cit pp no U7 I7i 176 
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of ^nvolut^on t of which a few particular cases were at 
known to the Greek geometers* 

The generation of comes by means of two projec&ve 1 
was set forth, forty years ago, by STIIHEB and by CSA, 
it is based on two fundamental theorems (Arts, 149, 
from which the whole theory of these important curva 
be deduced The same method of generation indodei 
organic description of NEWTON f and various theorea 
MAOLAUBIN 

But the projectmty of the pencils formed by joinm| 
fixed points on a conic to a variable point on the sam< 
already been proved, in other words, by APOLLONIUS J 

When only sixteen years old (in 1640) PASCAL disco 
his celebrated theorem of the mystw hexagram , and in 
BRIANCHON deduced the correlative theorem (Art 15 
means of the theory of pole and polar 

The properties of the quadrilateral formed by four tar 
to a conic and of the quadrangle formed by their pou 
contact are to be found in the Latin appendix (De 
rum geometncarum propnetat^b^t,s geneiahbus traetatus) t 
Algebra of MACLAURIN, a posthumous work (London, 
He deduced from these properties methods for the 
struction of a conic by points 01 by tangents in several 
where five elements (points 01 tangents) are given 
problem, in its full geneiality, was solved at a later cU 
BRIANCHON 

The idea of considering two projective ranges of pou 
the same conic was explicitly set forth by BELLAVITIS || 

To CARNOTIT we owe a celebiated theorem (Art 385 
cermng the segments which a conic determines on the si 



* PAPPUS, Mathematicae Collections, lib vii props 37-56, 127, 128, I 

f Loc cit lib i lemma xxi 

J Conicorum lib 111 54, 5 , 56 I owe this remark to Prof ZEUTHEN 

Letter of LEIBNITZ to M PERIEB in the CEuvres de B Pascal (I 
edition, vol v p 459) 

|| Sagtjio d\ geometna deruata (Nuovi Saggi dell Accademia di Padova 
1838), p 2 y o, note 

T rjsmot** * d n / ^ /'Pa Tn5> A f 3-A 
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a triangle Of this theorem also certain particular cases were 
known long before * 

In the Frew Perspective of LAMBERT we meet with elegant 
constructions for the solution of several problems of the first 
a&d second degrees by means of the ruler, assuming however 
that- eertain elements are given , but the possibility of solving 
all problems of the second degree by means of the ruler and 
sifeed circle was made clear by POKCELET , afterwards STEINER, 
in a most valuable httle book, showed the manner of practically 
earrymg this out (Arts 238 sqq ) 

The theory erf pole and polar was already contained, undei 
vararos names, in the works already quoted of DJ^SARSUES f 
and DE LA HiBuJ, it was perfected by MONQ-E, BRTAN- 
1 and PONOELET The last-mentioned geometer derived 
it the theory of polar reciprocation, which is essentially 
&e same thing as the law of duality, called by him the c pnn- 
eipe de reciprocity polaire ' 

The principal properties of conjugate diameters weie ex- 
pounded by APOLLONIUS in books 11 and vn of his work on 
the Comes 

And lastly, the fundamental theoiems concerning foci are to 
be found in book in of APOLLONIUS, in book vii of PAPPUS, 
and in book vm of DE LA HIRE 

Those who desire to acquire a more extended and detailed 
knowledge of the progress of Geometry from its beginnings 
until the year 1830 (which is sufficient for what is contained 
in this book) have only to read that classical woik, the Aperqu 
hwtongue of CHASLES 

* APOLLONIUS, Comcorum lib m 16-23 DESARGUES, loc cit , p 202 DE 
LA HIRE loc cit book v props 10, 12 NEWTON Enumeratio linewum tertu 
orduito (OpticJcs, London, 1704) p 142 

f Loc cit , pp 164 186, 190 sqq 

J Loc cit , i 21-28 11 23-30 

Geometne descriptive (Pans, 1795) Art 40 

Jl Journal de I Lode Poly technique, cahier xm (Pans 1806) 
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IN April last year, when I was in Edinburgh on the 
of the celebration of the tercentenary festival of the Ui 
there, Piofessor SYLVESTER did me the honour of saym 
his opinion a translation of my book on the Elements o 
tive Geometry might be useful to students at the Engl 
versities as an introduction to the modern geometrical i 
The same favourable judgement was shown to me 1 
mathematicians, especially in Oxford, which place I v 
the following month of May at the invitation of Profes 
VESTER There Professor PRICE proposed to me that 
assist in an English tianslation of my book, to be cai 
by Mr C LEUDESDORF, Fellow of Pembroke College, 
published by the Clarendon Press I accepted the 
with pleasure, and for this reason In mj opinion th< 
excel in the art of wilting text-books foi mathematic 
ing, as regards the clear exposition of theones 
abundance of excellent examples, cai efully selected, 
books exist in other countiies which can compete TV 
of SALMON and many other distinguished English aut 
could be named I felt it theiefore to be a great hoi 
my book should be considered by such competer 
worthy to be introduced into then colleges 

Unless I am mistaken, the prefeience given to nij 
ovei the many tieati&es on modern geometry pubhbb 
Continent is to be attributed to the cucumstance tl 
have striven, to the best of nay ability, to imitate th 



models My intention was not to produce a book of high 
theories which should be of interest to the advanced mathe- 
matician, but to construct an elementary text-book of modest 
dimensions, intelligible to a student whose knowledge need not 
extend farther than the first books of Euclid. I aimed there- 
fore at simplicity and clearness of exposition, and I was 
careful to supply an abundance of examples of a kind suitable 
to encourage the beginner, to make him seize the spirit of the 
methods, and'to render him capable of employing them 

My book has, I think, done some service in Italy by helping 
to spread a knowledge of prqjective geometry, and I am 
esncouraged to believe that it has not been unproductive of 
apesults even elsewhere, since I have had the honour of seeing 
ft teaaaelated into French and into German 

Hisfee present edition be compared with the piecedmg ones, 
& will be seen %hat the book has been considerably enlarged 
and amended. All the improvements which are to be found 
in the French and the German editions have been incor- 
porated , a new Chapter, on Foci, has been added , and every 
Chapter has received modifications, additions, and elucidations, 
due in part to myself, and in part to the translator 

In conclusion, I beg leave to express my thanks to the 
eminent mathematician, the Savihan Professor of Geometry, 
who advised this translation, to the Delegates of the 
Clarendon Press, who undertook its publication , and to 
Mr Leudesdorf, who has executed it with scrupulous 
fidelity 

L CREMONA 

Rome, May 1885 
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CHAPTEK I 

DEFINITIONS. 

1 BY a figure is meant any assemblage of points, str 
lines, and planes , the straight lines and planes are all 
considered as extending to infinity, without regard tc 
limited portions of space which aie enclosed by them 
the word tnangle, for example, is to be understood a sj 
consisting of three points and three straight lines conne 
these points two and two , a tetrahedron is a system consi 
of four planes and the four points in which these planes i 
sect thiee and three, &c 

In order to secure unifoimity of notat on, we shall always cl 
points by the capital letters A,B,C 9 , stiaight lines by the 
letters a , b , c , , planes by the Greek letters a , , y , Mor 
AB will denote that part of the straight line joining A and B 
is computed between the points A and B , Aa will denote the 
which passes thiough the point 4 and the stiaight line a , c 
point common to the stiaight line a and the plane a, aft the sti 
line formed b} the mtei section of the phnes a, ft , ABC the pi 
the thiee points A , B , C , n/3y the point common to the thiee 
a , ft , y , a BG the point common to the plane a and the stiaigl 
BO , A fty the plane parsing through the point A and the ti 
line fty , a Be the straight line common to the plane a and the 
Be, A 8c the stiaight line joining the point 1 to the point/- 
The notation a BC = A'\\z shall use to e\pie-s that the point co 
to the phne a and the Miiaight line BC coincides with the poii 



w == ABO will express that the straight line u contains the points 
A , B , C , &c 

2 To project from a fyced point 8 (the centre of JMOJect^on) a 
figure (ABCD , 0fo<# ) composed of points and straight 
lines, is to construct the straight lines or projecting rays 
SA , S^ , SC , S, D } and the planes (projecting planes) 
Sa j Sb , So > Sd , We thus obtain a new figure composed of 
straight lines and planes which all pass through the centre 8 

% To cut ty a^wed plane a- (transversal plane) a figure 
{aftyb y abed ) made up of planes and straight lines, is to 
608struet the straight lines or traces <ra , <r/3 , ay , and the 
pomts or trace* <ra , <rb , <rc , By this means we obtain a new 
Jigtee composed of straight lines and points lying in the 



To project from a faed straight hue s (the axis) a figure 
composed of points, is to construct the planes sA,sB, 
$, * The figure thus obtained is composed of planes which 
&L1 pass through the axis s 

5 To cut by ajiaed straight line s (a transversal) a figure a/3y8 
composed of planes, is to construct the points $a, s/B, sy, In 
this way a new figure is obtained, composed of points all lying 
on the fixed transversal s 

6 If a figure is composed of straight lines a ,6 , c , which all 
pass through a fixed point or centre S, it can be pi ejected from 
a straight line or axis passing through S , the result is aiiguie 
composed of planes sa^sb^sc^ 

7 II a figure is composed of straight lines a , fi , c , all lying 
in a iixed plane, it may be cut by a stiaight line (trans vei sal) 
s lying in the same plane, the figure which results is foimed 
by the points sa,sl,sc 9 * 

* The operations of projecting and cutting (projection and section) are the two 
fundamental ones of the Proje*-ti\e Geometry 



CHAPTER II 

CENTRA.L PROJECTION , FIGURES I2T PERSPECTIVE. 

8 CONSIDER a plane figure made up of points A,B,C, 

straight lines AB, AC, , C, Project the<*e from a < 

S not lying in the plane (<r) of the figure, and cat th< 

SA.SB.SC, and the planes SAB, SAG, ,SBC, by a 

versal plane v (Fig i) The traces on the plane </ 

projecting rays and planes wall 

form a second figure, a picture 

of the first When we carry 

out the two operations by which 

this second figure is derived 

from the first, we are said fo 

proved from a centre (or vertex) S 

a gn en figure <r upon a plane of 

projection </ The new figure 

(/ is called the perspective image Fig i 

or the central piojeclion of the 

original one Of course, if the second figure be pic 

back fiom the centre S upon the plane <r, the first figui 

be formed again, ? e the first figuie is the projection 

second fiom the centre S upon the pictuie-plane r Tl 

figuies 0- and </ are said to be mjjeisjjatne position, 01 t 

tn pei * pi cine 

9 HA',B',C'i are the traces of the rajs S t t SB Sf 
the plane cr' 9 \\e may say that to the points A,fi,C 
fust figure coneyond the points -/', ', 6', of the s 
with the condition that two coiiesponcling points alw< 
on a stiaight line passing thiough b 11 the point 1 de 
a straight line a in the plane <r, the lay S4 ^ill desc 
plane Sa , and theiefoie A' \vill descnbe a stia'ght line 
intersection of the planes Sa and </ The sti aight lines a 




in which the planes <r and <r are cut by any the same project- 
ing plane, may thus be called corresponding lines It follows 
from this that to the straight lines A3, AC, ,EC, correspond 
the straight lines A'JB' ', A'C', , B'C', and that to all 
straight lines which pass through a given point A of the plane <r 
correspond straight lines which pass through the corresponding 
point A f of the plane </ 

10 If the point A describe a curve in the plane (r, the 
corresponding point A' will describe another curve on the 
plane </, which may be said to correspond to the first curve 
Tangents to the two curves at corresponding points are clearly 
corresponding straight lines , and again, the two curves are cut 
by corresponding straight lines in corresponding points Two 
eorrespondmg curves are therefore of the same degree *, 

H. The two figures may equally well be generated by the 
simultaneous motion of a pair of corresponding straight lines 
a , a' If a revolve about a fixed point A, then a' will always 
pass through the corresponding point A' 

Similarly, if a envelop a curve, then of will envelop the 
corresponding curve The lines a and a', in corresponding 

positions, touch the two curves at 
R / corresponding points , and again, to 

/ J the tangents to the first curve from 
I a point A correspond the tangents to 
/ V\ / the second from the corresponding 

/ Y\\ / point^ Two corresponding curves 

a i/ p'W^y l a are therefoie of the same class f 

\\\ \ 12 Consider two straight lines 

\\\/ a and a? which correspond to one 

\\ / * another in the figures <r , </ (Fig 2] 

\?c Every ray drawn through S in 

J D their plane meets them in two 

t> points, say A and A r , which cor- 

Fl = 2 respond to one anothei If the ray 

change its position and i evolve round 8, the points A and A' 

cnaiige then positions simultaneously, when the lay is about to 

* Ihe tlrgiee of a cur\ e is the greatest numbei of points in which it can be cut 
I v xny arbitrary plane In the cabe of a phne curve it is the greatest number 
of points in which it can be cut by any straight line in the plane 

-t The c/a*v of i plane curve i^ the gieitest nnmbei of tangents which can be 
<La\vn to it fiorn an} arbitnry pomt in the plane 
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become parallel to a, the point A' approaches 1' (the 
where d is cut by the straight line drawn through 8 para 
a) and the point A moves away indefinitely In carder & 
property that to one point of a' corresponds one pom 
may hold universally, we say that be line a has ^ pc 
infinity J, with which the point A coincides when A f coil 
with I', viz when the ray, turning about , becomes p 
to <z The straight line a has only one point at mfira 
being assumed that we can draw through 8 only on 
parallel to a* 

The point I', the image of the point at infinity I, is 
the vanishing point of cf 

Similarly, the straight line of has a point J' at nt 
which corresponds to the point / where a is cut by ti 
drawn thiough S parallel to a' 

Two parallel straight lines have the same point at in 
All straight lines which are parallel to a given strao 
must be considered as having a common point of ante 
at infinity 

Two straight lines lying in the same plane always mi 
in a point (finite or infinitely distant) 

13 If now the straight line a takes all possible positi 
the plane <r, the corresponding straight line J will alwc 
determined by the intersection of the planes <r and 8a 
moves, the ray SI traces out a plane TT paiallel to <r ai 
point I f describes the straight line re/, which we may < 
by %' This stiaight line / is then such that to any point 
on it corresponds a point at infinity in the plane or, vrhich 
belongs also to the plane TT 

We assume that the locus of these points at infinity 
plane <r is a straight line ^ because it ma} be conside 
the mtei section of the planes TT and a- But this locu^ 
correspond to the staaight line i' in the plane </, thub tl 
that to every stiaight line m the plane </ conc^pondb a st 
line m the plane o- holds without exception 

The plane a- has onl> one stiaight line at infinity 1> 
thiough the point S only one plane paiallel to o- can be 
The stiaight line *', the image of the btiaight line at in 
is called the wmsJnng line of </ It i* paiallel to a</ 
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same way, the plane <r' has a straight line at infinity 
. corresponds to the intersection of the plane or with the 
plane if drawn through 8 parallel to </ 

Two parallel planes have the same straight line at infinity 
in common All planes parallel to a given plane must be 
considered as passing through a fixed straight line at infinity 
If a straight kae is parallel to a plane, the straight line at 
infinity in the plane passes through the point at infinity on 
i&e line If two straight lines are parallel, they meet in the 
fcaioe point the straight line at infinity in theii plane 

T^ro planes always cut one another in a straight line (finite 
o* infinitely distant) 

A straight line and a plane (not containing the line) always 
Intersect in a point (finite ot infinitely distant) 

Jtoee planes which do not contain the same straight line 
&ave always a common point (finite or infinitely distant) 

'fisiOBEM If two plane figures ABO ,A'E'C' , (Fig i) 
\ lywg m different flaws cr and </, are in perspective, i e if the rays 
AA', BB', CO', meet in a point 0, then the corresponding straight 
lines AB and A'B' y AC and A'C', , BO and B'C' t will cut 
one another in points lying on the same straight line, mz the inter- 
section of the planes of the two figures 

It is to be shown that if M is a point lying on the 

Lght line o-cr', and if a straight line a, lying in the plane <r, 

^-^es through J/, then the corresponding straight line a' will 

also pass through M But this is evidently the case, since the 

two straight lines a and a' are the intersections of the same 

projecting plane with the two planes cr and </, and conse- 

quently the three straight lines o-</ 5 a, and a f meet in a point, 

viz that common to the three planes The straight line 

<rc/ is the locus of the points which correspond to themselves 

m the t^o figuies 

The \ amshing line a 7 in the plane or 7 is parallel to the straight 
line o-o-', since i and the conespondmg stiaight line i, which 
he^> entiiely at an infinite distance in the plane o-, must inter- 
sect one anothei on era-' Similarly, the vanishing line j of 
the plane or is paiallel to era' 

If each of the figuies is a triangle, the theorem reads as 
follows 

If two tiiangles ^Cand A'B'C', Ijmg lespectively in the 
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planes o- and o-', are such that the straight lines A, SB 
meet in a point #, then the three pairs of eoresepa 
sides, and -B'C', O4 and ffA', AS and ^^, intent 
points lying on the straight line <n/ 

15 Conversely, if to the point* A,,C y , and to tied 
hnesAB, AC, , BC, of a plane fgurt <r correspond *et 
tie points A', tf, V, and tie straight hnes AS, AC', , 1 
of another plane fgure </* t *2? a way that tie corresp 
hues AB and AS, AC and A'ff, , BC and BfCT, m 
pomts lying on tie line of intersection (oV), of tie plane* a- c 
then the two figures are in perzpectwe 

For if S be the point which is common to the 
planes AB A'BT, AC AC', BC BC', the three 
AA' 9 Bff, GC' of the trihedral angle formed by the 
planes will meet in 8 Similarly, the three planes AB 
AD A'1/, BD J&I/ meet in a point which is common 
edges AA, Biff, DI/, and this point is again S, since th 
straight lines AA, BB' suffice to determine it Therefc 
the straight lines AA, Bff, CC', DI/ pass throug 
same point 8, that is, the two given figures are in persp* 
and 8 is their centre of projection 

If each of the figures is a triangle, we have the the 
If two triangles ABC and A'B'C', lying respectively 
planes a- and </, are such that the sides BC and Bf( 
and C'A', AB and A'B' inteisect one another two an 
in points lying on the straight line oV, then the straigh 
A A', B\ CC' meet in a point S 

V v u^!6 THEOREM If two triangles A 1 B 1 C 1 and AJ$ 2 C 2 , lying 

* same plane, are suck that tie shaiglt lines A^A^ B^B-^, C^( 

in tie same point 0, then tie tktee points of inte) section of th 

^Ci and >C 2 , C^ and C 2 A 2 , A l l and AJB, he on a 6 

hue (Fig 3) 

Through the point \\ hich is common to the si 
lines -4^, S^B^ C^, diaw any stiaight line out^idt the 
0-, and in this stiaight line take two points S l and & I 
the triangle A^C^ fiom S l and the tnangle ^ 2 B 2 C 2 fl 
The points A 19 A 29 0, S 29 S l lie in the same plane, th< 
S 1 A 1 and S%A 2 meet one anothei (m A suppose), SID 
/$!#! and SJB A (in B suppose) and S l C l and &_C 2 (m C suj 

* The ulaues a and a' are to be regarded a distinct from each otto 




Thus the triangle ABC is in perspective both with A^B^ and 
with AJBiCt The straight lines EC, 5^, B 2 C 2 intersect in 
pairs and therefore meet in one and the same point A* 
Similarly CA } C^A^ and A 2 C% meet in a point B , and AB, 

B^AI, and A^BI in a point 
<? The three points A^ 
B Q3 CQ lie on the straight 
line which is common to 
the planes <r and ABC 
The theorem is therefore 
proved 

17 Conversely, If two 
triangles A^B^ and A^B 2 C 29 
lying in the same plane^ are 
sueh that the sides B^ and 
jB 2 a , C^! and C 2 A 2 , A^ 
and A%B% cut one another in 

\ m thrm eofanear points -4 , B 0) C Q , then the straight Imes 
, -Bi-Z? 25 C^Cfr which join corresponding angular points, will 
pass through one and the same point (Fig 3 ) t 

Through the straight line A B C draw anothei plane, 
and project, fiom an arbitrary centre S lt the triangle A^B^C^ 
upon this plane 'Li ABC be the proj ection, the straight lines BC, 
B l C l will cut one another m the point A Q9 through which B 2 C 2 
will also pae^s , similarly AC will pass through B Q and AB 
through <? The straight lines AA^ BB^ CC 2 intersect in 
pairs, without however all three lying in the same plane , 
they will therefore all meet in one point S% The straight 
lines xS^ and A^A 2 he in the same plane, since S^ and S 2 A 2 
intersect in A , therefore S^ meets the three straight lines 
A\A 2 , B 1 B 21 Cfi^ i e A 1 A 2 , B-JB^ C^C^ all meet in one point 0, 
viz that which is common to the plane o- and the straight 
line tfjSj- 

* EC is the intersection of the planes S^^ and S Z S C 2 , \vlnch do not com 
ude, so that the straight lineb J9C, ^C, and B 2 t do not all three lie in one 
plane The three planes SC B^ C ^ 2 C 2 , and B& B Z C Z (or a) intersect 
m the same point A$ 

t PO>,CELET P> op i t, projectiles desfigwes (Pans 1822), Art 168 The 
theorems of Vit^ <f?and i$ are due to Di.s\BGUEb (GEuvres, ed Poudra, vol i 
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k HOMOI 



f 8 CoNSiDEBPa-plane a- and another plane </, in which ] 
lies any given figure made up of points and straight 
Take two points S^ and S 2 lying outside the given p] 
and project from pach of them as centre the given figure 
to the plane a In this way two new figures (o^ and ^ 
will be formed, which lie in the plane <r, and which ar 
projections of one and the same figure <r upon one an< 
same plane or, but from different centres of projection, 
two points A l and A^ or two straight lines a^ and # 2 , i 
figuies o-j and o- 2 be said to correspond to each other 
they are the images of one and the same point A' 
one and the same straight line a' of the figure </ We 
thus two figures o^ and <r 2 lying in the same plane <r 
so related that to the points A ly B ly G^ and the 
A^y A 1 C 1 , , B^GV , of the one correspond the \ 
A 2 ,<^C 2 , , and the lines J 2 B 7 ,4/7 g , ,5 2 r 2 , , of the 
Since any two corresponding straight lines of </ and o-j int 
in a point lying on the stiaight line cro- 7 , and again an 
conesponding straight lines of </ and o- 2 intellect in a 
l}ing on the same straight line cro/, it follows that 
coiiespondmg stiaight lines of <r, cr l5 and o- 2 meet 11 
and the same point, which is deteimmed as the inteisc 
of the stiaight line of or' with the stiaight line <r</ T 
to say, two coriespondmg stiaight lines of the figuies o 
<r 2 always mteisect on a fixed stiaight line, the trace of </ 
^ If moieover A l and A 2 aie a pair of conespondmg points 
and o- 2 , the ia}S 5^, S^ have a point A' in common 
theiefoie lie m the same plane consequently A^A 2 anc 
inteisect in a point Thus we aruve at the piopeity 
every stiaiarht line such as 1^A 73 which connects a p* 
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corresponding points of the figures o-j and a- 2t passes through 
a fixed point 0, which is the intersection of S^ and er 
From this we conclude that two figures o^ and o- 2 which 
are the projections of one and the same figure on one and 
the same plane, but fiom different centres of projection, 
possess all the properties of figures in perspective (Art 8) 
fclthoogh they ke in the same plane |^-^f) points and tha 
>traifyht lines of the first correspond, each to each, 



md the straight linesjof JJa^second figure , two corresponding 
ways lie on a ray passing _jbbroucyh a fixed point , 



homology is termed the centre of homology, and % the 
of homokgy* They may also be said to be in jolane 
, Imng called the centre of perspective^ and s the 
e 

In the plane cr are given two figures o^ and cr 2 
that to the points A , B^ , C^ 5 and to the straight 
C^^ > BiCi, of the one corresponds each to 
:, the points A 2 , J? 2 , C 2 , and the straight lines AJB% , A 2 C 2 , 
>-^a^2J f ^ e oth er If ^ points of intersection of cot re- 
sponding straight lines lie on a fixed straight hne, then the straight 
lines which join corresponding points will all pass through a fixed 
point 

Let A l and A%,B l and J3 2 ,C L and C 2 be three pairs 
of corresponding points , they form two triangles A 1 B 1 C 1 and 
whose corresponding sides JB^ and JB 2 C 2 5 C^ and 
i an d ^2^2 "itersect in three collinear points By 
the theorem of Art 17 the rays A 1 A 29 S l ^ 9 C^ will theie- 
foie meet in the same point 0, but two rays A^A 2 and 1 2 
suffice to determine this point, m whatever way then the 
third pair of points G l , C 2 may be chosen, the ray Gf}^ will 
always pass through 

The figuies 0* 15 o- 2 are therefoie in homology, being the 
centie, and s the axis, of homology 

Corollary It follows that if two figures tying eithei in the same 

01 m difieient planes aie in perspectne, and if the plane of one 

of the figuies be made to turn round the axis of perspective, 

then coiiespoiiding stiaight lines A^ 2 , B^, &c , will always he 

* PONCEIET, Piopi utet> piojedues, Aits 297 seqq 
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concurrent ; i e the two figures will remain always in pea-speck 
The centre of perspective will of course change its position , it will 
seen further on (Art 22) that it describes a certain circle 

20 THEOEUM If to the straight lines a, 6, c, and to 
pomts at, ac, } be, , of a figure correspond sweraBy 
straight lines a\ V, c', and the pomts <ib\ a'c', , JV, 
of another coplanar figure, so that the pair* of corresponding pm 
ab and a'V, ac and a'c', be and Vc', are collinear mU 
fixed point , then the corresponding straight knes a and 
b and I', c and cf 9 will intersect in point* which l%e on a strai 
line 

Let a and #', b and V, c and / be three pairs of eoi 
spending straight lines , since by hypothesis the straight k 
which join the corresponding vertices of the triangles abc^d 
all meet in a point 0, it follows (Art 16) that the oorrespoi 
ing sides a and #', b and b\ c and c r intersect in three poi 
lying on a stiaight line But two points aa\ bb\ suffice 
determine this straight line , it remains therefore the sam 
instead of c and c' any othei two corresponding rays 
considered Two corresponding straight lines therefore alw 
intersect on a fixed stiaight line, which we may call s , t 
the given figures are m homology, being the centre, an 
the axis, of homology 

21 Consider two homological figures o^ and o- 2 lying 
the plane <r , let be then centre, $ their axis of homolc 
Thiough the point and outside the plane o- draw 
stiaight line, and on this take a point 15 fiom which 
centre pioject the figuie n 1 upon a new plane </ drawn in 
way thiough s In this mannei we construct in the plane 
figuie A'B'C' which is in peispective with the given 
v^A^B^L^ If ^e considei two points A f and A 2 of 
figures (/ and o- 2 , which aie deiived from one and the s< 
point ^l l of o- 1 , as conespondmg to each other, then to e\ 
point 01 sbiaight line of o-' coiiesponds a single point or stiai 
line of o-;, and nee it^a, and every pan of conespond 
btiaight lines, such a& A'B' and A 2 B>, intersect on a fi 
stiaight line <r</ 01 s Consequently (Art 15) the figure 5 
and (r 2 aie in peispecti\e, and the rays A f A B'Bz, 
pass thiough a nxed point S z Moieover eveiy ray s 
meets the stiaight line 08 19 since the points A', A, he on 



13 

sides $4, OJ L of the triangle 04^ The rays A'A^ ' 2i 
do not all lie in the same plane, because the points -4 2 , -B 2 > 
lie arbitrarily in the plane or , the point S 2 therefore lies on 
the straight line OS^ 

From this we conclude that two homological figures may 
fee regarded, in an infinite number of ways, as the projections, 
irora two distinct points, of one and the same figure , this 
figure lying in a plane passing through the axis of homology, 
and the two points being collinear with the centre of homology 
22. Consider two figures in perspective, lying in the planes 
er, </ respectively (or two figures in plane perspective in the 
same plaa$ <F) , let (Fig 4) be the centre and $ the axis of 

perspective, and let j and 
^' be the vanishing lines of 
the two figures If J and 
I' are points lying on these 
MiTij^liing lines, the points 
J' and / which correspond 
to each of them respec- 
tively in the other figure 
will be at infinity on the 
Furthei, the two corresponding 




at/, 1'J' must meet in some point on s, there are 
an infinite number of parallelograms having one 
* uv ^, the opposite one on s, and the other two vertices 
on,; ajid ^' respectively 

Now, supposing the two figures to keep their positions in 
their planes unaltered, let the plane a' be made to tuin lound 
a-*/ or $ Every pair of corresponding straight lines must 
always meet on $, consequently the two figuies will always 
remain in perspective (Arts 15, 19), and the point will 
descnbe some cuive in space 

In ordei to determine this curve, consider any one of the 
abo\e mentioned parallelogi ams OJSI' It lemams always 
a paiallelogiam, and the length of 1'S is invariable , therefoie 
also 01 is of constant length The locus of the centre of 
puspecti\e is theiefoie a cncle whose centie lies on the 
\anishmg hne^ and \\hose plane is pei pendicular to this line 
and theiefoie to the axis of peispectjve s* 

* MOBIL s, EutycentrMfie Calcul ^Leipzig, 1827), 230 (note p 326) 




23 (1) Given the centre and the axis s of homology, and tu 
corresponding points A and A' (coUinear wtfh, 0) , to wwtntet # 
figwre Tiomological with a given figwre 

Take a second point B of the given figure (Fig 5) To oMam ti 
Corresponding point B\ we notice that the ray BB f must pass throng 
and that the straight lines AB, A'B' which correspond to 01 
anothei must intersect on s, thus B' will be the point where 
meets the straight line joining A' to the intersection of AB with s 
In the same way we can construct any number of pairs of correspond 
ing points, in order to draw the 
straight line r which corresponds 
to a given straight line r, we have 
only to find the point J which 
corresponds to a point B lying on 
the line r, and to join the points 
J5' and rs 

In oider to find the point /' 
(the vanishing point) which corre- 
sponds to the infinitely distant 
point / on a given straight line (a ray 01, for example, drawn frc 
0), we repeat the construction just given for the point B / , i e we jc 
another point A of the first figure to the point at infinity I on < 
(that is, we draw AI parallel to 01), and then join A' to the poi 
where AI meets s, and produce the joining line to cut 01 in 
Then /' is the requiied point 

All points analogous to r (i e those which correspond to the poii 
at infinity in the given figure) fall on a 
straight line i', parallel to s , ^ / is the 
vanishing line of the second figure If, in 
the preceding construction, we interchange 
the points A and .4't, we shall obtain a 
point J (a vanishing point) l}ing on the 
vanishing linej of the fhst figure 
*~(2) Suppose that instead of t\vo coire- 
sponding points A A! there ue given (Fig 6) 
two corresponding straight line* a , ft 
These will of course intersect on s, and 
every ray passing thiough \\ill cut them in tuo coiiespoiicfo 
* This construction shows that if B lies upon s, then B will coincide with 
i e that every point of & is its own correspondent 

f Otherwise Draw through A any straight line J A , then through A 
the intersection otJ*A' with s draw a straight line JA t and throu h draw 
parallel to A'J* Then the intersection of OJ and JA is the Mmbhing poml 
and a straight line.; diawn through /parallel to s is the vanish n ' line of 
first figure 





A' In order to obtain the straight line &' which corn 
to any straight line 6 in the first figure, we have only to 301 
the point Is to the point of intersection of of with the ray passiH 
through and ah * 

""* (3) The data of the problem may also be the centre 0, tTie axis s, an 
the vanishing line j of the Jirst figure (Fig 7 
In this case, if a straight line a of the fir 
figure cuts j in J and s m P, the pon 
J' corresponding to J will be collinear wit 
J and and at an infinite distance from C 
And as the straight line of corresponding \ 
a, must pass both through J' and through 1 
it is the parallel drawn through P to OJ 

To find the point A' corresponding to 
given point A, we must draw the straigl 
< wki$h corresponds to a straight line a drawn arbitran] 
, the intersection of a' with OA is the required point A / 
Assiiming a knowledge of the constructions just given, 1< 
be tfefc centre, s the axis, of homology, and j the vanishic 
b&e of the first figure, 

J% the first flgvpe let a circle le given (Figs 8, 9, io) 3 to th 
circle will correspond in the second figure a curve C' which we ca 
construct by determining, according to the method above, the poim 
and straight lines which correspond to the points and tangents of C 
Two corresponding points will alwa^ s be collinear with 0, and tw 
corresponding chords (i e straight lines HN, M'N f , wheie M and M 
zVand -#', are two pairs of corresponding points) will always intersect c 
s , as a particular case two corresponding tangents m and vrf (i e tai 
gents at corresponding points M and M') will meet in a point lying on 
It follows clearly from this that the cuive G f possesses, m commo 
with the cncle, the two following properties 

(1) E\ery straight line in its plane either cuts it m two point , ( 
is a tangent to it, or has no point in common with it 

(2) Tl rough any po nt in the plane c^\n be drawn either t^ 
tangei ts to the curve, or only one (if the po nt is on the curve 
cr i one 

kmce tuo I omological figures can be considered as anting from it 
superposition of tuo figures m perspective lying in different plan 
(Ait 22) the curve C' is wniplij the plane section of an oblique coi 
on a cncular ba^e i e the cone ulnch is formed by the ^irai^ht hn 
uhich lunfiowi any point in space to all points of a citcl( 

* It follows from this that if a passes through 0, then a' will coincide with <. 
t e e\ er^ straight line pass ng through O corresponds to itself 



For this reason the curve ff is catted a come s&kon or enapl 
conic, thus the cwrve which is homciogical with a ctrde is a <&m&. 

The points on the straight line j correspond to the points 
infinity m the second figure Now the circle may eat j IB i 




Fig 8 

points J v 7 2 (Fig 8), or it may touch j in a single point J (Fig 
or it may have no point in common with j (Fig 10) 




In the first case (Fig 8) the cuive C" \vill hi\e two points J/, J 
an infinite distance, situ it ed in the dnection of the straight hues C 
OJ 2 To the tv\o straight lines which touch the circle in J l anc 
\vill coriespond two stiaight lines (pnallel iespecii\el} to OJ l 



which must be considered as tangents to the curve C* at its 
points at infinity J/, J 2 ' These two tangents, whose points of 
contact lie at infinity, are called asymptotes of the curve G' , the 
curve itself is called a hyperbola 

In the second case (Fig 9) the curve Q f has a single point J f at 
infinity , this must be regarded as the point of contact of the straight 
lane at infinity /, which is the tangent to G f corresponding to the 



mr. 




Fig 10 

tangent j at the point / of the circle This curve C is called a 
parabola, 




Fig ii 

In the tlmd cise (I ly 10) tl e cune ha* no point at infinity, it 
called an ellipse 
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In the same way it may be shown ihat if m ihe first figure * 
is given, the corresponding curve <?' in the second ignis will 
conic also 

(5) The centre of homology is a point which eorre8p0tfe io 
and every ray which passes through it corresponds to itse1 X| 
a curve C pass through 0, the corresponding eurve O f will al 
through and the two curves will have a common tangent a 
point Fig 1 1 shows the case where one of the corves is taken 
a circle, and the axis of homology s and the point A correspOBd 
the point Af of the circle are supposed to be given. 

Similarly, every point on the axis of homology correspor 
itself If then a curve belonging to the first figure touch j 
certain point, the corresponding curve in the second figure will 
a at the same point In Fig 12 is shown a circle which is 
transformed homologically by means of its tangents , moreove 



l 



Fi c 12 

supposed that the axis of homolog\ touches the click, that the 
of homologj is am gi\en point, and that the straight line a 
second figuie it, given \\hich coirtsponds to the tanuent of 
eiicle 

(6) T\vo particuHi cases may be noticed 

(i) The axis of homology s may lie altogether at infinity , tl 
coi responding <-ti ught lines aie alwa}s parallel or, ^vliat i 
the same thing, t\vo corresponding angles are ahvajs equal 



4, 8 



case the two figures are said to be similar and similarly placed, 01 
homothetic *, and the point is called the centre of similitude 

Let M 19 M{ and M MJ be two pairs of corresponding points 
of two homothetic figures, so that M^Mf, M 2 M<{ meet in 0, while 
MjMt are parallel By similar triangles 



OM / is constant for all pairs of corresponding 
$s M and M f This constant ratio is called the ratio of similitude 
&e two figures 

the tangents at two corresponding points M, M' must meet on the 

3s of homology s 9 i e they are parallel to one another If then the 

Urgent at M pass through 0, it must coincide with the tangent at 

f* It follows tjiat if the two figures are such that common tangents 

m "be drawn to them, every common tangent passes through a centre 



Take two points 0, G' collmear with and such that 

00 OM . , ,. , 
= --- = ratio of similitude 



? 

Then if CM, C f M.' be joined, they will evidently be parallel, and 
CM (7J/ / =ratio of similitude Therefore if M lie on a circle, centre 
C and radius p, M' will lie on another circle whose centre is C' and 
whose radius // is such that p //= ratio of similitude In to homo- 
thetic figures then to a circle always corresponds a circle \ Further, 
if CC' be again divided at 0', so that *~ 

Q'C 0'C'=OC OC'=p p'~ ratio of similitude, 

it is clear that 0' will be a second centre of similitude for the t-w o 
circles It can be proved in a similar manner that any two central 
comes (see Chap XXI) which are homothetic, and for which a point 
is the centre of similitude, have a second centre of similitude O f , 
and that 0, 0* aie collmear with the centres C, C' of the two comes, 
and divide the segment CC' internally and externally in the ratio ot 
similitude If the conies have real common tangents, and O f will 
be the points of intersection of these taken in pans the two external 
tangents together, and the two internal tangents together 

(2) The point 0, on the other hand, may lie at an infinite distance, 
then the strughi line* \\hich join pans of coiresponding points aie 
paiallel to a fixed dnection In this case the figures have been termed 
homoloyical ly affinity \, the stiaight line s being termed the axis of 

* Homothetic figures may be regarded as sections of a pyramid or a cone made 
by parallel planes s, the line of intersection of the two planes, lies at an infinite 
di tance This is the ca&e in Art 8 if a and a are parallel pi xnes 

f EULER, Introductio 11 cap 18, MOBIDS, Baryc Calcul, 144 et seqq 
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ajjwixty * To a point at infinity corresponds in tfesfl case a 
infinity, and the straight line at infinity corresponds to> 
follows from this that to an ellipse corresponds an elhpee, to * i 
bola a hyperbola, to a parabola a parabola, to a p&raliefogr 
parallelogram 



* If two figures are so related, they may be regarded as plane 
pnsm or of a cylinder This is the case IB Art. 8 if ike centre 8 of projec 
infinitely distant The projection is then called fwrattel frtyecfao** 
particular case where the parallels 8A.,8B,8C, are perpendicular to th* 
of projection it is called orthogonal pr<$ec&o** 



- 






CHAPTER IV, 

EOMOLOGUCAL FJGKJBES IN SPACE 

SUPPOSE a, figure to be given which is made up of point 
and straight hnes lying in any manner in space , the relie 
perspective * of this is constructed in the following manner A pou 
m space is taken as centre of perspective or homotyy, a plane 
komdogy K is taken, every point of which is to be its own image 
and m addition to these is taken a point A f which is to be the ima^ 
of a point A of the given figure, so that A A' passes through L 
now be any other point , in order to obtain its image B', the plai 
OAB is drawn, and we then proceed in this plane as if we had 
construct two homological figures, taking as the centre and tl 
intersection of the planes OAB and TT as the axis of homology, and A , j. 
as two corresponding points The point B ' will be the intersection 
OB with the straight line passing through A / and the point where tl 
straight line AB cuts the plane TT (Art 23, Fig 4) Let C be a thii 
point, its image C' will be the point of intersection of 00 wn 
A'D or with B f E (in TT), where D and E are the points m whic 
the plane TT is met by AO, BO lespectively 

This method will yield, for every point of the given figure, t] 
corresponding point of the image, and two corresponding points w 
always lie on a straight line passing through Every plane 
passing through cuts the two solid figures (the given one and i 
image) in two homological figures, for which is the centi e, and tl 
stiaight line O-TT the axis, of homology It follows from this that 
every btiaight line of the given figure corresponds a straight line 
the image, and that two corresponding stiaight lines lie always in 
phne parsing thiough and meet each other in a point lyn g on tl 
plane TT 

Fuithei to evei} phne a, belonging to the given figure, and n 
losing through 0, will conespond a plane a'm the image For to t] 
sti night lines a , b , c , of the plane a correspond sever illy the straig 

* This problem may present itself in the construction of bas reliefs and 
theatre decoiations (PONCELET, Pr^p ptoj 584, POODRA, Perspective reh 
Pari^ 1860) 
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lines a', V, c', , and to the points ab, ac, , &c, tlie points oV, < 
, I'd, In other words, the straight lines ct, V,</> a*e fi 
that they intersect in pairs, hut do not all meet m the same poa 
they he therefore in the same plane of * Two oorrespon&Bg pla 
a, a' intersect on the plane v, for all the points and all tbe sfcrw 
lines of this last plane correspond to themselves, and therefore 
straight line cAr coincides with the straight line tar 

The two planes a, a' evidently contain two figures in perspec 
(like the planes a, </ of Arts 12 and 14). 

_ 25 In every plane <r passing tihrongh lies a vanishing line 
which is the image of the point at infinity in the same plane 
vanishing lines of the planes o^, <r s have a common point, which is 
image of the point at infinity on the line o^o-g. The vanishing 1 
of all the planes a- are therefore such as to cut each other in pa 
and as they do not pass all through the same point (since the pli 
through do not pass all through the same straight line), they u 
he in one and the same plane <jS 

This plane $', which may he called the vanishing plane, is par 
to the plane TT, since all the vanishing lines of the planes <r 
parallel to the same plane JT The vanishing plane <' is thus 
locus of the straight lines which correspond to the straight lin< 
infinity in all the planes of space, and is consequently also the 1 
of the points which correspond to the points at infinity in all 
straight lines of space for the line at infinity in any plane a is 
same thing as the line at infinity in the plane through parall< 
a , so also the point at infinity on any straight line a coincides 
the point at infinity on the straight line drawn through pa? 

to a 

26 The infinitely distant points of all space are then such 
their images aie the points of one and the same plane <' (the vanis 
plane) It is therefoie natuial to considei all the infinitely di 
points in space as l}ing in one and the same plane (the plan 
infinity) of "which the plane <' is the image t 

The idei of the plane at infinity being gi \nted the point at infi 
on any stiaight line a is simply the point a& and the straight hi 
infinity in iny plane * is the stiaight line a< Two itiaight hues 
parallel if tiiej intellect in a point oi the plane <, two planes 
parallel if their line of mtei section lies in the plane <, &c 

* Since c cuts both of and Z/ without pasbing through the point a V, ther 
c' has two points in common with the plane a b and consequently lie* entirt 
the plane a'l And similarly for the other &trai c ht line 

f PONCELET, Prop plOJ 580 



CHAPTEK V 

GEOMETEIC FOBMS 

or row f poiBtsis a figuie A, _B, C, compo c 
of points lying on a straight line (which is called the base 
&$ range) , such is, for example, the figure resulting from 1 
operations of Art 5 or Art 7 

A& am&l %mwl is a figure a, 0, y, composed of planes 
passing through the same straight line (the axis of the penci 
such is the figure resulting from the operations of Art 4 
Art 6 

& fat pencil is a figuie a , b , c , composed of straight lu 
lying all in the same plane and ladiatmg from a given po 
(the centre or vertex of the pencil) , such would be the figi 
obtained by applying the operation of Art 2 to a range, 
that of Art 3 to an axial pencil 

A bfieaf (sheaf of planes, sheaf of hne&) is a figure made up 
planes or straight lines, all of which pass through a gu 
point (the centre of the sheaf) , like that which results fr 
the operation of Art 2 

A plane figure (/Jjjit (f '/ > ///'?, plane of lines) is a figuie wh 
consists of points or straight lines all of which lie m the sa 
plane, such is the figure resulting fiom the opeiation 
Ait 3 

28 The first three figuies can be derived one from the ot 
1\ a pi ejection 01 a section* 

iiom a range A,B } C, is derived an axial per 
\(+,ti,C, ) by pi ejecting the range from an axis s (Art 
and a flat pencil 0(A>E,C, ) by projecting it from a cen 

* The series of planes *A,sB,tC , of lays OA , OJ5 , OC , , of point* 

7 , aoid of -.tiai^ht lines era, <r, ay, will be denoted by (A. , B , C , 

0(A li,C t ), s^a,/?,^ ,) J and<r(a,/5,7, ) respectively To denote 

cut* of pants 4 B C, the symbols A , B , C , and A3C will be . 

null tic icntly 
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(Art 2) From an axial pencil a, , y, 
$ (a , )S , y , ) by cutting the pencil by a teaosveatsal i 
(Art 5) , and a flat pencil <r (a , $ , y , } by setting it 
transversal plane <r (Art 3} Prom a flat pencil ,,<?, 
derived a range <r (a , i , c , } by eatting it by a teuasv 
plane <r (Art 3) , and an axial pencil 0(a,b,c, ) by 
jeeting it from a centre (Art. 2) 

29 In a similar manner the last two figures of Art. 2< 
be derived one from the other by help of one of the opera 
of Art 2 or Art 3 , in fact, if we project from a centre 
plane of points or lines we obtain a sheaf of imes ~|>la 
and reciprocally, if we cut a sheaf of lines or planes 
transversal plane we obtain a plane of points or lines 
plane figures in perspective (Art. 12) are two sections o 
same sheaf 

30 The dement* or constituent* of the range are the po 
those of the axial penal, the planes , those of the flat p 
the straight lines or rays 

In the plane figure either the points or the straight 
may be regarded as the elements If the points are cons* 
as the elements, the straight lines of the figure aie so i 
ranges , if, on the other hand, the straight lines or lay 
considered as the elements, the points of the tguie ar 
centies of so many flat pencils 

The plane of points (i e the plane figure in which th 
ments are points) contains therefore an infinite numl 
langes* and the plane of lines (* e the plane figure in T 
the elements are lines t) contains an infinite number < 
pencils 

In the sheaf eithei the planes, 01 the stiaight lines or 
may be legarded as the elements If ^e take the plai 
elements, the rajs of the sheaf aie the axes of so 
axial pencils, if, on the othei hand the ia}s aie consi 
as the elements, the planes of the sheaf aie so 



pencils 

The sheaf contains theiefoie an infinite numbei of 

* One of these ranges has all its points at an infinite dibtance, each 
tthers has only one point at infinity 

f The stiaight line at infinity belongs to an infinite number of fiat peuci 
ot which has its centre at infinity, and consequently all it* ray* parallel 



br an infinite number of flat pencils, according as 
planes or its straight lines are regarded as its elements* 

31 Space may also be considered as a geometrical figi 
^wboae elements are either points or planes 

Taking the points as elements, the straight lines of sp 
3bre so ma&y ranges, and the planes of space so many plane 4 
points If, on the other hand, the planes are considered 
dements, the straight lines of space are the axes of so nu 
nxial pencils, and points of space are the centres of so mi 
.sheaves of planes 

Space contains therefore an infinite number of planes 
points* or an infinite number of sheaves of planes t> accord 
as we take the point or the plane as the element in ordei 
eoBstaict it. 

0& Th^ first three figures, viz the range, the axial pen 
aa^l tlte fiat pencil, which possess the property that each < 
be derived from the other by help of oqae of the operations 
Arts 2, 3, , are deluded together under one name, and 
termed the one-dimensional geometric prime-forms 

The fourth and fifth figures, viz the sheaf of planes or li 
and the plane of points or lines, which may in like manner 
denved one from the other by means of one of the operate 
of Arts 2, 3, , and which moreover possess the propertj 
including in themselves an infinite number of one-dimensio 
prime-forms, are likewise classed together under one title, 
the two-dimensional geometric pnme-fotms 

Lastly, space, which includes in itself an infinite numbei 
two-dimensional prime-forms, is considered as constituting 
three-dimensional geometric pnme-form 

There are accoidmgly six geometric prime-forms , three 
one dimension, two of two dimensions, and one of th 
dimensions % 

Aote "With reference to the use of the woid dimension in 
piecedmg Aiticle, it is clear, from what has been said in Art 
that ~\\e aie justified in consideung the range, the flat pencil, 
the a\nl pencil, as of the same dimensions, since to eveiy pomi 

* One of them lies entirely at infinity 

f Among these, there aie an infinite number which have their centre i 
infinite distance, and whose rays are consequently parallel 

J \ &T4.UD1, Geometiie det Lage (Nurnberg 1847) Arts 26 28 
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the first corresponds one ray in the second and erne plane i 
third The number of elements in each of these forms is IB 
"but it is the same in all three 

Similarly we conclude fiom Art 29 that we are justified H 
sidenng the plane figure as of the same dimensions with the sbs 
But the plane of points (lines) contains (Art. 30) an infinite m 
of ranges (flat pencils) , and each of these ranges (fiat pencils) 
contains an infinite number of points (rays) Thus the plane 
contains a number of points (lines) which is an infinity of t&e 
order compared with the infinity of points in a range, or of raj 
flat pencil , and must therefore be considered as of two dimens 
the range and flat pencil are taken to be of one dimension 

So too the sheaf of planes (or lines) contains (Art. 30) an i 
number of axial pencils (or of flat pencils), and each of these 
contains an infinite number of planes (or of rays) Therefoi 
the sheaf of planes or lines must be of double the dimensions 
axial pencil or the flat pencil 

Again, space, considered as made up of points, contains an i 
number of planes of points, and considered as made up of pla 
contains an infinite number of sheaves of planes Space thus cc 
an infinite numbei of forms of two dimensions, which latter, 
contain each an infinite number of forms of one dimension 
must accordingly be regarded as of three dimensions 
We may put the matter thus 

Forms of one dimension are those which contain a simple i 
(oo) of elements, 

Forms of two dimensions aie those \vhich contain a double i 
(oo 2 ) of elements , 

Forms of three dimension* arc thoe ^Inch contain a triple i 
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) of elements 



CHAPTER VI 

THE PRINCIPLE OF DUALITY* 

GEOMETRY (speaking generally) studies the generation 
roperties of figures lying (i) in space of three dimen- 
sions, (2) ui a plane, (3) in a sheaf In each case, any figure 
considered is simply an assemblage of elements , or, what 
amounts to the samp thing, it is the aggregate of the elements 
with which a moving or variable element coincides in its 
successive positions The moving element which generates the 
figures maybe, in the fiist case, the point or the plane , in the 
second ease the point or the straight line , in the third case 
the plane or the straight line There are therefore always 
two correlative or reciprocal methods by which figuies may be 
generated and their piopeities deduced, and it is in this 
that geometric Duality consists By this duality is meant the 
co-existence of figures (and consequently of their properties 
also) in pairs , two such co-existing (correlative or reciprocal) 
figures having the same genesis and only differing from one 
anothei in the nature of the generating element 

In the Geometry of space the range and the axial pencil, the 
plane of points and the sheaf of planes, the plane of lines and 
the sheaf of lines, are correlative forms The flat pencil is a 
f orm which is correlative to itself 

In the Geometry of the plane the range and the flat pencil 
aie coiielative forms 

In the Geometiy of the &heaf the axial pencil and the flat 
pencil aie correlative forms 

The Geometiy of the plane and the Geometiy of the sheaf, 
consideied in thiee-dimensional space, are coiielative to each 
othei 

34 The following aie examples of correlative piopositions 

* <^ rvr Gen v lev J ft p Art fifi 
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THE PBINOIPLE OF DUA.LITY 



in the Geometry of space Two correlative propositions a 
deduced one from the other by interchanging the elemea 
point and plane 



1 Two points A , B determine 
a straight line (viz the straight 
line AB which passes through the 
given points) which contains an 
infinite number of other points 

2 A stiaight line a and a point 
B (not lying on the line) deter- 
mine a plane, viz the plane aB 
which connects the line witlrthe 
point 

3 Three points A,B,C which 
are not collmear determine a 
plane, viz the plane ABC which 
passes through the three points 

4 T\vo straight lines which 
cut one another lie in the same 
plane 

5 Given four points A , B , G , 
D , if the straight lines AB , CD 
meet, the four points will he in 
a plane, and consequently the 
stiaight lines BC and AD, CA 
and BD will also meet two and 
two 

6 Given any number of straight 
lines j if each meets all the others, 
while the lines do not all pass 
tluough a point, then they must 
lie all in the same plane (and 
constitute i pi me of lines)* 



1 Tvi o planes , ft determine 
straight line (viz, the straight k 
a]3, the intersection of the giy< 
planes), through which pass a 
infinite number of other planes. 

2 A straight line a and a pla: 
(not passing through the hn 
determine a point, viz the poi 
aft where the lin^ cuts the plan 

3 Three planes a,3,y whi 
do not pass through the same h 
determine a point, viz the poj 
afty where the three planes HM 
each other 

4 Two straight lines which 
in the same plane ini 

point 

5 Given four planes o 
if the straight lines aft , t 
the four planes will mtv, 

a point, and consequently * 
straight lines fty and o , ya a 
5, will also meet two and two 

6 Given any number of straig 
lines , if each meets all the othe 
while the lines do not all he 
the same plane, then they mi 
pass all through the same po 
(and constitute i sheaf of lines 



7 The following problem admits of two corielative solutioi 
Given a phne a ind a point A in it, to diaw thiough -i a stiai 
line lying in the plane a which shall cut a grveu straight line r wh] 
does not lie in a and does not pass through A 



* See note to Art 20 

f For let a, I, c, be the stiaight lines , as db, ac, le aie thr e planes itati 
from each other, the common point must be the intersection of the &trai ht h 



/ u A juj. j. x 



Join ,4 to the poyit 7*a< Construct the line of inte 

section of the plane a with tl 
plane rA 

8 Problem Through a given 8 Problem In a given plai 
point A to draw a straight line a, to draw a straight line to ci 
tK> ont each of two given straight each of two given straight lines 
teies 5 and c (which do not lie in and c (which do not meet and < 
tfe same plane and do not pass not lie in the plane a) 
through A) 

Solution Construct the line Solution Join the point ab 
0f intersection of the planes Ab, the point ac 



In the Geometry of Space, the figure correlative to a triang 
three points) is a trihedral angle (system of three planes 
vertex, the faces, and the edges of the latter are correlative 
tfe$ plaibe, the vertices, and the sides respectrvejly of the tnangl 
thus the theorem correlative to that of Arts ^gland 17 will be t 
following 

If two trihedral angles a'ft'y', a"$"y" are such that the edges ]3' 
and $"f> -/a' and /'</', Jf? and a"$" lie in three planes a , , 
which pas? through the same straight line, then the straight lw 
aV, jS'jS", y'y" will lie in the same plane 

The proof is the same as that of Arts 15 and 17, if the elemer 
point and plane are interchanged If, foi example the two tiihedi 
angles have different vertices $', S" (Art 15), then the points whe 
the pairs of edges intersect are the vertices of a tuangle whose sicl 
are of of', $'&", y'y", these latter stiaight lines lie therefoie m t 
same plane (that of the triangle) 

So also the proof foi the case where the two trihedral angles ha 
the same vertex S will be corielative to that for the analogous case 
two tuangles A ' $ ' C f and A. ff $"C rf which lie in the same plane (A 
17) The theoiem may also be established by projecting from a po] 
/S the figuie corresponding to the theorem of Art 16 

The proof of the theorem correlative to that of Arts 1 4 and 1 6 
left as an exercise for the student It may be enunciated as follo\\ 

If two trihedral angles af&'y', a"$"y" are such that the straight ID 
aV, /3'/3", y'y" lie in the mme plane, tJwn the pairs of edge* $ r y a 
"/' / a/ an d y" a "> a/ #' an d a "$" determine thiee planes which pi 
all through the same straight line 

36 In the Geometry of the plane, two correlative prop 
sitions aie deduced one from the other by interchanging t 
and line, as in the following examples 



1 Two points A, B determine 
a straight line, viz the line AB 

2 Four points A,B, 0,D (Fig 
13), no three of which are col- 
linear, form a figure called a 
complete quadrangle* The 



1 Two straight linee a , I 
termine a point, yia, ike p 
a$ 

2 Four straight lines a, b, 
(Fig, 14), no three of vbA 
concurrent, form a figure eafif 

Tbe 




13 



points are called the ver&c&, and 
ths six straight lines joining them 
in pairs are called the sides of 
the quadrangle 

Two sides which do not meet 
in a veitex are termed opposite , 
there are accordingly three pairs 
of opposite sides, BC and AD, 
CA and BD, AB and CD The 





straight lines are called the 
of the quadrilateral, and th< 
points in which the sides cul 
another two and two are c 
the vertices 

Two vertices which do nc 
on the same side are te 
opposite , there are accord 
three pairs of opposite vertic 
and ad, ca and bd, al an 




points E, F> in which the oppo- The stiaight lines e, /, g 
site sides mteisect in pairs are join pairs of opposite Celtic* 

* The complete quadrangle has also heen called a tetrattigm, and the co 
quadrilateral a teiiagram TO^SEMD, Mode, n Geometry ch vu 



termed the dw&timl pnwts , and 
l&e triangle EFG is termed the 
diagonal tnangk of the complete 
quadrangle Ite^n^lete quad 
rsngle includes three simple 
quadrangles, viz. ACBD, ABCD, 



called the diagonals , and tht 
triangle efg is termed the diagonal 
triangle of the complete quadn 
lateral The complete quadn 
lateral includes three sunpl< 
quadrilaterals, viz acbd, adcb, anc 
acbd (Fig 1 6) 

A complete multilateral (o 
is a system of n straigh 

,-1,1 n(n i 
, ^ 

points or vertices in which the 
intersect one another two an 
two 
4 The theorems of Arts 16 and 17 are correlative each to th 



Theorem If two complet 
quadrilaterals abed, a'b'c'd' ai 
such that five pairs of vertiw 
ab and a'b', be and Vc\ ca an 
cV, ad and a'd', bd and b'<. 
lie upon five straight lines whic 
meet in a point S, then the r< 
maimng pair cd and c'd' will al 
lie on a straight line through 
18) 



_ And so, in general 

A complete polygon (complete 
n-gon, or n-p&iwt*) is a system 
of n points or vertices, with the 
n\n ty gijj^gy. jj^g or ^^^ 

2 

which jom th^i two and two 



,0 5 tKieoj^ens. If two complete 
'quadrangles ABOD, A'B'C'D' 
are such that five pairs of sides 
AB and A'B', BC and jB^, ^ 
and C'A', AD and 4'D 7 , BD and 
jB'Z)' cut one another in five 
points lying on a straight line s, 
then the remaining pair CD and 
C'D' will also inteisect one an- 
other on 5 (Fig 17) 





iig 17 



Since the tiiangles ^J5(7, Since the triangles (t 
A'B'C' are by hypothesis in laterals) a&c, a'&Y are 



* Or volvstiqm ToWNSEND loc cit 



t Or poly qr am 



perspective (Arts 17, 18), hypothesis in perspecfc? 

the straight lines A A', B& y 1$), the points 00% I 

CC' will meet in one point -will lie on one straigfet 

S So too the triangles ABD, So too&etmagles <&!,* 

A'B'D' are in perspective , there- in perspective, therefore t 

fore DD' also will pass through dd' lies OB the stnogfet 

S, the point common to AA' which passes through tlw 

and ' It follows that the aei t W It follows t] 

tnangles BCD, B'C'D' are also in triangles (tnkterals) boc, 

perspective therefore CD and are also in perspective , t 

C'D' meet in a point on the c$ and c'd' lie on a sfcra^ 

straight line 5, which is deter- through the point S, * 

mined by the point of intersec- determined by the straig 

tion of BO and JW'vand by that (be) (6V) and 



37 In the Geometry of space the following are correlative 
A complete n-gon (in a plane) A complete n$at (in 

t & a figure made up of i 
(or faces) which all pass 
the same point (or verte 

ther with the n(n "^ 1 ) 

2 

which these planes intei 
and two 

A complete multilateral of n A complete n-edye (in 
, or w szcZe (in a plane) le a figure made up of w 

lines radiating from a 
point (or wrteT), togetl 

. n(ni) , , 

the - - planes (c 

which pass through the^e 
lines taken in p ur* 

Thus the follow ing theoiems ire correlative, ILI the Gee 
space, to the t\vo theorems ibo\e (\it 36, No 5), whi 
aie theinsehes corielative to each othei m the Geometi 
plane 

If two complete foui-fhts in a If two complete four e 
sheaf (be their vertices coincident she^f (be then \eitices c 
or not) a/3y8, aV/fl' ai e such or not) abed, a'l'c'd' are 
that five pans of coiiespondmg five pans ot correspond 

* These two theorems hold good equally when the two quadrangles 
laterals he in diffeient planes , in fact, the proofs are the ^ame as the a 
for word 



edges lie in five planes which cut one anothei in five straight 
pass all through the same straight lines which lie all in one plane <r, 
lines, then the sixth pair of cone- then the line of intersection of 
spending edges will lie also in a the sixth pair of corresponding 
pl$ue passing through 9 faces will lie also in the plane a- 

* 1 ffee proofs of these theorems are left as an exercise to the student 
Tney only differ from those of the theorems No 5, Art 36 in the 
substitution for each other of the elements point and plane , and just 
ag theorems 5, Art 36 follow from those of Arts 15 and 16, so the 
theorems enunciated above follow from those of Art 35 When 
the two four-flats have the same vertex 0, the theorem on the leffc- 
luani side may also be established by projecting from the point 
(Art 2) the figure corresponding to the right-hand theorem of 
"No 5, Art 36 And m this case we may by the same method 
$j|dgg|*lie theorem on the light-hand side above from that on the 
'SRKtfN* 5, Art 36 

8 Hi the Geometry of the sheaf, two correlative theorems are 
$enved one from the other by interchanging the elements plane and 
straight line Just as the Geometry of the sheaf is correlative to 
that of the plane, with regard to three-dimensional space, so one 
of the Geometries is derived from the other by the interchange of 
the elements point and plane The Geometry of the sheaf may also 
be denved from that of the plane by the operation of projection from 
a centie (Art 2) 

Fiom the Geometry of the sheaf may be derived that of spherical 
figures, by cutting the sheaf by a spheie parsing through the centre 
pf the sheaf 




PROJECTIVE aEOMETEIO tfOBMS. 



* 



39 BY means of projection from a eenfcre we obtain 
a range a flat pencil, from a flat pencil an axial pencil, fro 
plane of points or lines a sheaf of lines or planes. C 
Tersely, by the operation of seciaon by a transvesrsal pi 
we obtain from a flat pencil a rangfc, from an axial penc 
flat pencil, from a sheaf a plane figure The two operati 
projection from a point and section by a transversal pL 
may accoidmgly be regarded as complementary to each otl 
and we may say that if one geometric form has been den 
from another by means of one of these operations s we can < 
versely, by means of the complementary operation, derive 
second form from the first And similarly for the operatu 
piojection from an axis and section by a transversal line 

Suppose now that by means of a series of operations, eac 
which is either a projection or a section, a form/ 2 has 1 
derived from a given foim/ 1} then anothei form/ 3 fiom/ 2 
so on, until by n 1 such operations the foim f n has 1 
arnved at Conveisely, we may return fiom / B toj^ by m< 
of another senes of n 1 opeiations which are complemen 
lespectrvely to the last, last but one, last but two, &c of 
opeiations by which \\e have passed from / x to/, The se 
of opeiations which leads fiorn /j to^, and the series wl 
leads fiom f u to / 1? may be called complementary, and 
operations of the one senes aie complementary lespectivel 
those of the othet, taken in the levei^e ordei 

In the above the geometric foims are supposed to li< 
space (Ait 31) If we confiue ourselves to plane Geometry 
compleinentaiy operations i educe to projection f torn a centre 



34 PEOJECTIVE aEOMETBIC TOEMS [40 

section 6y a transversal line In the Geometry of the sheaf, 
section by a plane and projection from an axis aie comple- 
mentary operations 

40 Two geometric prime forms of the same dimensions 
are said to be protectively related, or simply projectile, when one 
can be denved from the other by any finite number of projec- 
tions and sections (Arts 2, 3, 7) 

Foi example, let a range u be given , project it from a 

centre 0, thus obtaining a flat pencil , pioject this flat pencil 

from another centre 0', by which means an axial pencil with 

00 r as im.E is pioduced , cut this axial pencil by a straight 

TO %, thus obtaining a range of points lying on u z , project 

us range from an axis, and cut the resulting axial pencil by a 

$$&, by which means a flat pencil is produced, and so on , then 

a&y two of the one-dimensional geometric foims which have 

been obtained in this manner aie projective according to 

definition. 

When we say that a form A, B, C, D, is projective with 
another form A', B\ C' 9 D', we mean that, by help of the 
same series of operations, each of which is either a projection 
or a section, A / is derived from A, B' from B, C f from C, &c 
The elements A and A', B and B', C and C", are termed 
corresponding elements* 

For example, a plane figuie is said to be piojective with 
another plane figure, when from the points A,B,C, and fiom 
the straight lines AS, AC , C, of the one are derived 
the points A', B', C', and the straight lines A' B', A r C', 
B' C\ of the other, by means of a finite number of piojections 
and sections 

In two projective plane figures, to a range in the one coi- 
responds in the other a range which is projective with the 
fiist lange , and to a flat pencil in the one figuie corresponds 
in the other a flat pencil which is projective with the fiibt 
pencil 

41 From what has been said above it is easy to sec 
that two geometric forms which are each projective with 

* Two piojective forms are termed TiomograpUc when the elements of which 
they are constituted are of the same kind , i e when the elements of loth are 
points or lines, or planes It will be seen later on (Art 67) th it this definition of 

Vi ynnViTr e i1*inf f f 1 > cr van V PTT A 3T Wei ( rtfYmtfrtp mine? tflut f Art QO^ 
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a third are projective witli one another For if we first 
through the operations which lead from the first form to i 
third, and then go through those which lead from tbe thud 
the second, we shall have passed from the first form to i 
second 

42 Geometric forms m perspective 

The following forms are said to he m perspeefave 





B c 

Fig 19 Kg 20- 

Two ranges (Fig 19), if they are sections of the same i 
pencil (Art 12) 

Two flat pencils (Fig 20), if they project, from diffen 
centres, one and the same range , or if they are section* 
the same axial pencil 

[Note If we project a range u=AC from two different oenl 
and ' not lying in the same plane with it, we obtain two 
pencils in perspective These pencils, again, may be regarded 
sections of the same axial pencil made by the trans\ei*al planes < 
Ou f ', the axial pencil namely which is composed of the planes 00 
00' B, 00' 'C, , and which has for axis the straight line 00 ' 1 
is the general case of two flat pencils m pei spectrv e , they have not 
same centre and they lie in different phnes , at the same time, t 
project the same range and are sections of the same axial per 
There are two exceptional cases (i) If ^e pioject the row u fi 
two centies and O f Ijmg in the same plane with u, then 
two resulting flat pencils* he in the same pi me and aie con^equei 
no longei sections of in i\ial pencil , (2) If in axial paici! is cut 
two tunsveisil planes \\hich pass tlnough i common point on 
axis, we obtain t\\o flit pencils which hi\e the same centie 
which consequently no longei pioject the <ame rmge] 

Two axial pencils, if they project, fiom t\\o different centi 
the same flat pencil 

A tange and aflat pencil, a iange and an axial pencil, 01 a 
pencil and an axial pencil, if the fiist is a section of 1 



fjg ROJECTIYE aEOMETRIC FORMS, 

Two plane figures, tf they are piano sections of the ss 

sheaf 

Two sheaves, if they project, from two different centres, 
same plane figure 

A plane fyure and a sheaf, if the former is a section of 
latter 

From the definition of Art 40 it follows at once that \ 
(one-dimensional) forms which are in perspective are also j 
jeetively related , but two projective forms are not in gem 
Ja perspective position 

\<* 43 Two figures in homology are merely two project 
plane figures superposed one upon the other, in a partici 
position \ Jor by Art 21 two homological figures may alw 
t>3 regarded (and this in an infinite number of ways) as j 
jeokons of one and the same third figure 

If foo projecme plane figures are superposed one upon 
otter in such a manner that the straight line connecting i 
pair of corresponding points may pass through a fixed poi 
or, again, in such a manner that any pair of correspond 
straight lines may intersect on a fixed straight line , then 
two figures are in homology (Arts 19, 20) 

In two homological figures, two corresponding ranges ar< 
perspective (and therefore of course are projectively relate 
and the same is the case with regard to two correspond 
pencils 

/ 44 THEOREM Two one-dimensional geometric forms, each < 
tosting of three elements, are always projectile 

To prove this, we notice in the first place that i1 
enough to consider the case of two ranges ABC, A'B'C' ' , 
if one of the given forms is a pencil, flat or axial, we r 
substitute for it one of its sections by a transversal 

(1) If the two straight lines ABC, A'B'C' he in diffei 
planes, join AA' , BB', CC f , and cut these straight L 
by a trans vei sal s* Then the two given forms are s 
to be simply two sections of the axial pencil sAA', si 
sCC f 

(2) If the two straight lines lie in the same plane (Fig 
join AA', and take on this straight line any two points, S, 

* To do this, we have only to draw through any point of A A* a straighi 



draw SB , S 7 ' to cut in _B", and 80, 8 f ff to eat in C", 
."", cutting 5x5' in A". Then -4'jB'tf' may l>e derived I 




Fig 21 




22. 



by two projections, viz we first project ABC froi 
into ^".B"*?", and then A"B"C" from #' into 2'B'ff. 

(3) In the case where the two points A and A' coincide { 
22), the two given forms are directly in perspective , the ce] 
of perspective is the point where BB' and CC r intersect 

(4) Ifthe twosets of points ABQA'B'G' lie onthesame stra 
line (Fig 23), it is only necessary 

to project one of them A'B'C' on 

to another straight line AJB^ 

(from any centre 0) , then let 

any two centres 8 and S : be 

taken (as in Fig ai) on AA^, 

and let the straight line A"B"C" 

be constructed in the manner 

already shown in case (2) Then 

A'B'C' may be derived fiom 

ABC by three pi ejections, viz 

we first project ABC from 8 

into A"B"C", then A"B"C" fiom 

S l into AJ& , and lastly AJ& fiom into A'S'C* 

(5) If ^ coincides with A', and J with B', we may n 
use of a centie 8 and two transversals * a ,* 2 drawn throng 
in the plane &4 J5CC" If the triad ABC be piojected fro 
upon * x (giving J^Ci), and the tiiad ^^6" be piojei 
from S upon ^ (giving A 2 B 2 C 2 ) , then the tiiads ^^^ 
^ 3 5 2 C a will be m perspective, because A l coincides with 4 
the point 4.A') 

In eveiy case, then, it has been shown that the ti 




Fig 23 



A3C ,A'B'C' can be derived from each other by a finil 
immber of projections and sections, therefore by Art 4 
they are projective 

As a particular case, ABC must be projective with BAC, fc 
example In order actually to project one of these triads inl 
the other, take (Fig 34) any two points L and N colline* 

with C Join AL , BN, meetir 
in JT, and BL , AN, meeting ] 
M Then BAG can be derive 
from ABC by first projectn 
ABC'fiom JTinto LNC, and the 
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LNC from M into . 

In order to project JJJCm 
BCA, we might first proje 
ABC into BAG, and then 2?-d 
into BCA 

45 THEOREM ^y one-dim ensional geometric form, consisti 
elemtnfo, is protective with any of the forms derived from 
interchanging the elements in pairs For instance, ABCD 

with BABC 

Let A , B , C , D be four given points (Fig 25), and 1 
EFGJD be a projection of thesepom 
from a centre M on a straight li 
1^ passing through D If ^jP, C 
meet in -2V, then MNGC will be 
projection of EFGD from centie 
and BADC a projection of J/JV( 
from centre F 9 theiefore (Ar 
40, 41) the form BADC is pi 
jecti\e with ABCD In a similar manner it can be sho\ 
that CDAB and DCS A are projective with ABCD * 

From this it follows for example that if a flat pencil abed 
piojective with a range ABCD, then it is projective also wi 
J?/ID(?, with CDAB,%&&. with DCBA, i e rf two geometric f on 
eaiJi consisting of four elements, are projectnefy related, then , 
elements of the one can 6e made to correspond respectively to 
elements of the other in four different ways 
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46 THEOBEM* 

Given three points A, B, C on 
a straight line s , if a complete 
quadrangle (KLMN) be con- 
structed (in any plane through a) 
in such a manner that two oppo- 
site sides (KL, MN) meet in A, 
two other opposite sides (JOT, ML) 
meet in B, and the fifth side (LN) 
passes through O t then the sixth 
side (KM) will cut the straight 
line 5 in a point D which is de- 
termined by the three given 
points , i e it does not change its 
position, in whatever manner the 
aibitraiy elements of the quad 
rangle are made to vary (Fig 26) 



Given in a plane three sfcr 
lines a, b, c which meet in a 
8, if a complete quadril* 
(Hwm) be coustaicted in si 
manner that two opposite ve 
(Jd y vm) lie on a, two other 
site vertices (kn , n) lie on 
the fifth vertex (n) lies 
then the sixth vertex (to 
lie on a straight line d 
passes through S, and wh 
determinate , % e it doe 
change its position, in wh 
manner the arbitrary eleme 
the quadiilateral are mz 
vary (Fig 27) 




Fig 27 



For if a second complete For if a second cc 
quadrangle (h'L'M'N'} be con quadrilateral (ATwiV) I 

* STAUDT, loc cit , Art 93 



40 

structed (either in the same plane, 
or in any other plane through s), 
which satisfies the prescribed con- 
ditions, then the two quadrangles 
will have five pairs of Correspond- 
ing sides whmh meet on the given 
straight line , therefore the sixth 
pair wdl also meet on the same 
line (Art 36, No 5, left) 

Krom this it follows that if the 
first quadrangle be kept fixed 
"wJWe tfce second is made to vary 
m &very possible way, the point 
D will remain fixed, which 
3 the theorem 
four points ABCD are 
harmonic , or we may say 

the group or the geometric 

form constituted by these four 
points }s a harmonic one, or that 
ABCD form a harmonic range 
Or again Four points ABCD of 
a straight line, taken in this order, 
are called harmonic, if it is pos 
sible to construct a complete quad- 
tangle such that two opposite sides 
pass through A } two other opposite 
bides through B, the fifth side 
th ough C, and the sixth through D 
It follows from the piecedmg theo- 
lem that when puch a quadrangle 
exists, i e when the form ABCD 
is harmonic, it is possible to con- 
fctiuct an infinite nurnbei of other 
quadrangles satisfying the same 
conditions It furthei follows that, 
given thiee points ABC of a 
lange (and also the oidei in which 
they aie to be tiken), the fourth 
point D, which makes with them 
a haimonic form, is determinate 
and unique, and is found by the 
ton&tiuction of one of the quad 
i angles (see below, Ait 58) 



structed which satisfies the pre- 
scribed conditions, then the two 
quadiilaterals will have five pairs 
of coi responding vertices collmear 
respectively with the given point , 
theiefore the sixth pair will also 
lie in a straight line passing 
through the same point (Art 36, 
No 5, right) 

From this it follows that if the 
first quadrilateral be kept fixed 
while the second is made to vary 
in every possible way, the straight 
line d will remain fixed, which 
proves the theorem 

The four straight lines or rays 
abed are called harmonic, or we 
may say that the group or the 
geometric form constituted by 
these four lines is a harmonic 
one, or that abed form a harmonic 
pencil Or again Four ray*> 
abed of a pencil, taken in this 
order, are called harmonic, if it is 
possible to construct a complete 
quadrilateral such that two oppo- 
site vertices he on a, two other 
opposite vertices on b, the fifth 
vertex on c, and the siooth on d It 
follows fiom the preceding theo- 
rem that when such a quadri- 
lateral exists, i e when the foim 
abed is harmonic, it is possible 
to construct an infinite numbei 
of other quadrilaterals satisfying 
the same conditions It furthei 
follows that given thiee rays abc 
of a pencil (and also the order in 
which they are to be taken), the 
fouith ray d, which makes with 
them a haimomc form, is deter- 
minate and unique, and is iourid 
by the construction of one of the 
quadrilaterals (see below, Art 58) 




* SABMONIC 

47 If from any point S the Aarmontc range ASCD &? fnp 
Upon any other straight line, it* pryeetwn A'B'C'If mil aba 
harmonic range (Fig 38) 

Imagine two planes drawn one through each of the stea 
lines AB, A'B', and suppose that in the first of theee pi 
is constructed a complete quadrangle 
of which two opposite sides meet in 
A, two other opposite sides meet in , 
and a fifth side passes through C t 
then the sixth side will pass through B 

D (Art 46), since by hypothesis ASCD 
is a harmonic range Now project ** ** 

this quadrangle from the point S on to the second plane , 
a new quadrangle is obtained of which two opposite i 
meet in A', two other opposite sides meet in B', aaad w 
fifth and sixth sides pass respectively through ? and 
therefore A'B'G'D' is a harmonic range. 

48 An examination of Fig 37 will show that the ham 
pencil abed is cut by any transversal whatever in a 
momc range For let 8 be the centre of the pencil and 
any transversal , in a take any point R , join R to D b 
straight line k and to B by the straight line I, and join 
Jcb or P by the straight line n As abed is a harmonic p 
and live vertices of the complete quadrilateral limn lie on 
and d, the sixth vertex In or Q must lie on the fourth i 
Then from the complete quadrangle PQRS it is clear 
A BCD is a harmonic range 

Conversely, if the harmonic range ABCD (Fig 27) be g 
and any centre whatever of projection S be taken, thei 
four projecting lays S (A , B , C , D) will form a ham 
pencil 

For diaw thiough A any stiaight line to cut SB in I 
SC in Q, and join B Q, cutting AS in E The quadiangle P 
is such that two opposite sides meet in A, two othei opj 
sides in B, and the fifth side passes thiough C , consequ 
the sixth side must pass through D (Art 46, left), sine 
hypothesis the range ABCD is harmonic But then we 
a complete quadrilateial ttmn which has two opposite ve 
A and R lying on SA, two other opposite vertices and 
SB, a fifth vertex Q on SC, and the sixth D on SD , thei 
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(Art. 46, right) the four straight lines which project the range 
ABGD from 8 are harmonic We may therefore enunciate the 
following proposition 

A harmonic pencil is cut ly any transversal whatever in a 
harmonic range, and, conversely, the rays which project a harmonic 
range from any centre whatever form a harmonic pencil 



In two homological figures, to a range of four harmonic 
points corresponds a range of four harmonic points , and to a pencil 
of lour harmonic rays corresponds a pencil of four harmonic rays 

49 The theorem on the right in Art 46 is correlative to 
tbat on the left in the same Article In this latter theorem 
ftll &e quadrangles are supposed to lie in the same plane , but 
fro the preceding considerations it is clear that the theorem 
5$ $Jall true and may be proved in the same manner, if the 
quadrangles are drawn in different planes 

Considering accordingly this latter theorem (Art 46, left) 
as a proposition in the Geometry of space, the theorem corre- 
lative to it will be the following 

If three planes a , ft , y all pass through one straight line ?, and if 
a complete four-flat (see Art 37) K.Xpv be constructed, of which two 
opposite edges /cX, \u> he in the plane a, two other opposite edges KV , X/x, 
lie in the plane fi s and the edge Xv lies in the plane y , then the sixth 
edge KJJ, will always lie in a fixed plane 8 (passing through s\ which 
floes not change^ in whatever manner the arbitrary elements of the 
four-flat le made to vary 

For if we construct (taking either the same vertex or any 
other lying on *) another complete foui-flat which satisfies the 
pi escribed conditions, the two four-flats will have five pairs of 
corresponding edges lying in planes which all pass through 
the same straight line *, therefore (Ait 37, left) the sixth pair 
also will lie in a plane which passes through s The four 
planes, a , ft , y , 6 are termed harmonic planes , or we may 
say that the gioup or the geometnc form constituted by 
them is haimonic, or again that they foim a hatmonic (axial} 
pencil 

50 If a complete four-flat K\^V be cut by any plane not 
passing through the veitex of the pencil, a complete quadii- 
lateial is obtained , and the same transversal plane cuts the 
planes a , , y , 6 in four la^v s of a flat pencil of which the first 
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two rays contain each a pair of vertices of the quadnlate 
while the other two pass each through one of the reomam 
vertices Consequently (Art 46, right) aa axial peaml of f< 
harmonic planes is cut by any transversal plane in a flat pe& 
of four harmonic rays 

Similarly, if the harmonic axial pencil of four pla 
a, , y, 5 is cut by any transversal line in four points A , J? G, 
these form a harmonic range For if through the transvei 
line a plane be drawn, it will cut the planes a , , y , $ in I 
straight lines a , 6 , c , d This group of straight lines is h 
momc, by what has just been proved , but ABCD is a sect 
of the flat pencil a , d , , <Z , consequently (Art. 48} the f 
points A 5 B , C , D are harmonic. Conversely, if four poi 
forming a harmonic range be projected from an axis, or if f 
rays forming a harmonic pencil be projected from a point, 
resulting axial pencil is harmonic 

51 If then we include under the title of harmonic form 
group of four harmonic points (the harmonic range), the gr 
of four harmonic rays (the harmonic flat pencil), and 
group of four harmonic planes (the harmonic axial pencil), 
may enunciate the theorem 

Every projection or section of a harmonic form is itself a harm 
form or, 

Eiery form which is projectne with a harmonic form is 2, 

hat momc 

Conversely, two harmonic forms we aluays project tie mth 

another 

To prove this proposition, it is enough to consider 
groups each of foui harmonic points , foi if one of the fo 
were a pencil we should obtain foui haimomc points 
cutting it by a transversal Let then ABCD, A 'B'C'D' be 
haimomc langes, and pioject ABC into A'B'C' in the mai 
explained in Art 44 , the same opeiations (projections 
sections) which seive to denve A'B'C' from ABC will give 
D a point D l , fiom \vhich it follows that the range A'B'l 
will be haimomc, since the lange ABCD is harmonic 
A'B'C'V'wK also four harmonic points, by hypothesis , th 
fore A must coincide with D', since the thiee points A 1 
determine uniquely the fourth point which forms with the 
haimomc range (Ait 46, left) 
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"We may add kere a consequence of the definitions given 
Arts 49 and 50 

The form which u correlative to a harmonic form u ^foe 



52 If a , I , c , d are rays of a pencil (Fig 28), then a and 
ar& $aad to be separated by c and d, when a straight line pas 
i&g through the centre of the pencil, and rotating so as 
<j(e into coincidence with each of the rays in turn, cann 
p$&s from a to i without coinciding with one and only one 
the two other rays c and d* The same definition applies 
the tsase of four planes of a pencil, and to that of four points 
& $&nge (Fig 26) , only it must be granted that we may pa 
$fte a pomt A to a point in two diffeient ways, either I 
describing the finite segment AB or the infinite segment whic 
t>^riBS afe Ay passes through the point at infinity, and ends at 
v This definition premised, the follow 

. * * v * ing property may be enunciated as 

^ -A B^ -__ once evident Four elements of a on 

dimensional geometric form (i e foi 
points of a range, four rays of 

pencil, &c ) can always be so divided into two pairs th 
on^pair is sepaiated by the other/and this can be done"" 
one-way only In Fig 36, for example, the two pans whi< 
separate one~another are AB , CD , and if A'B'C'D' is a for 
projective with ABCD, the pair A'B' will be separated by tl 
pair G'D' ', for the operations of projection and section do n 
change the relative position of the elements" 

53 Let now ABCD (Fig 30) be four harmonic points, i e fo 
points obtained by the construction of Art 46, left Tt 
allows us to draw m an infinite number of ways a comple 
quadrangle of which A and B are two diagonal poin 
(Art 36, No 2, left), while the other two opposite sides pa 
thiough C and D It is only necessaiy to state this co 
stiuction m order to see that the two points A and B a 
piecisely similar in their relation to the system, and that t 
same is true with regard to C and D It follows from tl 
that if ABCD is a harmonic range, then BACD , ABDC , BAL 
which are obtained by permuting the letters A and B 01 
and JD, or both at the same time, aie harmonic ranges al< 

* a and I, c and rf, may also be teimed alternate pairs of rays 
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Consequently (Art 51) the Jiarmome range ASCD for axas&p 
is projective with EACD, z e we can pass from one range to ti 
other by a finite number of projections and sections. ]ba & 
if the range AJBCD be projected from K on CQ, we obtain tf 
range jkZVPQ, which when projected from M on 




30 

54 If A , B , C , 2) are four harmonic points, tkeri A and a 
Kecessanfy separated ly C and D 

For if (Fig 30) the group ABCD be projected on the straig 
line KM, first from the centre L and then from the centre 
the projections are KMQD and MKQD respectively Now, 
already stated in Art 52, the operations of projection * 
section do not change the relative position of the elemeii. 
the group If therefore K and Q were separated by M and 
then also If and Q must be separated by K and D , which 
impossible The only possible arrangement is that K a 
M should be separated by Q and J9, and therefore A and 
separated by C and D 

55 Let the straight lines AQ, SQ be drawn (Fig 31), t 
former meeting MB in U 

and NB m S, while the - ' 

latter meets KL in T and 

MNm V The complete 

quadi angle LTQ 7has two 

opposite sides meeting in 

A, two other opposite sides 

meeting in , and a fifth 

side (LQ or LN) passes fl r 3I 

through C } therefore the sixth side UT will paos through i*(A 

46) In like manner the sixth side FSof the complete quadranj 

N7QS must pass thiough D, and ttie sixth sides of the coi 

plete quadrangles KSQ1\ 31UQF through C We have thu 

ouadiansrle STU7iwo of whose opposite sides meet in C, fr 




opposite sides in I), while the fifth and sixth sides p 
respectively through A and B This shows that the relat 
to which the points C and D are subject (Art 53) is the sa 
as the relation to which the points A and are subject , 
m other words, that the pair A 9 B may be mterchanj 
with the pair C , D Aceoidingly, if ABCD is a harmo 
mage, then not only the ranges BACD , ABDG , BADC, ] 
also CDAB , DC AS , CDBA , jDOBJ are harmonic * 

^f he points -4 and B are termed conjugate points, as also 
G &ad 2? Or either pair are said to be harmonic conjugc 
with respect to the other The points A and B are said to 
RwmonwaHy separated by the points C and D, or the point 
and D to be harmonically separated by A and B We n 
alao say that the segment AB is divided harmonically by 
segment CD, or that the segment CD is divided harmonica 
fey J[jB If two points A and B (Fig 30) are separated h 
momcaJly by the points C and D in which the straight 1 
AS is cut by two straight lines QC and QD, we may also 
that the segment AB is divided harmonically by the strai, 
lines QC, QD, or by the point Cand the straight line QD, & 
and that the straight lines QC , QD are separated harmonica 
by the points A , 5 , &c 

Analogous properties and expressions exist in the case 
four harmonic rays or four harmonic planes 

[Note In future, whenever mention is made of the harmc 
system ABCD, it is always to be understood that A and B, C and D, 
conjugate pairs, it being at the same time remembered that (Art 
A and , C and D, are necessarily alternate pans of points ] 

56 The following theorem is another consequence of 
proposition of Art 46, left 

In a complde quadrilateral^ 6 
chag on a 1 1 9 cli mded kaimonicalh 
the oihei iwo f 

Let A and A', B and j5' 
and C' be the pairs of oppo 
vertices of a complete quac 
lateral (Fig 32), and let 
diagonal A i' be cut by the other diagonals HB' and CC' 11 

* RLIE (j eoinetr te tier Lage (Hanover, 1866), vol i p 34 




and E lespectively Consider now the complete quadra 
BB'CC', one pair of its opposite sides meet m A, aoo 
such pan in A'^ a fifth side passes through S 9 the s 
through F The points A , A' are therefore hanncgaae 
separated by F and E Similarly a consideration of the 
complete quadrangles CC'AA' and AA'BB' will show 
B , B' are harmonically separated by F and D , and C , C 
Jand.0 

57 In the complete quadrangle BB'CC' the diagonal po 
are A , A f > and I) , also since the range BB'FD is KasrHion* 
too is the pencil of four rays which project it &aim A (Art. 
therefore 

7 # complete quadrangle, any two sides which meet * a du% 
point are dnided harmonically ty the two other diagonal pomt* 

This theorem is however merely the correlative (in ace 
ance with the principle ol Duality in plane Geometry) of 
proved in the preceding Article 

58 The theorems of Art 46 can be at once applied to 
solution, by means of the ruler only, of the following 
blems 



Given three points of a har- 
monic range, tojmd the fourth 

Solution Let A , B , C (tig 
33) be the given points (lying 
on a given straight line) and let 



Given three rays of a 
monic pencil, to construct 
fourth 

{solution Let a , b , c 
34) be the given rays (lyn 
OLC plane and pa c sing throi 




A and B be coirjugite to each 
othei Draw any t\\o straight 
lines through A, and a thud 
through C to cut these in L aud 



given centre S), and let a 
be conjugate to each ( 
Though any point Q l\mg 
diaw inj t\vo stiaight hn 






" if respectively Join BL cutting 
AN in M, and BF cutting AL m 



cut a in A and R, and 6 u 
and J5, respectively Join .4 /? 



T, then if KM. be joined it will EP , these will cut in a point 
out the given straight line in the the line joining which to S is 
[UD?ed point D ? conjugate to required ray d, conjugate to c 




, Ip the problem of Art 58, left, let lie midway hetwee 
and B We can, in the solution, so arrange the arbitrary elem< 

that the points K and M shall move 
to infinity, to effect this we must < 
struct (Fig 35) a parallelogram AL 
on AB as diagonal , then since the 01 
diagonal LN passes through C, the p 
D will he at infinity 

If, conversely, the points A , B , D 
given, of which the third point D 
at infinity, we may again construe 
parallelogram ALBN on AB as diagonal , then the fourth poml 
the conjugate of D, must he the point where LN meets the gi 
straight line that is, it must he the middle point of AB Therefc 

If in a harmonic range AL 
the point lies midway between 
two conjugates A and B, then thefo 
point D lies at an infinite dista 
and conversely, if one of the point 
lies at infinity, its conjugate C is 
point midway between the two ott 
A and B 

60 In the problem of Art 
right, let c be the bisectoi of 
angle between a and b (Fig 36) 
Q be taken at infinity on c, the segments AB , PR become equa 
one another and lie between the pun 
AP , BR , consequently the iiy d wii 
perpendicular to c, i e given a harm 
pencil of four rays, abed if on 
them c bisect the anjle between the 
conjugates a and b, the fourth ra 
will be at right angles to c 

Conversely ?/ in a harmonic pencil 
(Fig 37) tuuo conjugate lays c , d ate at nyht angles, then they ar 
bisectors, internal and external, of the angle between the other two 
a,b 

* DE LA HIRE, Sectiones Conicae (Pansus, 1685), lib i, prop 20 




Fig 




Fig 37 



For if the pencil be cut by a transversal AB drawn parallel i 
the section A BCD will be a harmonic range {Art 48), sod a 
lies at infinity, C must lie midway between A and B (Art 59) , m 
quently, if S be the centre of the pencil, ASB is an isosceles 
and SO the bisector of its vertical angle 



CHAPTEK IX 

ANHARMONIC EATIOS 

61 GEOMETBICAL propositions divide themselves into i 
classes Those of the one class are eitTiei immediately c 
earned with the magnitude of figures, as Euc I 47, or t] 
involve more or less directly the idea of quantity or measu 
meat, as e g Euc I 12 Such propositions are called metn 
The other class of propositions relate meiely to the posit 
of the figures with which they deal, and the idea of quant 
does not enter into them at all Such propositions are ca] 
descriptive Most of the propositions in Euclid's Elements 
metrical, and it is not easy to find among them an example 
a purely descriptive theoiem Prop 3, Book XI, may se 
as an instance of one Projective Geometry on the ot 
hand, dealing with projective properties (i e such as are 
altered by projection), is chiefly concerned with descript 
properties of figures In feet, since the magnitude of a g 
metnc figuie is altered by piojection, metrical propeities 
as a rule not projective But there is one important clasj 
metrical properties (anharmonic propeities) which are f 
jective, and the discussion of which therefore finds a place 
the Piojective Geometry To these we proceed , but il 
necessary first to establish certain fundamental notions 

62 Consider a straight line , a point may move along \\ 
two diffeient directions, one of which is opposite to the otl 
Let it be agieed to call one of these the positive dnection, j 
the other the negative dnection Let A and J3 be two poi 
on the stiaight line, and let it be further agreed to repies 
by the expression AB the length of the segment compri 
bet\\ een A and fj, taken as a positive or as a negative num 
of units accoiding as the direction is positive or negative 
which a point must mo\e in older to descube the segme 
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this point staxtmg from A (the first letter of the express 
AS) and ending at B 

In consequence of this convention, which is tensed ike 
of sign*, the two expressions AS , BA are quantities winch 
equal in magnitude but opposite m sign, so that BA = Jj 



Now let A , B , C be three points lyiBg on a straight 3 
If C lies between A and jB (Fig 38 a\ 



/ V A 

(a) 



rig 38 

we have AB = AC+ CB , 

whence - CBAC+AB = 0, 

01 C+CA + A=Q 

Again, if 5 lies between A and C (Fig 38 4), 



whence 
01 

Lastly, if J lies between J5 and C (Fig 38 c), 
CJ5= CJ. + AB, 

whence 
01 

Accoidmgly 

If A ,JB,G aie time colluiea) ^joints, then uJiateiei tlteir n 
positions may be, the identity 

BC + C + AB^ 

always Jiolh good 

Fiom this identity may be deduced an expiession fc 
distance between two point. A and li in teims of the dibt 

E % 



of these points from an ongm chosen arbitrarily OB 
straight 1i n ft which joins them 

For since OA + A + J30 = 0, 

AB = OB-OA, 
or again, AB = AO+OB* 

The results (1) and (2) may be extended, they aie in 
particular cases of the following general pioposition 

IfA l9 A 2 , A n ie n colhnear points, then 

4^ + ^48+ +A n _ l A n + A n A l = 0, 
tbe truth of which follows at once from (3), since the exj 
saon on the left hand is equal to 

(04- 04) + (04- OA 2 ) + + (04 - 04), 

which yamshes 
Another useful result is that if A , B , C , D be four colh 

points, 

SO AV+CA BD+AB C3=0 

T&is again follows from (3), sin6e the left-hand side 



= 

Many other relations of a similar kind between segir 
might be proved, but they are not necessary for our pur] 
We will give only one more, viz 

If A , B , (7, be any four colhnear points, then 

OA 2 BC+03* CA+OC* AB=-BC CA AB 
For by (3) the left-hand side is equal to 



= CA(OA+ OC)BC+ CB(OB+ OC}C 
= BC GA(OA-OB) 
= -BC CA AB 

It may be noticed that this last theoiem is true even if 
not lie on the straight line ABC, but be any point what< 
For if a perpendicular 00' be let fall on ABC, 
OA 2 BC+OB* CA+OC 2 AB 
= (00' 2 +0'A 2 )BC+ + 
= 0'A* BC+O'B* CA+O'C 2 AB 



= -JO CA AB, 

by what has just been pioved 
63 Consider now Fig 39, which represents the proje< 

s, Barycenhische Calcul, I 
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BATTOS 



* 

from a centre S of the points of a straight line a on to ano 
straight line a', let us examine the relation whieb e, 
between the lengths of two corresponding segments 





From the similar triangles SAJ , A' SI' 

JA JS I'S TA' * 
so from the similar triangles SBJ , B'SI' 3 

JB Js rs r$', 

JA I'A'=JB 1'B'^JS PS, 

i e the lectangle JA I' A' has a constant value for all 
of corresponding points A and A ' 

If the constant JS I'S be denoted by I, we have 

T i * ~ 



therefore by subti action, 



But I'B'-PA'^A'B', and JA-JB=B1=-AB t 

A '^ = 7T~JB AB 

If we considei foui points A,B,C,D (Fig 40) < 
straight line a and their foui projections, A\ B\ C', 1 
obtain, in a similai mannei, 

* We suppose that in all equations invoking segments the rule of 
observed See MOsus, Baryc Calcul, i, To^^^SEND } Modern Gt 
chapter v 
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This last equation, which has been proved for the case of 
prqjection from a centre S, holds also for the case where 
JLBCD and A'B'C'D' are the intersections of two transversal 
lines s and / (not lying m the same plane) with four planes 
a , /3 , y , d which all pass thiough one straight line u , in other 
woids, when A'B'G'D' is a projection of ABCD made from an 
axis u (Art 4) For let the four planes a , /3 , y , 8 be cut in 
^", j?", C", D" respectively by a straight line /' which meets 
? and / The straight lines AA"> BB", CC", 3D" are the 
intersections of the planes a , /3 , y , b respectively by the plane 
<?/', and therefore meet in a point $, that namely in which 
the plane ss" is cut by the axis u So also A' A", B'B", C'C'\ 
D'D" are four straight lines lying in the plane $Y' and 
meeting m a point B' of the axis u (that namely in which the 
plane //' is cut by the axis u) Therefore A"B"C"L" is a 
projection of ABCD from centre 8 and a projection A'B'C'I)' 
fioin centre ff , so that 

A"C" A"D" _ AC AD__A/C^ 4JD' 
Z"C" B"D" ~ BC BD~ WC' ~'J)' 

m T dC AD 

The numbei ^ ^ 

s called the anJiaiwomc ratio of the four collmear points 
/ , It , C , I) The result obtained above may theiefoie b( 
xpiebsed as follows 

The anfiarmomc icttio offow collineai points is iinalteied ly any 
])n>)c<.tto/i uliateio * 

* PAPPLS Mafhematicae Collectwnes, book vii prop 129 (ed Hultsch, Beihn, 
is;;, \ol u p 870 
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Or again 

Jf two ranges, each of four pointe, are preyed*, tley 
same anharmonic ratio, or, as we may say, are eqHMn&Qfmm 

64 Dividing one by the other the expressions for A*G f 
2i'C', we have 



~ BG BJ 

In this equation the right-hand member is the 
ratio of the four points A , B , C , / 3 consequently the left-is 
member must be the anharnMHne ratio of A\ 3', ', /' , i 
the anharmwic ratio of four points A\ B\ C', J' t cfwiick ike 
lies at infinity^ is merely the simple ratio A'C* B'C' 

This may also be seen by observing that if A r and 
remain fixed while D' moves off to infinity on the line A 

then 

A'D' 
limiting value of ^7^7 = 1 , 

. . . . A'ff A'D' A'C' 

limiting value of -^7^7 -fpjr/ = W7~* 

Similarly, on the same supposition, 

A' I? A'C' B'V 
limiting value of p/an/ ~W7y ^ '2 7 c 7 9 

i e the anharmonic ratio of the four points A' 3 B', D', C\ ofi 

the third lies at infinity, is equal to the simple ratio B'C' A'C 
65 From this results the solution of the following 
PHOBLEM Gnen tht ee colhnear point* A,,C, to find a / 

D so that the anhaimomc ratio of the range -iBCD may 

number A given in sign and magnitude (Fig 41) 

Solution Draw any transveisal through C, and tab 

it two points A\ B' such that the 

latio CA' CB' is equal to A 1, the 

given value of the anhaimomc 

ratio, the two points /' and ' 

lying on the same 01 on opposite 

sides of C accoiding as A ib positi\e fi 

01 negative Join ^ ',#', meeting 

m 8 , the straight line through 8 paiallel to i B will cut 

m the point D lequued f Foi if -&' be the point at mfinit 

* TOWNSEND Modem Geometry, \rt 278 

f CH \SLES, Geometnewperievte (Pins, i8 3 \ p 10 




A'J$ f , and we consider ABCD as a piojection of A'B'C'l 
((?' coincides with C] from the centre S, then the anharmon 
ratio of ABCD is equal to that of A'B'G'D', that is, to tt 
simple ratio A r C r B'C' or X 

The above is simply the graphical solution of the equation 
AC 40 
BC BD~ ' 
AD AC 



or m other words of the problem 

Gwen two points A and B> to find a point D colhnear with the 
that the ratio of the segments AD, BD to one another may < 
to a number gwen in sign and magmtude 

As 0mly one sueh poult D can be found, the propose 
problem admits of only one solution, this is also clea 
from the construction given, since only one line can be draw 
through S parallel to A'B' Consequently there cannot I 
two different points D and D : such that ABCD and ASCI 
have the same anharmonic ratio Or 

If the groups ABCD 3 ABCD^ are eqman&aimomc, the point 1 
must coincide with D 

66 THEOKEM (Converse to that of Art 63) If two rang 
ABCD) A'B'G'D') each of four points, areeqmanharmonic, they a 
projectwe with one another 

For (by Art 44) we can always pass from the tria 
ABCio the triad A'B'G' by a finite number of projections c 
sections , let D" be the point which these opeiations give t 
corresponding to D Then the anhaimoruc latio of A'B'C'L 
will be equal to that of ABCD, and consequently to that < 
A'JB'C'E', whence it follows that D" coincides with D\ and th 
the ranges ABCD , A'S'C'D' are piojective with one anothei 

67 It follows then from Arts 63 and 66 that the necessai 
and sufficient condition that two langes ABCD , A'B'C'L 
consisting each of four points, should be projective, is tl 
equality (in sign and magnitude) of their anharmonic latios 

The anhaimomc latio of four points ABCD is denoted t 
the symbol ( IBCb) * , accordingly the pro]ectivity of t\\ 
toims iBCD and -i'ffffl/ is expiessed by the equation 



* MOBIL s, fiarycentnsche Calcul, 183 



From what has been proved it is seen that if two pea 
each consisting of four rays or four planes are eut bj aaj 1 
transversals in ABCD and A'Vffjy respectively, tibe equal 
(ABCD) = (A' MIT) is the necessary aid miflirt eLtf 
that the two pencils should be projeekve with on* another 

The anharmomc ratio of a pencil of four m$* a,b,c,d 
four planes a, /3 ,y , d may now be defined as &e coast 
anharmomc ratio of the four points in which the four elenw 
of the pencil are cut by any transversal, and may be dene 
by (abed) or (a/3y5) 

This done, we can enunciate the general theorem 

If two one-dimensional geometnc form*, consisting each of ^ 
elements, are yrojectzve, they are equianharmonic , and if they 
eqvianharmonic, they arepryeetwe 

68 Since two harmonic forms are always projecti 
related (Art 51), the preceding theorem leads to the < 
elusion that the anharmomc ratio of four harmonic elem 
is a constant number For if ABC]) is a harmonic sys 
BACD is also a harmonic system (Art 53), and the 
systems ACBD and SCAD are protectively related*, thus 



AS AS BA BD , 

OB GD~ ~CA C3> ^ Bw ~ 

AC AD r u t 

BC Bl)=- l > *~ " ] 

1 e (ABCL) = - 1 , 

therefoie the avJicamontc latw of Join Aanuonii elements is \ 

to If 

69 The equation (\BCL] = 1, 01 
AC AD _ 
26' + 52>" 0> 

\\hich expies^es tint the lange ABCD is humomc, may be put 
two othei leniarkable foims 

Since AD^CD-CA (Ait 62) and BD = CD-CB, the equ 
(1) gives 

C i (CD-CB) + CB(CD-Ci) = 

1 i/l 1 x 

CD= l( Cl + TB ] > 

* In Fi 30 ^4 (7^-D may be projected (from A on iV (7; into LC^ Q , am 
7 CNQ may be projected (from M on ^1D) into 
f MOBITJS, Zoc cz^ , p 269 



t e. CD is the harmonic mean between OA and CB , a formula wl 
determines the point D when A , B > (7 are given 

Again, if $ is the middle point of the segment CD, so that we 1 
= 00= -00, then 



BQ - 00 -OB, BD=-(GC+OB) 
Substituting these values m (1) or in 



we have 



OB -00 



or 



0(7 + 04 OB +00' 
OC^OB 
OA~ OC' 
OC* = OA OB, 
^e Tialf the segment CD is a meow, proportional between the dista 
of A nd B from the middle point of CD 

The equation (3) shows that the segments 04 and OB must t 
the same sign, and that therefore can never lie between 4 and j 

If now a circle be drawn to ] 
through 4 and B (Fig 42), will 
outside the circle, and OC will be 
length of the tangent from to 
(Euc III 37) The cncle on CL 
diameter will therefore cut the 1 
circle (and all circles through 4 anc 




42 



orthogonally Conversely, if two circles cut each othei orthogon c 
they will cut any diameter of one of them in two pans of harm< 
points t* 

70 The same formula (3) g 
the solution of the following ] 
blem 

Given two collinear segments 
and A'B' , to determine ano 
segment CD which shall divide < 
of them harmonically (Figs 43, 
Take any point G not lyni 
the common base AB\ and di iw the circles GAB , GA' B' meei 

* If through a point any chord be drawn to cut a cncle in P and Q 
rectangle OP OQ is called the power of the point with regard to the ci 
feTEiNER, Crelle's Journal, vol i (Berlin, 1826) , Collected Works, vol i p 
We may then say that OC 2 is the p&wei of the point with regard to the c 
in Fig 42 

f PONCELET, Prop} proj Art 70 
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again in H Join G H *, and produce it to cat < 
from the first circle 

OA OB=OG 
and from the second 

OA' OB'=iOG OS \ 
OA OS = 0# OB' 

is therefore the middle pint of the segmeM reqmred 
points G and D will be the 
intersections with the axis 
of a circle described from 
the centre with radius 
equal to the length of the 
tangent from to either of 
the circles GAB, G'A'B' 

The problem admits of a 
real solution when the point 
falls outside both the 
segments AB, A'B r , and consequently outside both the circles 
GA'B' (Figs 43, 44) There is no real solution when the seg 
AB, A'B' overlap (Fig 45) , in this case lies within both seg 

71 Let ABGD be a harmonic 
range, and let A and B (a pair of 
conjugates) approach indefinitely near 
to one another and ultimately coin- 
cide If G lie at an infinite distance, 
then D must coincide with A and j5, 
since it must lie midway between these 
two points (Art 59) If G lie at a 

finite distance, and assume any position not coinciding with tbc 
or B, then equation (2) of Art 69 gives CD=CA = CB, i e D co 
\v ith A and B 

Again, let A and G (two non conjugate points) coincide, 
(the conjugate of A) he at an infinite distance In this case 4 
he midway between C and D, so that D will coincide with A 
If B lie at a finite distance, and assume any position not com 
uitli that of 4 or <?, then equation (1) of Art 69 gives AD = 
the point D coincides with A and C Bo that 4 

//, of four points Joimmy a harmonic range, any two coma 
of the oilier tuo ^omfo will also coincide ivith them, and the 
?6 indeterminate 

72 The theoiem of Ait 45 leads to the following result 
foui elements A , B , C , D of a one dimensional geometric for 

* GH is the radical axis of the two circles, and all points on it are c 
nnw^r with regard to the circles 
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anharaomc ratios (ABCD) , (BADO) , (ODAB) , (Z>C7^) are all equal 
to one another 

I Four elements of such a form can be permuted in twenty-four 
different ways, so as to form the twenty-four different groups 



ABCD 


, BADO , 


CDAB , 


D0A1 


ABDG 


, BAGD , 


Z>(?4,B , 


CDBA 


AGBD 


, OADB , 


.R&40 , 


DBGA 


ACDB 


, CABD , 


DA4C7 , 


BDCA 


AD BO 


, DAGB , 


BOAD , 


CBDA 


ADGB 


, DABG , 


OBAD , 


BCDA 



here arranged in six lines of four each The four groups in each 
line are protective with one another (Art 45), and have therefore 
the same anharmonic ratio In order to determine the anhaimomc 
ratios of all the twenty-four groups, it is only necessary to consider 
one group in each line , for example, the six groups in the first 
column These six groups are so related to each other that when 
asty one of them is known the other five can be at once determined 

II Consider the two groups A BCD and ABDC, which are derived 
one from the other by interchanging the last two elements Their 
anharmonic ratios 

AC AD 



or 



<tnd 



lATMK AD A 

(ABDC) or 7 -= 7 - 



are one the recipiocal of the other , thus 

(ABOD)(ABDO)-l (1) 

Similarly, (A CBD) (A CDB) = 1 , (2) 

and (ADBO) (ADCB) = 1 (3) 

III Now if A, B, C, D are four collineai points, it has been seen 
(Art 62) that the identical relation 

BC AD + CA BD+AB CD = 
always holds Dividing by BC AD, we have 
AC BD AB CD 



BC AD' 
AC AD 
BC BD 



CB AD' 
AB AD_ 

' CB CD 



that is (\rts 63, 67), 



and 



(ACDB) + (ADCB) = 



(5) 



IV If X denote the anharmome ratio of the group 

(ABCD) = X,-y 

the formula (1) gives (ABDC) = \>1 
and (4) gives (A CB&) = 1 -X ? 

then by (2) (AOSS) = ^^ 

t 

and by (6) (ADOS) = 1 - ^J- = Jl_, 

and finally, by (3) or (5) 

(41C)=~ * 

A 

V The six anharmome ratios may also be expressed in ten 
the angle of intersection Q of the circles described on the segi 
AB, CDM diameters , it b^mg supposed that A and B are sepa 

It will be fbfnd that 

= -taa 2 |> * (ABDC) = -cot 2 1 > 



(ADCB)= sin 2 , (1D5CO = cosec 2 

VI If m the group ABCD two points .4 and 5 coincide, 
C = BC,AD = BD, and therefore 

(ABCD) = (^^^) = 1 
But if X = 1, the othei anharmome ratios become 

(AC AD) = 1-1 = 0, and (ACDA) = oo , 
thus when of four elements two coincide, the anharmome ratios 
the values 1, 0, oo 

If (ABCD) = - 1, i e if the range ^jBtfD is harmonic, the fon 

of (IV) give 

(iCBD) = 2 and (ACDB) = J , 

so that when the anhii momc ratio of four points has the value 
, these points, taken in another oidei, form a haimonic range 

VII Conveisely, the anhaimomc ratio of a range ABCD, nc 
whose points lies at infinity, cannot have any of the values 0, 
without some two of its points coinciding 

For if in (IV) X = 0, ^ ^ = 0, and either AC 01 BD 
vanish , ^ e either A coincides with (7, or B with D 

* MOBIUS, loo cit , p 249 

t CASEY, OnCyt tides and Sphero qucutics (}tol Tran 1871%? 7 



If X = 1, (ACBD] = 1 -X = 0, so that either A coincides with , 
or C ^ith D j 

And if X = oo, (A3DC) = - = 0, so that either A coincides with 
J9, or B with 

VIII By considering the expressions given for the six anharmomc 
ratios m (IV) it is clear that whatever be the relative positions of the 
points A , B , , D, two of the ratios (and their two reciprocals) are 
always positive and a third (and its reciprocal) negative , and thus we 
see that the anharmomc ratios of four points no two of which coincide 
may have all values positive or negative except -f 1, 0, or oo 

73 From the theorems of Arts 63 and 66, which express 
the necessary and sufficient condition that two ranges, each, 
consisting of four elements, should be projectively related, we 
conclude that 

If two geometric forms of one dimension are projectwe, then any 
two corresponding groups of four elements are equianharmonic * 
As a particular, case, to any foui harmonic elements of 

the one form coi respond four 
harmonic elements of the other 
(Art 51) 

74 Let A, A' and B,B' he any 
two pairs of corresponding points 
of two projective ranges (Fig 
46) , let / be the point at infinity 
belonging to the first range, and 7' the point corresponding 
to it in the second range , similaily let J / be the point at 
infinity belonging to the second range, and J its cone- 
^pondent in the first range By Art 73 
(ABIT) = (A'BTJ') , 
(AJl) = (A'B'rj'}(Axi 72), 
fiom which, since / and J' lie at infinity, 

M AJ^A'l' J37'(Art 64), 
and J4 l'A'=JB I'B' ', 

i e the pioduct J4 l f A f has a constant value f 01 all pairs of 
coj i esponchvg poiuf? f 

[This pioposition has already been pioved in Art 63 foi 
the paiticular case of two ranges in perspective ] 

* STEINER, ^ystematische Entwickelung (Berlin, 1832), p 33, 10, Collected 
Works, ed Weierstra^s (Berlin 1881), yol i p 262 
t STEINLB, loc cit , p 40 12, Collected Works, vol i p 267 




75 In two homological figures, four 
four concurrent straight lines of the one figure form ^ 
which is equianharmomc with that consistag of the po 
lines corresponding to them in the other figure (A*k ?&] 
be the centre of homology, M as&d W aay pair of 
spending points in the two figures, JV&ad N' a*K>i&r j 
corresponding points lying on ffee ray OJfJsT, and 
point in which this ray meets ike itsota of pomology 
the points OMNI , OJf^JT poapreepc^d severaJly fc 
another, 



' 



OM ON _ M ' ON 
or MX NX^WX WI' 

OM OM' _ ON ON' 
MI WX~NI WT 

and consequently the anharmomc ratio (OZ3OT) is co 
for all pairs of corresponding points M and M' taken on 
OX passing through the centre of homology 

Next let L and L' be another pair of corresponding i 
and T the point in which the ray OLL' cuts the a 
homology Since the straight lines LM , L'M' must n 
some point Z of the axis XT, it follows that OILL' is 
jection of OXNM' from #as centre, and therefore 

(OYLl') = (CHOP), 

consequently the anharmomc ratio (OZJ/3/ 7 ) is constj 
all pans of corresponding points in the plane 

Consider now a pair of corresponding stiaight lines 
a', the axis of homology *, and the ray joining the cei 
homology to the point aa' The pencil osacf is < 
every stiaight line thiough in a range of four 
analogous to OX3/M' , consequently the anhaimomc 
(o*aa') is constant foi all pans of conespondmg si 
lines a and a' 9 and is equal to the anharmomc 
(0\M )/') 

This anharmomc latio is called the coefficient or pa 
of the homology It is cleai that two figuies in hoi 
can be constiuctecl when, in addition to the centie an 
we are given the paiametei of the homology 

76 When the paiametei of the homology is equal t 
all langes and pencils similai to OA1/1/', owa\ are hai 




case ^ e Pomology is called harmonic * or ^nvoZutorlal > 
two corresponding points (or lines) correspond to one 
another doubly , that is to say, eveiy point (or line) has the 
same correspondent whether it be legarded as belonging to 
the first or the second figure (See below, Arts 122, 123 ) 

Harmonic homology presents two cases which deserve special 
notice (i) when the centre of homology is at an infinite distance, in 
the direction perpendicular to the axis of homology, (2) when the 
$,:$& of homology is at an infinite distance In the first case we have 
what is called symmetry with respect to an axis , the axis of homology 
^in this case called also the ascts of symmetry) bisects orthogonally 
ihe straight line joining any pair of corresponding points, and bisects 
also the angle included by any pair of corresponding straight lines 
lie second case is called symmetry with respect to a centre The 
caatre of horology (in this case called also the centre of symmetry) 
bisects the ctefeanee between any pair of corresponding points, and 
two corresponding straight lines are always parallel In each of 
these two cases the two figures are equal and similar (congruent) t, 
oppositely equal in the first case, and directly equal in the second 

77 Considering again the general case of two homological 
figures, let a , 6 , m , n be four rays of a pencil in the first 
figure, and a' , V , ml , n' the straight lines corresponding to 
them in the second Then 

(mnaV) (m'n'a'b') 

Now let an arbitrary transveisal be diawn to cut mndb m 
MNAS, and draw the corresponding (or another) tiansveisal 
to cut m'tMV in M'N'A'B', then 

(MNAB) = (H'N'A'ff), 
MA M'A' NA 



rv-p 



. _ . _ _ . _ . _ 

MB M'B'~ NB N'B' 

n ,, ,, , MA M'A' _ 

Consequently, the ratio r= ,~, depends only on the 



,~ 

straight lines ab (and o!V\ and not at all on the stiaight lino 
m (or m') 

The latio MA NA is equal to that of the distances of the 
points J/, JV fiom the straight line a, which distances we may 
denote by (If, a\ (N, a) , thus 

* BELLAVITIS, Saggio di Geometna denvata (Nuov^ Saggi of the Academy of 
Padua vol iv 1838), 50 

t Two figures are said to be congruent when the one may be superposed upon 
the other so as exactly to coincide with it 
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that is to say * 

In two homological figures (or, more generally, two pry** 
related, figures) tie ratw of the dutaee tf a wnable poml Ml 
two fixed straight lines a , b the first fan her* a constant , 
to the analogom ratio of the A^tances of tke responding f 
M from the corresponding straight lines tt ,V K the other fig* 
Suppose 6 to pass through the centre of homology , 4 
M and M' are eolhnear wrfh and V comrades with d, so \ 

(3f,6) (M',V)=OM OM', 
and therefore 

OM (M,a} . . 

OX' (S^a 7 ) ~ constant 

K 2V and N' are another pair of corresponding points 
have then 



OM (M,a) _ Off (N,a) 
OM' (M',af)-(HP (FT7) 

No-w suppose the straight line a' to move away mdefinit 
then a becomes the vanishing line in the first figure , the i 

' become equal to unity, and thus 




= constant , 
in other woidsf 

In tivo komotogicaljigweS) the ratio of the distances of any ; 
in the fit st figure fr om the centre of homology and pom the 
line respectively, lanes duectly as the distance of the 
point in the second figure from the centre of homology 

* CH \SLES, G-eometue suptnenre, Art t^i 
f CHA.SLES, Section^ comqut*, Art 267 
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CONSTRUCTION OF PBOJECTIYE FOBMS 

78 LET ABC and A'B'C' be two tnads of correspondin 
Clements of two projective forms of one dimension (Fig 47 
and imagine any series of operations (of projection and sectioi 

by which we may ha\ 
passed from ABC i 
A'B'C' Then whatevc 
this series be*, it wi 
also lead from any othe 
element D of the fir< 
form to the element 1 
which coriesponds to 
in the second For if 
Fig 4 ^ could give, as the resu 

of these operations, a 

element D" different from D' 9 then the anharmomc ratic 
(ABCD) and (A'B'C'D"} would be equal, but by hypothes 
(ABCD} = (A'B'C'D'), therefore (A'B'C'V'} = (A'B'C'D" 
which is impossible unless D' 1 coincide with D' (Art 65) 

79 THEOREM (conveise to that of Art 73) 

Given two forms of one dimension, if to the elements A, B, C, Z>, 
of the one correspond respectively the elements A', B', C', D f > 
of the other in suc/i a manner that any four elements of thejirstj-or 
are eqmanharmomc with the four corresponding elements of the seconi 
then the two forms are protective 

For every series of operations (of projection or section 
which leads fiom the triad ABC to the triad A'B'G', leads c 
the same time from the element D to another element D" sue 
that (ABCD) = (A'B'C'D"} But (ACD) = (A''C'2') b 
hypothesis , therefore (A'B'C'D') = (A'B'C'D"}, and D" mu' 
coincide with D' (Art 65) And since the same conclusion 

* In Fig 47 the series of operations is a projection fiom S, a section by u 
a projection from S and a section by u 
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true for any other pair whatever of conwpondiag ei< 
follows that the two forms are projeekve (Ait. 40). 

80 From Art ?8 iie following i$ay be deduced 
ticular case 

If among the element* of two jprojee&ve farm of <me 
there are two corresponding tnadt ABC and A f 'C' wh 
perspective, then the two form themselves are mpmpectn 

(1) If, for example, the forms are two ranges ATM. 
A'B'C'D' , then if the three straight lines AA\ 
meet in a point S, the other analogous Lues DD\ 
pass through S (Figs 19, 40). 

Suppose, as a partiecilar case, that the points A, A 
(Fig 23), so that the two ranges have a paar of corn 
points A and A' united in the point of intersectaoi 
bases* The triads ABC.A'S'C' are in perspective, th 
of perspective bemg^ the point where B f and C 
accordingly 

If two projectile range* home a selfaorrezpondmg point, 



Conversely it is evident that two range* which t 
$pectwe have always a self -corresponding point 

(2) Again, if the two forms are two flat pencils a 
a'Vc'd' lying in the same plane , then if the tin 
aa\ oo\ cc f lie on one straight line #, the analogous pc 
will all lie on the same straight line (Fig so) If 
lie altogether at infinity, we have the following proj 

If, in two proyectne flat pencils, 
three pairs of conespondmg rays 
are parallel to one another, then 
every pair of correspond ing lays are 
parallel to one another 

The hypothesis is satisfied 
in the paiticulai case where the 
lays a and a' coincide (Fig 48), lg 4 

so that the two pencils have a sell conesponding 
btiaight line \\hich joins then centies , then # is th 
line joining II' and cc Accoidmgly 

* In the case of two projective foims "we fahall in future emp 
self corresponding to denote an element which iis such that it coim 
correspondent , thus A or A' above may be called a self corresponds 
two ranges 




UJ< 



SOJRMS 



[81 



two protective flat pencils (lywg m the same plane) lave a 
# . r /, / ray s they are in perspective 

Conversely, two coplanar flat pencils which are in perspective 
have always a self-corresponding ray 

(3) If one of the systems is a range ABCD and the other 
a flat pencil abed (Fig 28), the hypothesis amounts to 
assuming that the rays a , I , c pass respectively through the 
points Z , B , C , then we conclude that also d, will pass 
through D, &c 

81 Two ranges may be superposed one upon the othei, so as 
% 1*& mpon the same straight line or base, in which case they 
be said to be colknear For example, if two pencils (in 
saipe plaae) 8 s ok and = a'Vc' (Fig 49) are cut 

by the same trans versal, they will 
determine upon it two ranges 
ASC ,A f B'C' which will be 
projectively related if the two 
pencils are so The question anses 
whether there exist in this case 
any self-corresponding points, i e 
whether two coiresponding points of the two ranges coincide 
in any point of the transversal 

If, for instance, the transversal $ be drawn so as to pass 
through the points aaf and 65', then A will coincide with A ', 

and JS with B' , in this case 
consequently there are two 
self-corresponding points 

Again, if a range u be 
projected (Fig 50) from two 
centres S and (lying in 
the same plane with u\ 
jij - two flat pencils ale and 

a'Vtf will be formed, which 

have a pair of corresponding rays a , of united in the line SO 
And if a transversal s be drawn through the point in which 
this line cuts n, we shall obtain two projective ranges ABC , 
A'B'C' lying on a common base s, and such that they have 
one self-corresponding point AA f 
And lastly we shall see hereafter (Art 109) that it is possible 
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for two collinear protective mogee to be sueb as to h 
self-corresponding point. 

So also two flat pencils (in the same plane) isay 3 
common centre, in winch case they may be termed earn 
such pencils are formed when two different ranges as 
jected from the same centre (Kg 51). And two axial \ 
may have a common axis , sodhi pencils 
are formed when we project two dif- 
ferent ranges from the same axis* or 
the same flat pencil from different 
cenines Again, if two sheaves are cut 
by the same plane, two plane figures 
are obtained, if, on the other hand, 
two plane figures are projected from * 

the same centre, two concentric sheaves are formed 
these cases the forms in question may be said to be svf 
one upon the other, and the investigation of the 
corresponding elements^ when the two forms are prqje 
related, is of great importance The complete invest 
will be given later on, in Chapter X"VIII 3 at present 
only prove the following Theorem 

82 THEOREM Two superposed protective (one-dime 
forms either have at most two self-corresponding elements^ 

every element coincides with its correspondent 

For if there could be three self-corresponding el 
A,B,C suppose , then if D and D f are any other pair 
i esponding points, we should have (Art 7 3) (ABCE] = (A 
and consequently (Art 65) D would coincide with D' 
then the two forms are identical, they cannot have mo 
two self-corresponding elements 

83 THEOREM (converse to that of Art 53) If a ont 
sionalform consisting of four elements A ,JB 9 C, D is project 
a second fonn deduced pom it ly into changing tvo of the t 
(eg BACD), then the fam mil le a hatmomc one, and 
vitei changed element* utll le conjugate to each othet 

First Pi oof If ( iBCD) = (BACD\ then (Art 72 IV) 

X 2 = i, and since we cannot take A = + i (Art 72 

we must have A. = - i, a e the foim is a harmonic one 

Second Pi oof Suppose, for example, that J , B , C, I) a 




eolhnear pbints (Fig 52) Let K , M , Q , D be a projection 
these points on any straight line through D, made from , 
arbitrary centie li Since AJ5CD is projective with KM( 
and also (by hyp ) with SACD, the forms KM Q, and EAC 

are protective with one anoth< 
And they have a self-con 
sponding point D , consequent 
they are in perspective (Art 8 
and KB, MA, qc wiU meet 
one point N But this bei 
the case, we have a complt 
quadrangle KIiMN, of which one pair of opposite sides m< 
in A, another such pair in , while the fifth and sixth sic 
pass respectively through C and D Accordingly (Art * 
2tCD is <a harmonic range 

84 Let there be given two pi objectively related geomet 
forms of one dimension Any senes of operations which si 
fices to derive three elements of the one from the thiee cor 
sponding elements of the other will enable us to pass fr< 
the one form to the other (Art 78) , and any two given trig 
of elements are always projective, ^ e can be derived one fr< 
the other by means of a certain number of pi ejections a 
sections Hence we conclude that 

Given three pain of corresponding elements of two protective f 01 
qfone dimension, any number of othei paws of corresponding eleme 
can be constructed 

We proceed to illustrate this by two examples, tak] 
(i) two ranges and (2) two flat pencils , the foims bei 
in each case supposed to lie in one plane 

Given (Fig 53) three pairs of Given (Fig 54) three pt 
corresponding points A and A f , of corresponding rays a and 
B and B', C and <?', of the pro- 
jectiie range* u and uf , to con- 
& uct these ranges 

We proceed as in Art 44 On 
the straight line winch joins any 
t\\o of the coriespondmg points, 
feay A and A ', take two aibitrary 
points S and &' Join SB , S'B' 
cutting one another in B" } and 
f*C , S'C' cutting one anothei in 



b and b', c and c f , of tJie pro 
tive pencils U and U' ', to c 
struct these pencils 

Through the point of in 
section of any two of the c 
responding ra^s, say a and 
draw two arbitral y transver 
s and / Join the points sb 
s'b' by the straight line 6", 
the points sc and s'cf by 
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C" , join B"C", and let it cut straight hue e", aad kfc <: 
AA'mA" The operations winch sfcraig&t line joining th< 
enable us to pass from jOC to yv and oaf 13*e 0| 




A'B'C' are i a projection from 
S, 2 a section by w"(the line on 
which lie the points A", V, 0") , 
3 a projection fiom S', 4 a 
section by u' The same opera 
tions lead from any other given 
point D on u to the correspond 
ing point L f on u', so that the 
lays SD and S'D' must inteisect 
in a point D " of the fixed straight 
line u" 

In this mannei a lange 
u = i"B"C"D" 
is obtained \\hich is in peispec- 
ii\ e both with u ind with u 



In the preceding construction (left), D is any ai bit ran po 
If D be taken to be the point at infinity on w, then (Fig 
will be parallel to v , in order theiefoie to find the poi 



54* 



which enable us to pass 
to afb'c are i a sect* 
2 a projection from t 
U" where a", 6", c" m< 
section by /, 4 a j 
from CT The same o 
lead fiorn any other gn 
of the pencil L r to the CO] 
iBg ra} d! of the pencil U 
the points sd and sV nn 
a straight hue d" whi< 
through the fixed point 
In this manner a penc 

l''=a'Wd" 
is obtained \\hith is in 
ti\e both \\ith I and wit 



wluch corresponds to tbe point at infinity on u, diaw 81" parallel 
w to cut u" in /" , then join S'l", which will cut u' in the requii 
point I f Similarly, if the ray through S' parallel to u' cuts u" 
</", and SJ" be joined, this will cut u in J, the point on u wh 
corresponds to the point at infinity on u' 



If D he taken at P, the point 
where u and u" meet, then Z>" 
al c o coincides with P, and the 
point P' on <z/ corresponding to 
tlte $omt P on u is found as the 
intersection of S'P with w' 

Similarly, if Q' "be the point of 
intersection of u' and u", the 
point on w corresponding to Q' 
on &' is $> where Q' cuts u 

85 The only condition to 
which the centres S and S f are 
subject is that they are to lie 
upon the straight line which joins 
a pair of corresponding points, 
in other respects their position is 
arbitrary We may then for in- 
stance take S at A' and S' at A 
(Fig 55) Then the ray S'P co- 
incides with u, and P'IS accord- 
ingly the point of intersection of 
u and u' So too the ray SQ' 
coincides with u, and Q also lies 
at the point uu' 

If then we take the points A! 
and A as the centres S and S 
i espectively, the straight line u" 
will cut the bases u and u' re- 
spectively in P and Q', the points 
which correspond to the point 
uu' regarded in the first instance 
as the point P' of the line u' and 
in the second instance as the 
point Q of the line u 

Now in the construction of 
the pieceding Art, the straight 
line u" was found at the locus of 



In the preceding construct 
(right), d is any arbitrary i 
passing through U Ifitbetal 
to be jp, the line joining U to I 
then the corresponding ray*/ 
the pencil V is the line join, 
the point U' to the point Jp 

Similarly, if tf be the ] 
U'U" of the pencil Z7', the ra 
corresponding to it in the per 
U is that which joins the poi 
U and $/ 

The only condition to wh 
the transversals s and tf are si 
ject is that they are to p 
through the point of intersect] 
of a pair of corresponding ra^ 
in other respects their position 
arbitrary "We may then for 
stance take of for s and a foi 
(Fig 56) Then the point 
coincides with U, and p' is 
cordingly the straight line U( 
So too the point sq' coinci< 
with V, and q also must be \ 
straight line UU' 

If then we take the rays 
and a as the tiansversals s a 
$' respectively, the point U" * 
be the intersection of the rays 
and (f which correspond to i 
straight line UU' t regarded 
the first instance as the ray p' 
the pencil U', and in the seco 
instance as the ray q of t 
pencil U 

Now in the construction of t 
preceding Art , the point U" \v 



S&J 



OF 



the points of intersection of pairs 
of corresponding rays of the 
pencils in perspective 
S(ABCD ) md. S' (A'B'd'D' ) 
The straight line <uf f obtained by 
the construction of the present Art. 
is in like manner the locus of the 
points of intersection of pairs of 
corresponding rays of the pencils 
A'(ABCD )aR<LA(A'B'C'iy ), 
^ e the locus of the points in 
which the pairs of lines AB and 
AB', A'O and AC', A'D and 
AD', intersect. 



of the ranges in 



ctm 



The point Z7" obtAiBed b 
construction of the preeea 

18 in like Tftynnin* tlfce O6E 

perspective of tbe ranges 



te. the point in which iJw 
joining the pairs of ooarrespc 
points 0^6 and atf* cfe tx. 
eld and o<f , meet 




If in place of A r and ^ any 
other pair of points B' and J5, 01 
C" and (7, be taken as centres 
of the auxiliary pencils S and ', 
the straight line u" must still 
cut the two bases u and u f m the 
points P a,n&Q' , ie the stiaight 
line u" lemains the same 

If then ABC MN and 
A'B'C' M'N' ire two pi o- 
jective langes (m the same phne), 
eveiy pair of stiaight lines euch 
as MN' and M'N mteisect in 
points lying on a fixed straight 
line This straight line parses 
through those points which cor- 



If in place of a' and 
other pan of rays V and 
and c, be taken as trans 
the point U" must still 
mtei section of p and /, 
point U" remains the sam 



If then ale 



a'W 



mn 
are two 



ti\e pencils (in the same 
e\eiy straight line which 
pair of points such as in 
m'n passes through a fixec 
This point is the mterset 
those rays which corresp 



respond in each range to the 
point of intersection of their bases 
when regard^ as a point of the 
other range 

' 86 If the two ranges u and u* 
are in perspective (Fig 57) the 
points P and Q f will coincide 
with the point in which the 
bases u and u' meet, and since 
lie straight line which is the 
locus of the points (AB', A'B), 
(AC't A'C), (AD', A'D), and 
the straight hue which is the 
loeus of the points (BA', B'A), 
(EG', B'O), (BD' 9 B'D\ have 
two points in common, viz and 
(AB', A'B\ these straight lines 
must coincide altogether This 
being so, AA'BB' is a com- 
plete quadrangle, whose diagonal 
points are 0, S (the point where 
A A', BB' } meet), and M (the 
point of intersection of AB' and 
A 'B) , consequently (Art 57) the 
straight lines u and u' are har- 
monic conjugates with regard to 
the straight lines u" and OS If 
therefore two transversals u and 
u f cut a flat pencil (a, 6, c, ) in the 



then the points of intersection of 
the pairs of straight lines A B' and 
AB , AC' and A'O , BO' and 
B'C, lie on one and the same 
straight line u") which passes 
through the point uu' , and the 
stiaight line joining wuf to the 
centie of the pencil is the har- 
monic conjugate of u" with re- 
spect to u and <uf 

Fiom this follows the solution 
of the problem 

To draw the straight line con- 
necting a given point M imth the 



each pencil to the straight 1 
joining the centres of the pen 
when regarded as a ray of 
other pencil 

If the two pencils U and 

are in perspective (Fig 59) 

rays_p and q' will coincide ^ 

tbe straight line UU' , and si 

through the point of intersecl 

of the rays (aV , a'&), (ac' , c 

(adf , a'd), and through 

point of intersection of the j 

(W, b'a), (W, 6'c), (W, Vd) 

pass two different straight IL 

viz UU' and (aV, a'b), tl 

points must coincide This b( 

so, aafW is a complete qua 

lateral, whose diagonals are V 

s (the straight line on wl 

aaf, bb', intersect), and m i 

straight line which joins aV 

a'b), consequently (Art 56) 

points U and 7' are harm 

conjugates with regard to U " 

the point in which s meets C 

If therefore a range be proje 

from two points U and U' by 

rays (a X), (&, &')>('> <0 ,1 

the straight lines which join 

pairs of points (a6 / , a'6), (ac', 

(6c x , 6'c), meet in one and 

same point U", which lies on 

line UU f , and the point w 

the straight line U U' cuts the 

of the lange is the harmonic 

jugate of U" with lespect t 

and U' 



From this follows the soli 
of the problem 

To construct the point whe 
given straight line m would b 
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CONSTRUCTION OF PBOJBOTW8 FOEKS 



inaccessible point of intersection of tersected by a straight &* 1 
two given straight lines u and uf wkt&k cannot IB draw** but 

zs dettrutoiMd by its p 
through two gtvm 




Througli M (Figs. 57 and 58) On m (Fig 59} take two] 
draw two straight lines to cut u and join them to U "fc 
in A and 3, and u f in 1? and A? straight lines a and b, and 




Fig 59 

by the straight lines b' a 
let s be the straight line j 
the points of intersection o 
and b , &' On s tale any 
point and join it to U, U' 1 
straight lines c , c' respec 
The stiaight line n which 
the points 6c' and 6'c will 
in the point U" reqimed 

If the stiaight lines u and u' are parallel to one another (Fi 
the piecedmg conduction gi\es the solution of the problem 
tuo parallel straight lines, to draw through a giien point a si 
line parallel to them, making use oftlie ruler only 



Fig tf 

respectively, join AA ', BB' meet- 
ing in S Through S draw any 
straight line to cut u in C and 
u' in C', and join BC', B'C, 
inteisecting in N The straight 
line joining M and N \\ill be the 
line M" required 



87 If in the theoiem of the 
piecedmg aiticle the flat pencil 



If in the theorem of tin 
ceding article the range < 



xmsist of only three rays, the 
theorem may be enunciated as 
fallows, with reference to the 
three pairs of points AA', BE', 

Off 

If a hexagon (six-point) 
AB'C A'BC' (Yig 60) has its ver- 
tices of odd order (ist, 3rd, and gth) 




Fig 60 

on one straight line u, and its ver- 
tices of even order (2nd, 4th, and 
6th) on another straight line /, 
then the three pairs of opposite 
sides (A3' and AB' , B'C and 
BC', GA' and O'A) meet in three 
points lying on one and the same 
straight line u" * 



of only three points, the theorem 
may be enunciated as follows 
with reference to the three pairs 
of rays aaf, IV, cc' 

If a hexagon (six-side) ab'cafbcf 
(Fig 61) be such that its sides of 
odd order (ist, 3rd, and 5th) 




Fig 61 



meet in one point V, and its sides 
of even order (2nd, 4th, and 
6th) meet in another point 7', 
then the three straight lines 
which join the pairs of opposite 
vertices (aV and a'b, Vc and be', 
cof and c'a) pass through one and 
the same point U" 




Fig 62 jjg 63 

88 Returning to the con- Eeturnmg to the construction 
struction of Ait 84 (left), let the of Ait 84 (light), let the stiaight 

* PAPPUS, loc cit , Book vn prop 139 
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centre S be taken at the point line joining the points 
where -44' meets BB', and the taken as the transversal 



centre & at the point where AA f 
meets W (Fig 62) Then since 
S3 , '' meet in J3', and ?, 
S'C' in (7, therefore '(7 is the 
straight line w" Consequently 
any other pair of corresporKtuag 
points D and D' are constructed 
by observing that the straight 
lines SD , S'D' must meet on B'G 



From a consideration of the 
figure SS'CDD'B, which is a 
hexagon, we derive the theorem 



that joining the pomtfi m 
as the transversal / (Fig 
Then since the line jotmog 
points ao , Jb f is &, and the 
joining the points ac , *V 
therefore &/ is the point 
Consequently any oilier pa 
corresponding rays d and d 
constructed by obBerrojg tha 
points sd , V" must be coll 
with 6^ 

From a consideration oi 
figure &/cdd'b, which is a 1 
gon (six - side) we denve 
theorem 

In a hexagon, ofwfach fax 
tices are the centres of two 



In a hexagon, of wht&k two 
sides are segments of the bases of 
two projectwe ranges^ and the fowr jectwe pencils, and the fowr \ 
others are the straight lines con- are the points of tntersectu 
necting four pairs of correspond- four pairs of corresponding 



ing points, the straight lines which 
join the three pairs of 02>posite 
vertices are concurrent 

89 If in the problem of Art 
84 (left) the three straight liries 
AA f , BB', CC" passed through the 
same point S (if, for example, A 
and A' coincided), then the two 
ranges would be in per^pectrve , 
we should therefoie only have to 
chaw lays thiough S in order to 
obtain any number of pans of cor- 
responding points (Fig 19) 



the three points in which the 
of opposite sides meet one as 
are collinear 

If the three points aa x s I 
in Art 84 (right) lay Oj 
same straight line s (if, fc 
ample, a and a f coincided), 
the two pencils would be 11 
spective , we should thei 
onl) have to connect the 
centres of the pencils with 
point of s in older to obtai] 
number of pan s of correspo 



ra\s (Fig 20) 

90 If the too r-mges u and u f (Art 84, left) ire superpose 
upon the othei, i e if the six gi\en pomtb A L'BB'CC'lie o 
same sti ught line (Fig 64), we fiist pioject u' from an arbj 
centie S 9 on an aibitiary stiaight line u v and then proceed to 
the construction foi the case of the ranges u=(ABC ) 
W A = UiA^i \ ie to construct with regard to the pans of i 
(AAJ, (BBJ, (CC^ m the way shown m Art 84 A pair of c 
spending points D and D l of the langes u and u, ha\mg been f 



the ray S'D : determines upon u' the point D f which corresponds, 

iol) 

The construction is simpler in the case where two corresponding 

points A and A! coincide (Fig 65) 
When this is so, if u l he drawn 
through A , the range u^ will he in per-* 
spective with u , thus, after having 
pi ejected u' upon u from an arhi-^ 
trary centre $', if S be the point 
where BB' and CCJ meet, it is 
only necessary further to project u 
fiom S upon u lt and then ^ from 
S' upon u' 

The two collinear ranges u and 
i/ have m general two self corre- 
sponding points , one at AA', and 
a second at the point of inter 
section of their common base line 
with the straight line SS' 

If then $S" passes through the point uu^ , the two ranges u and d 
Ivave only one self-corresponding point If it were desired to con- 
struct upon a given straight line two collinear ranges having 
A and A? for a pair of corresponding points, and a single self-corre 
spending point at if (Fig 66), we should proceed as follows Take 




Pig 64 





M VA 



u D 





Fig 65 



any point S', and draw any straight line U L through M , project 4 ' fi cm 
*S' on MJ ; join the point A } so found to A, and let AA 1 meet ^J/ in ti 
Then to find the point on u' which coriesponds to any point B on u, 
pioject B from S into 5 1? and then l fiom >S X into jB x , this kfot is 
the point required 

If the two pencils U , U f (Art 84, right) aie concentnc, i e li the 
six rays aa'Wcc' pass all through one point, we fiist cut a'Vc' by 
a tians\ersal and then project the points of intersection from an 
aibitiary centre U^ If afift aie the projecting rays, we have then 



I/JF rifciWJBCrilVJB 



only to consider the non-concentric pencils U and U^ 
we may cut o&c by a transversal ni the points 4.80, aad < 
another transversal in A'B'G', and then proceed wi& the two x 
j4J5<7 , A'B'C' in the manner explained above. 

The figures corresponding to these eonstrnetiotas are Bot | 
the student is left to draw them for famsftlf He wffl see tJ 
these cases also the constructions admit of considerable aaittjpfofo 
if, among the given rays, there be one which is self^rrespoacfcua 
for example, a and a' coalesce and form a single ray, &e, 

91 Consider two projective (homographic) plane figures 1 
if) as has already been seen (Art 40), any two eorrespondiBgsta 
lines are the bases of two projective ranges, and any two corree 
ing points are the centres of two protective pencils. 

If the two figures have three self-corresponding points lying 
straight line, this straight hne s will correspond to itself, for 3 
contain two protective ranges which have three self-correspc 
points, and every point of the straight hue s will therefore (Aj 
be a self-corresponding point. Consequently every pair of correspc 
straight lines of ir and TT' will meet in some point on s, and the 
the two figures are in perspective (or in homology in the case 
they are coplanar) 

92 If two protective plane figures which are coplanar have 
self-corresponding rays all meeting in a point 0, this point v 
the centre of two corresponding (and therefore projective) ] 
which have thiee self-corresponding rays, therefore (Art 82) 
lay through will be a self-corresponding one Hence it f 
that every pan of corresponding points will be collmear *i 
therefore the two figures aie in homology 

93 If two projectne plane figures winch are coplanar hav 
self-corresponding points A , B , , D, no thiee of which are col 
then will every point coincide with it* correspondent 

For the straight lines AB , AC , AD , BC , BD , CD are al 
coi responding, therefore the points of intersection of AB an 
AC and BD, BG and AD, t e the diagonal points of the quad 
ABCD, are all self coi responding Since the thiee points A , 
(AS) (CD] are self-coi responding, e\ei} point on the straigl 
A B coincides * ith its con e^pondent , and the same may be prove 
foi the otliei five sides of the quidi angle If now i straight 1 
drawn ubitiuily in the plane, theie will be six points on it 
die seli-couesponding, those namely m which it u> cut by tl 
sides of the qiudniule, ind theiefore eveiy point on the st 
line is a self-coi i esponding one , *hich pieces the proportion 

In a similar minner it may be shown that if too cophma 
jective figures UOM four self correyomluty t>aijht lim* a, b, 



i e suc tat no three of them are con- 
then every straight hne will coincide- with its correspondent 
94, THEORBO Two plane quadrangles ABCD , A'B'C'D' are 



(1) Suppose the two quadrangles to lie in different planes TT , w 7 
AA', and on it take an arbitrary point S (different from A'}, and 
through. A draw an arbitrary plane TT" (distinct from TT) , then from 
$as centre project A' , B' , 0' , D' upon *" and let A", B" , C" , D" 
be their respective projections (A" therefore coinciding with A) 

In the plane *r join AB , CD, and let them meet in E y so too in 
tie plane J' join 4' 7 7/ , C7 /7 Z> 7/ , and let these meet in E" The 
ejmght lines ABE , A"B"E" lie in one plane since they meet each 
efeer m the point A = -4", therefore #3" and J&0" will meet one 
amtiier in some point 8^ 

Now let a new plane T/ 77 (distinct from TT) be drawn through the 
steijgixt hne 4&0, and let the points A", B", C", D", M" be pro- 
jected from S { M centre upon T/" Let A"' 9 B'", C'" } V", E'" 
be thear respective projections, where A'", B" f , E'" are collmear and 
coincide with A , , JS respectively, and C"', V", E"' are collinear 
also, since their correspondents 0", D ", E" are collinear The straight 
lines GDE , C m D'"E f " lie in one plane since they meet each othei 
in the point E = JP 777 , therefore CO 777 and LL"' will meet one 
another in some point 2 If now the points A'", B f ", C"', D'" be 
projected from S 2 as centre upon the plane TT, their projections will 
evidently be A , B,C,D 

The quadrangle A BCD may therefore be denved from the quad- 
i angle A'B'C'D' by first projecting the latter from S as centre upon 
the plane 7r 7/ , then projecting the new quadrangle so formed in the 
plane TT" from S 1 upon 7r' 7/ , and lastly projecting the quadrangle so 
formed m the plane 7r 7// from $ 2 upon ?r , that is to say, by means 
of three projections and three sections * 

(2) The case of two quadrangles lying in the same plane reduces 
to the pieceding one, if we begin by projecting one of the quadrangles 
upon another plane 

(3; If the two quadrangles (lying in different planes) have a pair 
of their veitices coincident, say D and Z) 7 , then two projections will 
suffice to enable us to pass fiom the one to the other, or, what 
amounts to the same thing, a third quadrangle can be constructed 
which is m peispective with each of the given ones ABCD, 
A'B'C'D' 

Foi let there be drawn through D two stiaight lines s and s', one 
in each of the planes, let s cut the sides of the tuaiigle ABC 111 
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L , M , 2V respectively, aad let / cat the sides 0! OK tnimgift^ 
', #', #' respectively Tte m tlie plane ^ ibe stnugfc* la 
MM',NN' wiUfom a triangle which is IB perspective at < 

4^<? and with ,0'C" 

(4) If the quadraogfes (staH supposed to he is different 
Lave two pairs of their vertices 0", D^D' coincident, 
the straight lines AA f , BB'm&*&mf> another tlw qoacfeaugk* 
directly in perspective, the pom! of intersection of A A' a 
being the centre of project , so that we era pass at once I 
one quadrangle to the other by one projection from If A 
are not in the same pkae, so tfc&t they do not meet one aooti 
through CD let an arbitrary pkiie ^ be drawn, ad in it 
straight line be drawn whi<& meets AB and J' JJ' If in thus 
line two arbitrary points A", W be taken, then A"B /f C"D* 
a quadrangle which K m perspective at once with A BOD < 
A'B'd'D' 

95 From the theorem just proved it follows that two p 
plane figures TT and i/ can be constructed when we are gi 
corresponding quadrangles ABQD, A'B'C'D' , for the 01 
(projections and sections) which serve to derive A'B'G* 
ABCD will lead from any point or straight line whatever of 
corresponding point or straight line of TT', and vice versa 

Or, again, it may be supposed that two corresponding quad 
are given For if in these two cori esponding pairs of opp< 
tices be taken, we have thus two corresponding quadrangles , 
operations (projections and sectioi s) which enable us t 
one of these quadrangles from the other will ilso deuve 
quadrilateral from the other 

96 Two plane figures may also be made projects e ID 
manner, leaving out of consi leration the ielati\e po^itK 
planes in which they lie, ^e mi\ opei\ie on etch of th 
separately* Suppose that we are gi\en, <\s couefepondin 
anothei, two complete qu \dnlateiilb abed, afb\ f d f "\\ e 
constiuctmg, on each pin of coin -poi diM_r ^ides, Mich as 
the piojtctive ringeb \\lnch lie deteumued b\ the thiee 
coi responding points ab mil a'b', ac and a c' } ad and a 
done, to e^ely point ot urv ot the lour btiaight lines a o, 
coiiespond i dttunimite point of the coiiespoudmg bo 
othei figiue 

(1) Now let in the fiibt figuie i tnns\eisil m be dri^ 
a t l,c t dm i , ti , C , D ie<-ptcti\el\ , then the points [' Z 
\iluch coiiespond to these in the secoud figuie \\ill m like in 
on a stmight line m' 

* STAUDT Gecm der Laye, -Vrt 130 



lor, considering the triangle ale, cut by the transversals d anc 
the product of the three anharmonic ratios 

a (bcdm) , I (cadm) , c (dbdm) 

IB equal to +i (Art 140), but these anharmonic ratios are e< 
respectively to the following 

a'(BV<?) A! , 5'(cVcf) J3' , <t(a'VdT) C', 
so that the product of these last three is also equal to + 1 
therefore, since the points a'df, Vdf, c'd' are collmear, the pc 
Af, B' y G f are also collmear (Art 140) 

By considering in the same manner the triangle abd, cut by 
transversals e and m, it can be shown that A', B'^D' are collim 
it follows then that the four points A', B', C', D f all lie on 
same straight line w', the correspondent of m 

This proof holds good also when m passes through one of 
vertices of the quadnlateral abed, if for example m pass thrc 
cd, the anharmonic ratios c(abdm), d(dbcm) will each be equal to 
the reasoning, however, remains unaltered 

Thus every pair of corresponding vertices of the quadnlate 
abed , afl/c'd' (for example cd and cfd f ) become the centres of 
protective pencils, in which to c , d, (cd)(ab) coirespond c', d' ', (c'd')( 
lespectively, and to any ray cutting a , b m two points P , Q 
responds a ray cutting of, If in the two corresponding points P', ( 

(2) The two ranges A BCD , A'B'C'JD' in which the sides of 
quadrilaterals abed , dVtfd! are respectively cut by two correspon< 
straight lines m , ?nf are protective 

For, considering the triangle bcm, cut by the transversals a an 

the product of the anharmonic ratios of the three ranges 

be , B , la , bd 

G , cb , ca , cd 

, C , A , D 

is equal to + 1 And considering in like manner in the otliei p 
the triangle b Vw', cut by the transvei sals a' and d', the produ< 
the anharmonic ratios of the three ranges 

&V, V ,Vaf, Vdf 

C' X^cV, c'd' 

B' , C' , A f , D' 

is also equal to + 1 But tlie range in which b is cut b} the pe 
cmad is equianharmonic \\ith the range in which b' is cut by 
pencil c'm'a'df , i e the i anges 

be , B , la , bd 
6V, B' ,Va',Vdf 
are equianharmomc , and for a similar i eason the ranges 
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G , cb , oa , <d 
G\ JV, <faf, t/df 

are equmnharaionic Therefore he ranges 

B ,0 ,A , D 
B',C' , A\ D' 

will be equianharmomc and therefore protective , whence ifc 
that the projective ranges m and W are determijsed by HJ 
the pairs of corresponding pomfcB lying on a and </, b 
c and </ 

(3) If the straight line tarn round a fired poant M, 1 
also will revolve round a fixed point. 

For by hypothesis the points A and 2?, in winch m cuts < 
describe two ranges in perspective whose self-corresponding 
db Similarly the points A' y B f describe two ranges, whicl 
respectively projective with the ranges on a , b , are project] 
one another, and which are further seen to be in pen 
since they have a self-correspondmg point afV Consequei 
straight line m' will always pass through a fixed point 
correspondent of M , and will therefore trace out a penc 
pencils generated by m and mf are projective, since ti 
are projective in which they are cut by a pair of corref 
sides of the quadrilaterals, eg by a and of To the ray* 
pencil M which pass respectively through the vertices ab , 
bc t bd, cd of the quadrilateral abed coi respond the rays of tl 
M ' which pass respectively through the vertices afV* aV, < 
Vd f , Jd' of the quadrilateral a'Vc'df 

This reasoning holds good also when the point J/, roun 
m turns, lies upon one of the sides of the quadrilateral, 
example, because we still obtain too ranges in peispective L 
of the othei sides Smce c is now a ray of the pencil M, c 
the corresponding ray of the pencil M' , that is to sa>, J/ 7 w 
c' If M be taken at one of the vertices, as cd, then M' \ull 

with cfd', &c 

(4) Now suppose the pencil I/ to be cut b} a transversal n 
pencil M' to be cut b\ the coiiesponchng stiaight line n' V 
point mn descubes the laiige n, the corresponding point v 
describe the i \nge //, and these too ranges \vill be projecti 
tht} ue stctions of too piojecti\e peucilb AMien the point 
on one oi the ;ideb of the quidnhteiil alcd, the point /*' 
on the coiiebpuiidiug side oi tlit quidiilateial a'b c'd' , then 
two projective miges lie the sime as tho*e \\hich it ha & 
been sho^n may be obtained to starting fiom the pairb of cor 
ing points on a and a', b and 6', c and <f 



In this manner the two planes become related to one another 11 
such a way that there corresponds uniquely to every point in the one 
point in the other, to every straight line a straight line, to everj 
range a projective range, to every pencil a protective pencil Th< 
two figures thus obtained are the same as those which can be obtained 
as explained above (Art 95) by means of successive projections anc 
sections, so arranged as to lead from the quadrilateral abed to th< 
quadrilateral cfVv'd\ For the two figures T/ derived from TT bj 
means of these two processes have four self-corresponding straighi 
lines a', &', c', X forming a quadrilateral, and therefore (Art 93 
every element (point or straight line) of the one must coincide witl 
the cori^spondmg element m the other , i e the two figures must b< 
identical 

07 THEOKEM Any two protective yilane figures (the straight line 
at infinity in which are not corresponding lines] can be superposec 
am upon the other so as to become homdogical 

Let ^ , / be the vanishing lines of the two figures i e tin 
straight lines in each which correspond respectively to the straigh 
line at infinity in the other In the first place let one of the figure 
be superposed upon the other in such a manner that i and f may b< 
parallel to one another Since to any point M on i corresponds j 
point at infinity in the second figure, to the pencil of straight line 
in the first figure which meet m M corresponds in the second figur< 
a pencil of parallel rays Through M draw the stiaight line fl 
parallel to these rays, then m will be parallel to its coi respondent m f 
Similarly let a second point N be taken on i and through N let th 
straight line n be drawn which is parallel to its coi respondent n' 
let m and n meet in S, and m r and n' in S' If through S a stiaigh 
line I be drawn parallel to z, its correspondent I' will pass through S 
and will also be parallel to i> since the point at infinity on ^ coi re 
sponds to itself The corresponding pencils S and S' are theiefoi e sue] 
that three rays I , m , n of the one are severally paiallel to the tlire 
corresponding rays l f ,m',ri of the other, and consequently (se 
below, Art 104) the two pencils are equil Now let one ol the phm 
be made to slide upon the other, without rotation, until >S r/ come 
into coincidence with S , then the two pencils will bccone concent no 
and since they are equal, every lay of the one will coincide with th 
ray corresponding to it m the other This being the ca&e, evci 
pair of corresponding points will be collmear with /$, and the tvv 
figures will be homologicil, S being the centre of honiology 

98 Suppose that m a plane TT is given a quadiangle ABCD, an 
in a second plane IT' a quadiilateril afb'cfd' By means of con&tiuc 
tions analogous to those explained in Aits 94-96, the points an 
straight lines of the one plane can be put into unique correspondenc 
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with those of the o&er, so that to any range in the first p 
responds in the second plane a pencil projectile mth the sai 
and to any pencil in the first plane corresponds in tfee seoanc 
range protective with the said penciL Two plane figures r 
one another in this manner are called eorrdafyoe or 




CHAPTEE XI 

PARTICULAB CASES AND EXERCISES 

99 Two ranges are said to be similar, when to the points 
A>, CjD, of the one correspond the points A'> B\ C\ ', 
of the other, in such a way that the ratio of any two corre- 
sponding segments AB and A'B' , ^tfand A'C', is a constant 
If this constant is unity, the ranges are said to be equal 
Two similar range* are protective, every anharmomc ratio 
stieh as (ABCD) being equal to the corresponding ratio 

(A'B'C'D'} For suppose the 
bases of the two ranges to lie 
in the same plane (Fig 67) 
and let their point of inter- 
section be denoted by P' when 
considered as a point be- 
longing to u' and by Q when 
Fig 67 consideied as a point belong- 

ing to u Let A, A' be any 

pan of coi responding points , P that point of u which corie- 
sponds to P> and Qf that point of if which corresponds to Q 
Diaw A A" parallel to *', and A' A" parallel to u 

The triangles PQQ>, PAA" have the angles at Q and A 
equal and the sides about these equal angles propoitionalb, 
since by hypothesis 

PQ __ PA PA 
P'Q' ~ P'A' "" IF 

Theiefoie the tiiaogles aie similar, and the angles QPQ' and 
APA" are equal, and consequently the points P, Q' 9 ^ r/ are 
collmeai If then the range ABC be projected upon PQ', 
by stiaight hues diawn parallel to i/, we shall obtain the 
A" C 
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d by straight lines drawn parallel to *, tlie iaBge A' I 
may be denved 

If .PQ=P'Q', * a if ihe straight line P# mafcee 
angles with the bases of the given ranges, the raaa| 
equal 

To the point at infinity of # corresponds the poiaia* i 
of i/ 

100 Conversely, if tie jwnte at *$*itf I amd F 
protective ranges u and / correspond to eack otk&r* Ht 
will be similar For if (Kg 67) it be projected from /', 
from I (as m Art 85, left), two pencils of parallel rays 
formed, conesponding pairs of which intersect upon 
straight line *" The segments A" J*" of **" will be 
tional to the segments AB of n and also to the segment 
of ', consequently the segments A3 of will be prop< 
to the segments A'B' of u' 

Otherwise if AA' , BB f > CO' are three paOT of 
spending points, and I, I' the points at infinity, we h 



v. ~ / Y ' 

or (by Art 64), since land 1' are infinitely distant, 
AC _ A'C' 
JC ~ 'C'' 

an equation which shows that corresponding segme 
pioportional to one another 

Examples If a flat pencil whose centie lies at a finite 
be cut by two parallel straight lines, two simihr ranges of po 
be obtained 

Any two sections of a flat pencil composed of parallel 

similai ranges 

In these two examples the ranges aie not onl} projective, 
m peispective in the fust case the self corresponding poii 
infinity, m the second cise it lies (m gcneial) at a finite disb 

101 Two flat pencils, whose centres be at infinity, a 
lectivo and are called tnmlat, when a section of the 
smiilai to a section of the othei When this is the cs 
othei two sections of the pencils will also be similar 

another 

102 Fiom the equality of the anhainiomc ratios ? 
elude that two equal ranges aie piojective (Ait 79), ai 



conversely two projective ranges are equal (Art 73), -when the 
corresponding segments which are bounded by the points of 
two corresponding triads A$C and A'B'C' are equal , i e when 
'C'=AC> (and consequently B'C'= BC) 

If a flat pencil consisting of parallel rays be cut by 
two transversals which are equally inclined to the direction of the 
rays, two directly equal ranges of points will be obtained * 

If 4 flat pencil of non-parallel rays be cut by two transversals 
^wiach are parallel to one anothei, and equidistant from the centre of 
The pencil, two oppositely equal ranges will be obtained * 

103 Two similar ranges lying on the same base, and which have one 
$4f-correspondmg point N at infinity, have also a second such point 
M, which is m general at a finite distance If AA', BB' are two 
pairs of coiTt ponding points, 

MA MA'=AB A'B f = a constant 

To find M therefore it is only necessary to divide the segment A A' 
into two parts MA , MA' which bear to one another a given ratio 

This ratio M4 MA' is equal (Art 64) to the anharmomc ratio 
(AA'MN) If its value is i, the points AA'MN are harmonic 
(Art 68), i e M is the middle point of 4A', and similarly also that of 
every other corresponding segment BB', , in other words, the two 
ranges, which in this case are oppositely equal, are composed of pairs 
of points which he on opposite sides of a fixed point M, and at equal 
distances from it 

But if the constant ratio is equaj to + i, ^ e if MA and MA f aie 
equal in sign and magnitude, the point M will he at infinity Foi 
since (AA'MN)=n 9 (NMA'A) i (Art 45), consequently the 
points M and N coincide 

It follows also from the construction of Ait 90 (Fig 66) that two 

ranges on the same base, which have 
a single self-corresponding point lying 
at infinity, are directly equal 

For if in Fig 66 the point M 
move off to infinity, the straight lines 
SS' and A V B 1 "become parallel to the 
given straight line u or u on which 
Fig 68 the ranges lie (lug 68), and as 

the triangles SA& and S'A^ lie 
upon the same base and between the same paiallels, the segments 

* Imagine a moving point P to trace out a range AfiC and its correspondent 
P to trace out simultaneously the equal range ABC' Then if P and P f 
mo\e in the same direction, the two ranges are said to be chrectly equal if P 
and P move in oonosite direr turns the ranorps nr^ n-nrl tn h* n<n<nn ial & 1 
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which they intercept upon any parallel to the haae are equal 
AB=A'B', or two <wre#p)ndmg segments are equdL, cooaog 
AA f =zBB', ze the segment bcnmded by a pour of corr&poiMfaag 
^8 of constant length We may therefore suppose the two JEW 
have been generated by a segment given in sign and magi 
which moves along a given straight line, tke one extremity 
the segment describes the one range, and the other extrem 
describes the othei range 

Convereely it is evident that if a segment AA\ gives in sig 
magnitude, slide along a given straight line, its extremities A i 
will describe two directly eqnal (and consequently protective) 3 
which have a single self-corresponding point, lying at aa i 
distance 

104 Two flat pencils are said to be egual when t 
elements of the one correspond the elements of the ot 
such a way that the angle included between any twc 
of the first pencil is equal in sign and magnitude to the 
included between the two corresponding rays of the see 
It is evident that two such pencils can always be c 
two transversals in such a way that the resulting rang 
equal , but two equal ranges aie always prqjective , tta 
also two equal fiat pencils are always pi (yechie 

Conversely, two projective fiat pencils abed and a'Udd! 
le equal if three rays ale of the one make with each otUr 
which are egual respectively to those which the three corre*i 
rays make with each other 

This theorem may be proved by cutting the two } 
by two transversals in such a way that the section* 
and A'B'C' of the groups of ia}s abi and a'l/c may be 
The projective ranges so foimed will be equal (Ait 102) 
sequently also the othei coriesponding angles ad and a't 
the given pencils must be equal to one anothei 

105 Since two equal foims (langes 01 flat penci 
always projective with one anothei, it follows that if a 
01 a flat pencil be placed m a diffeient position in 
without altumgthe ielati\e position of its elements, th< 
in its new position TV ill be piojecU\e with legard to tht 
foim in its oiigmal position ^ ^ 

106 Considei two equal pencils alul and abut 
same plane or in paiallel planes, and suppose a ra\ 
one Dencil to i evolve about the centie and to desciil 
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, then the corresponding ray of the other pencil ^ 
describe that other pencil, by revolving about its cent 
This revolution may take place in the same direction 
that of the first ray, or it may be in the opposite directic 
in the first case the pencils are said to be directly equal^ and 
the second case to be oppositely equal to one another 

In the first case the angles aaf, W, cc\ are evidently 
equal, in sign as well as in magnitude , consequently a p 
of coriesponding rays are either always parallel or ne 
parallel 

Ifcihe second case two corresponding angles are equal 
magnitude, but of opposite signs If then one of the pen< 
fee shifted parallel to itself until its centre coincides with tl 
$ tfee other pencil, the two pencils, now concentric, will s 
"be protective (Art 105) and will evidently have a pair 
corresponding rays united in each of the bisectors (inter 
and external) of the angle included between two coirespo] 
ing rays a and a! It follows that these rays are also 
bisectors of the angle included between any other pair 
corresponding rays If the first pencil be now replaced in 
original position, so that the two pencils aie no longer c< 
centric, we see that there are iti each pencil two rays, each 
which is parallel to its correspondent in the other pencil , and t/ 
two rays are at right angles to each other, since they are para 
to the bisectors of the angle between any pan of coriespo 
ing rays 

107 If two flat pencils abed and a'tftfd' aie pwjective, 
if the angles aa\ W, cc* included ly three pairs of coi i espondmg t 
are equal in magnitude and of the same sign, then the angle 
included ly any other pair of corresponding rays will have the S( 
sign and magnitude 

Foi if we shift the first pencil parallel to itself unti 
becomes concentric with the second, and then turn it about 
common centie through the angle aa\ the rays a, b, c will cc 
cide with the rays a', b', c f respectively The two pencils, wt 
aie still piojective (Art 105), have then three self-correspo 
iDg rays , consequently (Art 82) every othei ray will come 
with its correspondent If now the fiist pencil be moved b 
into its oiigmal position, the angle M will be equal to aa' 
IHft Ad thp flnolp5t nn' W cr f nf fwr rhrpotlv en 
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pencils are equal to one another, such pencils, when < 
and lying in the same plane, maybe generated by tbemfea 
of a constant angle aaf round its vertex 0, supposed fxx&H 
one arm a traces out the one pencil, while tbe otber aan 
traces out the other peneiL 

Conversely, if an angle of constant magnitude tana wi 
its vertex, its arms will trace out two (direefly) 6qoal 
therefore projective pencils. Evidently these pencils hav 
self-corresponding rays, 

A transversal cutting these two pencils determines 
itself two collmear ranges having no sei-correeponding poi 
^ 

^ What has been said in Arts 104-108 with respect to two pe 

in a plane might be repeated without any alteration for the cai 
, two axial pencils in space 

109 (1) Let ABC , A'B'C' be two projective ranges 1 
upon the ame base, and let them, by means of the pencils al 
afb'c' , be projected from different points U,U' Let i,/ be i 
rays passing through U, V respectively, which are parallel t< 
given base, and let i', j be the rays corresponding to tb* 
points /', J in which these last two rays cut the given baa 
be those points which correspond to the point at infinity (j. u 
the base, according as that point is regarded as belonging 
range ABC or to the range A'B'C' 

The fact that the two corresponding groups of points are 
jectively related gives an equation between the anbarmomc r 
fiom which we deduce (as m Art 74) 

JA l'A' = JB I'B' a constant, 
t e the product JA I' A' is constant for every pair of points A 9 A 

Let be the middle point of the segment JI', and 0' the 
coi responding to regaided as a point belonging to the first ran 
Since the equation (1) holds for every pair of con expending p 
and therefore also for and 0', \\e ha\e 
JA 2'. 



or 

or since 07 = OJ, 

OA OA'-Or(Oi-OA'+00') = o 

Let us now enquire whether there aie in this case auj 
corresponding points If such a point exist, let it be denoted b 
then replacing both A and A' in (3) bj F, we have 
OE = OI' 00' 

We conclude that when 01' 00' is pontm, t when dot 



I 

Pi 



lie between /' and 0', there are two self-corresponding points E 
JP, lying at equal distances on opposite sides of 0, and dividing 
segment 1'ff harmonically (Art 69) 

When lies between I' and 0', there are no such points 
"When 0' coincides with 0, there is only one such point, viz 
point itself 

Imagine each of the given ranges to be generated by a p 
Utonitg always in one direction* If the one range is describe! 
the order ABC> the other range will be described in the order A'B 
flss order may be the same as the fiist, or may be opposite to it 

If tfee order of ABG is opposite to that of A'B'O', the same wiJ 
$fee*&se with regard to the order of HA and that of 7'J'J/, and a 
with regard to the finite segment JA and the infinite segment J 
<& tfee? finite segments JA and I f A r have the same sign In 
sequence therefore of equation (2), JO and I f O f have the same s 
does not fall between I' and 0' (Fig 69 a) , there are tl 
two self-corresponding points And these will lie outside 
finite segment JI r , since OE is a mean proportional between OI r 
00' 

If the order of ABO is the same as that t&A'B'C', we ariive 

similar manner at the 

- p n elusion that JA and i 

and again JO and 7'0', 
opposite signs In this 
then, self corresponding p< 
exist if does not lie 
tween I 9 and 0', that is, if 0' lies between and I' (Fig 69 6) 
these will lie within the segment JI f , since OE is a mean proporti 
between OP and 00' 

(3) Suppose that there are two self-corresponding points E 
F (Fig 70), dia\v thiough E any straight line, on which take 

points S,S'j and pioject o 
the ranges from S and 
other fi om S' The two pe 
which i esult are in perspec 
since they have a self-a 



spending ray ', accord] 
the coriesponding lays fi; 
S'A', SB and S'B', SI 
Fig 70 g'J<" \vill intersect in p 

lying on a straight Inn 
A\hich parses through F 

Let E ft be the point where this stiaight line uf f meets SS' 
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UFA A' and EFBB' are the projections of S"SS f from tibe c 
^i" and JB" respectively, therefore BFAA* and JWKB' aro pwg 
with one another , thus the &iiharnioiuc ratio of the systeaa ccaou 
of any two corresponding points together with ibe two ael 
sponding points is constant 

In other words two prcyecfave forms winch are sttperpowd 0m 
the other, and which have two self-corresptrnd/mg dements, &M am 
of yaws of elements which give with two fixed ones a constant i 
monic ratio * 

(4) Next suppose that there are no self-corresponding pom 
that lies between 0' and I' (Big 71) Draw from a stwug 
OU at right angles to the given base and make OU the geo 
mean between 1'0 and 00* , thus 1'Uff will be a right angle 
Again, draw through U the straight line IUJ' parallel to th< 
base, then the angle ITJI' will be equal to JUJ', and the 
QUO' will be equal to WCTand 

therefore to IUI' Thus in the r 5 

two protective pencils which pro- 
ject the two given ranges from U, 
the angles IUI' 9 JUJ', QUO' 
included by three pairs of cor- 
responding rays are all equal, ^8 7 1 
consequently (Art 107) the angles 

A UA', BUB', are also all equal to them and to one anotl 
are all measured in the same direction t 

Thus two cottmear ranges uhich haie no self-corresponding 
can always be regarded as generated ly the intersection of th 
line with the arms of an angle of constant magnitude uhich 
always in the same direction, about its vet ter 

110 We have seen (Ait 84) the geneial solution of the p 
Given three pans of corresponding elements* of tv\o projecti 
dimensional foims, to constiuct any desned numbei of paii& 
other woids, to construct the element of the one foim \vhjcl 
spends to a given element of the other The solution of the ft 
particular cases is left is in excise to the student 

i Suppose the t\\o fonns to be two i uiges u ind v! ^Inc 
diffeient bases, ind let the cjueii puib of elementb be 
(a) Pind^P 7 , Q mdQ'J, land V, 

* The abo\e construction ges the solution of the problem Gi\en 
A , A aad B JJ of corresponding points and one of the telf correspond] 
E to find the other self corresponding point 

f CHASIES loc at p 119 

*7>P O 0' I I ,J>J' have the same meaning as in \rt 84 , A , 

4- -* > X > T^ J T> > ' ' ' 

any given points 



<*>) 

(c) 

w 

(e) 
(*) 

(g) 



P and P 7 , 
land/', 
/ and I', 
land/ 7 , 
/and/ 7 , 
/ and /', 



A and A', 
/ and J 7 , 
*7" and J" 7 , 
PandP 7 , 
P and P 7 , 
A and J 7 , 



PandP 7 



and 



2 Solve problems (d) and (g), supposing the ranges to be collinear 

3 Solve the problems correlative to (a) and (b) when the two given 

are two non concentric pencils 

4 Suppose one o&fche pencils to have its centre at infinity 

Suppose both the pencils to have their centres at infinity 

111 He may also*prove for himself the following proposition 

If the three vertices A , A'> A" of a variable triangle slide respectively 
on three fixed straight lines u> u', u" which meet in a point, while two 
of its sides A' A", A" A turn respectively round two faced points and 
0', then will also the third side AA / always pass through a fixed point 
0", wfthnew with and 0' 

It is only necessary to show that the points A , A', A!' in moving 
describe three ranges which are two and two in perspective Or the 
theorem of Art 16 may be applied to two positions of the variable 
triangle 

This proposition proved, the following corollary may be at once 
deduced 

// the four vertices A , J. 7 , J. 77 , A!" of a variable quadrangle slid? re- 
spectively upon four fixed straight lines 
which all pass through the same point 0, 
while thee of its side* AA', A' A", A" A'" 
turn respectively round three fixed points 
<7 7 , J5 777 , j? 7 , then will the fowth side 
A.'" A and the diagonals AA", A'A'" 
pass respectively through three other fixed 
points C'", G", B", which are detei 
mined by tJie three former ones if The biot 
fixed points are the vertices of a complete 
quadrilateral, i e they lie three by three 
on Jour straight lines (Fig 72) 

In a similar manner may be deduced tlit analogous corollai} 
leliting to a pol3gon of n veitices 

112 THLOBLM If a triangle 1 0^0^ circumscribes another triangle 
U } U 2 U S , there exist an infinite number of tiianyles each of which ib 
circumscribed about the former and inscribed in the latter (tig 73) 

The two pencils 

0,(L\,U,,U, )and 0, ( 0; , 0. , Z7", ) 




obtained by projecting the range U 9 U 9 Irom O 4 and from < 
evidently in perspective Similarly t&e penmls 

1 (U V U V U 9 ) tad 9 (U V U IT. } 

obtained by projecting the range J7 a !7 s from t and 
in perspective Therefore the pencils 




are protective (Art 41} , bat the rays 0& aod 0,0^ eoi 

therefore (Art 62) the pencils are in perspective, and their 

spending rays intersect in pairs on U^U V 

There are then three pencils 0^ O s , O s , 

which are two and two in perspective, 

corresponding rays of the first and 

second, second and third, third and first, 

intersecting in pairs on the straight lines 

UJTv &&> U& respectively This 

shows that every triad of corresponding 

rays will form a triangle which is cir 

cumscnbed about the triangle O^O^O^ 

and inscribed m the triangle U^TJ^U^ 

113 THEOREM A variable straight 
line turning about a fiwd point U cuts two fixed straight Ztne 
u' in A and A.' respectively, if S , S' are two faed points c 
with wuf, and SA , S'A? le joined, the locus of their point oftnti 
M mill be a straight line t f 

To prove this, we observe that the points A and A ti 
two ranges in perspective with one another, and that conseque 
pencils generated by the moving rays 81 , S'A' aie in per 

(Arts 41, 80) 

The demonstration of the correlative theorem is propose 

exeicise to the student 

114 THEOEEM U , S , S' are tin ee collmear point* , a tra 
turning about U cuts two fred straight Ziiw* u and u' m A 
respectively, if SA , S'A' oe joined, their pomt of intersection 
descnbe a straight line passing through the point uu \ 

The poof is analogous to tliit of the piecediug theorei 

The proposition just stated may albO be enunciated as follow 

If the three side, of a icmalle tnangle 1 1'X turn respertm 

th/eej^ed cMmea, points U, S , *>', Me two of its wtue 

* PTEINER lac at, P 8 2,, II Collected Works vol i 
t PAPPUS, loc cit, book VII props 123, 139, M*> ^43 
pp 241, 242 

$ CHASLES, loc cit , p 242 




74 



slide respecfoiely upon two fixed straight hues u , u', then wiU the 
third vertex M also describe a straight line * 

In a like manner may be demonstrated the more general theorem 
If a polygon ofn sides displaces itself in such a manner that each of 
it& sides passes through one of n fixed collinear points, while n~i 
of its vertices slide each on one of ni fixed straight lines, then will 
also the remaking vertex^ and the point of intersection of any two 
nj-n LQHW i/tiie sides, describe straight lines t 

The correlative proposition is indicated in Art 85 
13.5 PEOBLBM Given a parallelogram A BCD and a point P in its 
plane, to draw through P a parallel to a given straight line EF also 
lying in the plane, making use of the ruler only 

First Solution? Let E and F (Fig 74) be the points where the 

given straight line is cut by A.B and 
AD respectively On AC take any 
point K, join EK, meeting CD in 
G } and FK, meeting BC in H 

The triangles AEF , CGH are 
homological (Art 18), since AC , EG , 
FH meet in the same point K ', and 
the axis of homology is the straight 
line at infinity, since the sides 
AE , AF of the first triangle are parallel respectively to the cor- 
responding sides CO, OH of the second Therefore also the lemaming 
sides EF and QH are parallel to one another J 

The problem is thus reduced to one already sohed (Art 86), viz 
given two paiallel straight lines EF and Gfll, to draw through a 
given point P a parallel to them 

Second Solution Produce (Fig 75) the sides AH, BC, CD, DA 
Q P and a diagonal AC of the 

"""" given pn illelogrim to meet 
the given btiaight line EF in 
E, F, t7, //, / usptctivel), ind 
join EP, GP Tbiouirh / diaw 
any straight line cutting LP in 
A' and OP in 6", and join II A', 
FC' , if these meet m Q, then 
will PQ be the requned bti utht 
line 
1 01 if E f denote the point w ] ieie EP cuts FQ, ind J)' the point 

* This is one of Euchds ponsms See PAPPUS, loc cit preface to book VII 

t Ilns is one of the- porisins of PAPPUS loo cit , preface to hook VII 

J PONCLTET Pi opt tetts project iv e\ Art 198 

LvMBJinr, Frcie Per^ectne (Zur ch, 1774), vol ii p 169 
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where GP cuts HQ y the p&ralHograms A BOD wad 
homological, ^^ being t&e tfns of boiaology Tbe point J 
sponds to the point of rntersee&m of AB aad A ad the 
to that of BO and AD , therefore f*$ OOTreeponds to $be to 
finity in the first figure; accordingly it is the TOrifthrag fin 
second figure, and consequently PQ is parallel to M F (AH. 18 
116 PROBLEM Gwen d &rek amd *i$ emfais f 6> <^P 
dkcular to a given sfratgM kne, wakt*g ttsa oftk* fttXer only. 

Draw two diameters AC, BD of the circle (Fig 76), th 
ABCD is then a rectangle Accordingly, if asy point K be 1 

the circumference, then by means of the last 

proposition (Art 115) a parallel JT can be 

drawn to the given straight hne Eff If 

the point L where this parallel again meets 

the circumference be joined to the other 

extremity M of the diameter through K, 

then evidently LM will be perpendicular 

to EL, and therefore also to the given 

straight line 

117 PBOBLEM Given a segment AC and 

its point of bisection B, to divide BC into n equal parts, me 

of the ruler only 

Construct a quadrilateral ULDN (Fig 77) <> f *}*<& one 

opposite sides DL , NU meet in A, the other pair LU , DN i 

of which one diagonal DU passes through B } the other diag 

will be parallel to AC (Art 59), and will be bisected m A 





Now conshuct a second quadiihtenl YMEO which sati 
same conditions as the fii.t, and .Inch moreover h,s 1 
eternity and * for middle point of that dngonal winch 
to AC To do tins it is only ncceseiiy to join AV and B.\ 
in , and to join CS, this last ,ill cut IS produced in a 



sach that NOMN=LM Now construct a third quadrilateral 
analogous to the first two, and which has N for an extremity and 
for middle point of that diagonal which is parallel to AC If P i s 
the other extremity of this diagonal, then OP=NOMN=LM 
Proceed in a similar manner, until the numher of the equal segments 
LM , MN , NO , OP, is equal to n 

If PQ is the segment last obtained, join LB, meeting QG in Z , 
the straight lines which join Z to the points M, N, 0, P, will 
divide SO into n equal parts * 

118 The following problems, to be solved by aid of the ruler only, 
are left as exercises to the student 

V Given two parallel straight lines A B and u y to bisect the seg- 

ment AB (Art 59) 

Given a segment AB and its point of bisection C , to draw through 

a given point a parallel to AB (Ait 59) 

Given a circle and its centre, to bisect a given angle (Art 60) 
Given two adjacent equal angles A OC, COB 3 to draw a straight 

line through at right angles to 00 (Art 60) 

119 THEOBEM // two triangles ABC , A'B'C', lying in different 
planes <r , a', are in perspective, and if the plane of one of them be made 
to twrn round arc/, then the point in which the lays A A', BB', CC' 
meet will change its position, and will describe a circle lying in a 
2>lane perpendicular to the line <r<r' t 

Let D , JS, F (Fig 78) be the points of the straight hue oV 
in which the pairs of corresponding sides BC and B'C', CA and C'A',AB 
and A'B' meet respectively (Art 18) First consider the planes of the 

triangles to have any given definite posi- 
tion, and let be the centre of piojec 
tion for that position Through draw 
OG, OH, 0-ATpaiallel respectively to the 
sides of the tnangle A'B'C' ', as these 
paiallels lie in the same plane (parallel 
to </) they will meet the plane o- in three 
points 6r , //, K of the line TTO- 

-^ ow suppose the plane / together 
with the triangle A'B'C' to tuin round 
the Ime <rc/ The i^nge BCDG is in perspective with the range 
S'C'DG' (where G' denotes the point at infinity on B'C'), there- 
fore the auhiimomc ratio (BCDG) is equal to the aiihannomc ratio 
($'C'l>G f ), i e to the simple ratio B'D C'D (Ait 64), which is 

* Thee and other problems, to be solve-1 by aid of the ruler only, will be found 
in the work of LAMBERT quoted above 

t CHA&LE8, loc cit , Arts 368, 369 This propobition has alieady been moved 
b> a different method in Ait 22 




OASBS AHD BXSB0CTS, 

constant Since then #, (7, D are fixed pomte, # must a 
fixed and invariable point (Art 65\ From the similar 1 
OB&,B'BD 

09 B'D EG 3D, 



i 6 Off is constant The pomt O th<sr<sfore mows on & 
centre is G and whose radius is t&e constant value just found 

In a sinukr manner it may be shown that moves upon 
two other spheres Laving their centres at H and K respectiv< 

Since then the point must he sunnltaneoiisly on several 
its locus must be a circle, whose plane is perpendicular to 
of centres of the spheres, and wlwse ceatre IH upon this sum 

This line GHK is the hue of intersection of tbe planes 
and is consequently parallel to oxr^smee v and </ are parallel 
it is the vanishing line c f&e figure <r, regarded as the pc 
image of the figure </ (Art 13) 

120 THLOBEM Two eoncminc pyjtc^ pmc&s lytng w 
plane, which haw no ^/-corresponding rays, may be regard* 
perspective image of two directly equal pen&is * 

Let be the common centre of the two pencils Cut 1 
transversal 8, thus forming two collinear protective rangef 
and A 'B'C' which have no self-corresponding points Drai 
s any plane cr 7 , we can determine in this plane (Art 1 09) 
such that the segments AAf, BB', CC', subtend at it a 
angle, thus if the two ranges be projected from U as ce 
directly equal pencils will be obtained Now let the eye be 
any point of the straight line 027, and let the given penci 
jected from this point as centre on to the plane (/ In thi 
new pencils will be formed , and these aie precise!} the t\v 
equal pencils mentioned in the enunciation 

* CHASLES, loc c\t Art 180 




CHAPTER XII 

INVOLUTION 

CONSIDEB two protective flat pencils (Fig 7 9) having 
common centre , let them be cut in corresponding points 
ff the transversals u and u' 3 thus giving two projective rang 

AC and A'B'C' , and let it' 
the straight line on which the pa 
of hues AS' and A'B, (Art 85, fc 
intersect Through draw any i 
(not a self-corresponding ray) , it ^ 
cut u and ' in two non-correspondi 
points A and ' and will meet u" 
79 a point of the line A'B To the ray 

of the first pencil corresponds accordingly the ray OA' of \ 
second, and to the ray 01? of the second pencil correspoi 
the lay OS of the first In other woids, to the ray OA or C 
correspond two different rays OA! , OB according as the fi 
ray is regarded as belonging to the first pencil or to 
second For the line A'B must cut AB' on 7*", and cam 
pass through so long as this point does not lie on u" 
see then that 

In two superposed prey ectwe form** (of one dimension) tl 
cot i etponfl ) ^n general^ to any given element two different elewe 
according as the gnen element ^$ regarded as one belonging to 
fast 01 to the second form 

We say in general, because in what precedes it has b< 
assumed that does not lie upon u" 

* We say two forms, because the reasoning which we have made use of in 
case of two concentric flat pencils may equally well be applied in the case of 
collmear ranges, and of two axial pencils having a common axis The same r< 
may be ai lived at by cutting the two flat pencils by a transversal, and by 




J INVOLUTION 

122 But m the case where lies upon *"(Fig \ 
ray be drawn through to cut * and * v*A and j? 
tively, then wiU also .O pass through 0, in 

the ray OA or OJ5' corresponds 
the same ray OA' or 05 
This property may be expressed 
by saying that the two my* 
correspond Aoubly to one another 
or we may say that the too my* 
are conjugate to one another 
Now suppose, reciprocally, 

that two concentric protective 

n i i r. ** *** 

nat pencils nave a pair of rays 

which correspond doubly to one another Cut tin 
by two transversals u and ', and let A and & dc 
points where these transversals intersect one of t 
rays, then A' and B will denote the points wh 
intersect the other given ray The straight line 
locus of the points of intersection of the pairs of 1 
as MN', M'N> formed by joining crosswise any fr 
corresponding points of the langes u , u f (Art 85), 
through 0, since the lines AB' ,A'E meet in that ] 
now there be drawn through any other ray, cu 
transversals say in C and J)', then will C'D also pas 
0, t e the rays OCD 7 and ODC f also correspond < 
each other We conclude that 

When two superposed protective forma of one dimensw 
that any one element has the same correspondent, to 
form it be regarded as "belonging ^ then eiery element po 
property 

123 This particular case of two superposed projec 
of one dimension is called Imolutiou* We spe 
involution of points, of ia}s, 01 of planes, accordi 
elements are points of a range, lajs of a flat pencil, 
of an axial pencil 

In an mi olid ion ^ then, the ekments aie conyugc 
anoihei m paws , i i each element has its conju 
whichever of the two foims a given element be con 

* DESAEGUES, Bi omllonprojet (Tune atteinte aux ectneiue)tft> des rt 
coue aiec un vlau (Pans, 1639) edition POLDRA (Pans, 1864 , vol 



l>elong, the element which corresponds to it is the same, viz 
its conjugate It follows from this that it is not necessary to 
legard the two forms as distinct, but that an involution may be 
considered as a set of elements which, are conjugate to one another in 
pairs 

When^ 7 , .ZJ.Z?', CC', are said to form an involution, it is 
to be understood that A and A' , B and J3', C and C* ', are pairs 
of conjugate elements , moreover, any element and its con- 
jugate may be inteichanged, so that AA f BB' CC f and 
A' A B'B G'C are projective forms 

124 Since an involution is only a particulai case of two 
superposed projective forms, evety section and every projection of 
an involution gives another involution * 

Two conjugate elements of the given involution give rise to 
two conjugate elements of the new involution It follows 
(Art 18) that the figure homological with an involution is 
also an involution 

125 When two colhnear projective ranges foim an involu- 
tion, there corresponds to each point (and consequently also to 
the point at infinity I or J') a single point (!' or J) , i e the 
two vanishing points coincide in a single point Let this point, 
the conjugate of the point at infinity, be denoted by The 
equation (1) of Art 109 then becomes 

OA OA f = constant 

In other words, an involution of points consists of pairs of 
points A, A / which possess the property that the lectangle 
contained by their distances fiom a fixed point 0, lying on 
the base, is constant f This point is called the cent) e of the 
involution 

The self-corresponding elements of two forms in involution 
aie called the double elements of the involution In the case of 
the involution of points AA' 9 BB\ we have 

OA OA' = OB OB' = = constant 

If this constant is positive, i e if does not lie between tw o 
conjugate points, theie are two double points ~E and 1\ such 
that 



* DESABGUES, loo cit , p 147 



therefore lies midway between S and F, and the so 
JE'J divide harmonieaBy eadb of tfee segments AA\ J 
(Art 69 [3]) Accordingly 

If an ^nwlut^on Aa two doable demea 
monically any paw of conjugate elemeni* f or A* tnvofa 
up of pairs of elements wfac& wre &mo*e&Bg c0ajMg$fa 
to two fixed elements 

If, on the other hand, the constant is negative, * e if 
between two conjugate points, there are no double poini 
this case there are two conjugate points situated a& 
distances from and oil opposite sides of it, sod 
OH = - OW, and 

OE 2 = O^ 2 = - OS OE'= ~ 04 0^' 
If the constant is zero, there is only one double po 
but in this case there is no involution properly so 
For since the rectangle OA OA' vanishes, one out ol 
pair of conjugate points must coincide with 

126 The proposition that if an involution has two 
elements, these separate harmonically any pair of eoi 
elements, may also be proved thus 

Let E and /be the double elements, A and A' anj 
conjugate elements, since the systems IIAA', EFA'A b 
jective, therefore (Art 83) each of them is haxmomc 
The following is a third proof 
Consider EAA' and EA'A as two projective rang 
project them respectively from two points S and S' c< 
with M (Fig 81) The projecting pencils S(bAA 
S' (EA'A ) are in perspective (since 
they have a self- corresponding ray 
in SS'E) , therefore the straight line 
which joins the point of inteisection 
of SA and S'A' to that of SI' and 
S'A will contain the points of inter- ^ 
section of all pairs of ooiresponding p v 8 i 

rays, and will consequently meet 
the common base of the two ranges at the second 
point t But fiom the figure we see that we have 
complete quadnlateial, one diagonal of which A I , * 
the other two in E and F, consequently (Art 56) t* 
harmonic range 




1he proposition itself is a particular case of that pioved in 
Art 109 (3) From this we cojiclude that the pairs of elements 
(points of a range, rays or planes of a pencil) which, with two 
fixed elements, give a constant anhatonomc ratio, form two 
superposed projective forms, which become an involution in the 
case where the anhapnjomc ratio has the value i (Art 68) 

127 Ay involution, w determined ly two jiatrs of conjugate 
element* 

Fox lefc A , A ' and JS , B' be the given pairs If any element 
]^> taken, its conjugate is determinate, and can be found as in 
Art 84, by constructing so that the form A' A B'C' shall be 
projeetive with AA'BC We then say that the six elements 
AA\ BB', CO* are in involution, ? e they are three pairs of an 
involution 

Suppose that the involution with which we have to deal is 
an mvojution of points Take any point G (Fig 82) outside 
the base, and describe circles round GAA' and GBB' ', if H is 
the second point in which these circles meet, join GH> and let 
it cut the base pi gince GHAA' lie on a cucle, 

Off OH=OA OA', 
and smcp GHBB' lie on a circle, 

Off OH=OB 0<, 
OA 04'= OB OB' 
is therefore the ceptre of the mvolutipn determined by the 




Fig 82 

pairs of points A, A' and B, B f If any other cncle be drawn 
thiough G and H, and cut the base in C and C", we have 

Off OH = OC OC', 
OC OC'= OA OA'= OB OB', 

and C, C' are theiefore a pair of conjugate points of the invo- 
lution In othei woids, the circle which passes throup-h two 



conjugate points C , C' or D , ' and through one of the p 
G , H always passes through the other Accordingly 

The pairs of conjugate points of the involution are t&e jaow 
intersection of the base with a series of circles pa*&*$ tkroug 
points G and H 

128 From what precedes it is evident thai if the nm& 
has double points, these will be the points of contact o 
base with the two circles which can be drawn to pass thr 
G and H and to touch the base It has already been 
(Art 125) that these points are harmonically conjugate 
regard to A and A', and also 
with regard to and B' Con- 
sequently (Art 7Q) the involution 
has double points wJien one of the 
pairs AA\ BB f lies entirely within 
or entirely without the other ^ le 
when the segments A A' and BB f 
do not overlap (Fig 83) , and the 
involution has no double points 
when one pair is alternate to the other, i e when the segme* 
and BB' overlap (Fig 83)* 

In the first case, the involution (as already seen) cons: 
an infinite number of pairs of points which are harmon 
conjugate with regard to a pair of fixed points 

In the second case, on the other hand, the involute 
tiaced out on the base by 
the arms of a right angle 
which revohes about its 
vertex For since (Fig 
84) the segments AA f and 
overlap, the circles 




Fig 83. 




described onAA' and BB' 

respectively as diameteis 

will intersect in t-\v o points 

G and 11 which lie symmetrically ^vith legaid to the 

L, 11 being peipendiculai to the base, which bisects it 

the centio ol the involution It follows that 

* \n involution of the kind uhich has double points i^ often called a Ayj 
involution , one of the kind which has no double points being called an 
involution 



AO OA'=BO OB', 
and that all other circles passing through and R j 
cutting the base in the other pairs CC' y DD', of the mv< 
tion will have their centres also on the base, and will h 
CC', DI/, as diameters If then we project any of 
segments AA', BB\ CC', from G (or H) as centre, we s] 
obtain in each case a right angle AGA',BGB',CGC' 



We conclude that when an involution of points A A ', BB 
has no double points, ^ e when the rectangle OA OA' is ec 
to a negative constant >fc 2 , each of the segments AA',BB 
subtends a right angle at every point on the circumferenc 
a circle of radius &, whose centre is at and whose plani 
perpendicular to the base of the involution 

This last proposition is a particular case of that of Art 109 
If then an angle of constant magnitude revolve in its plane abou 
vertex, its arms will determine on a fixed transversal two projec 
ranges, which are in involution in the case where the angle is a r 
angle 

129 Consider an involution of parallel rays , these meet map 
at infinity, and the straight hue at infinity is a ray of the involui 
The ray conjugate to it contains the centre of the involution of pc 
which would be obtained by cutting the pencil by any transversal 
may therefore be called the central ray of the given involution 
leciprocally, we project an involution of points by means of par 
rays, these lays will form a new involution, whose central ray p c 
through the centre of the given involution 

When one involution is derived from another involution by m 
of projections or sections (Art 124), the double elements of the 
alwavs give rise to the double elements of the second 
t w2$" 130 Since in an involution any group of elements is projecti ve 
the group of conjugate elements, it follows that if any foui point 
the involution be taken, their anharmomc ratio will be equal to 
of their four conjugates In the involution A A', BB', CC', 
gioups of points ABA'C' and A'B'AC, for example, will be piojecl 
theieiore 

AA / AC^_A/A_ A'C 

BA' BC' ~" FJ WC ' 
whence 

AB' BC' CA'+A'B B'C C'A=o 

Conversely, if this rel ition hold among the segments determine* 
six collmear points AA'BB'CC', these will be three conjugate pai 



an involution For the given relation shows that the anhai 
ratios (ABA'G') and (A'B'AC)x& equal to one another , tbe { 
ABA'C' and A'B'A G are therefore projeotive, Bat A and 1' 
spond doubly to each other, therefore (Art. 122) AA', BB', G\ 
three conjugate pairs of an involution. 

131 THBOEEM Thetkreepatrs COEBBLATTVB TsBOBmt 

o/ opposite sides of a compete straight fanes toktck con*A 

quadrangle are cut ty any trims- point totfh tk* tfww purs $ 
versal in three pairs of conjugate 
2)<yint8 of an involution * 



Let QRST (Fig 85) he a 
complete quadrangle, of which the 
pairs of opposite sides RT and 
QS, ST and QR, QT and JStfare 
cut by any transversal in A and 
A', B and ', and (7 respec- 



site vertices of a complete q 
lateral are thareepatr* o/coi 
rays of an t*attfc0. 

Let qrst (Fig 86} 1)6 
plete quadnlateral, of win 
pairs of opposite verfeeee ri 
st and qr t gt and rs are pf 
from any centre by the rys 
of, b and V, c and <f respec 




tively If P is the point of 
intersection of QS and RT, then 
AT PR is a projection of ACA'B' 
from Q as centre, and A TPR is 
also a projection of ABl'C' fiom 
as centre , therefoie the gioup 
// 



and theiefore (Art 45) with 
A'C'AB And since A and A! 
correspond doubly to one anothei 
in the piojective groups AGA'Jf 




Fig 86 

Let p be the straight 1m 
joins the points qs and 5 
pencils afpr and aca!V ar< 
spective (their correspond 
intersect m pans on q) , s 
at2>r and a&aY are in ] 
tive (their conespndin 
intersect in pairs on s) 
pencil atpr is therefore o 
projective with each 
pencils aca'V and aba 



* DESARGUES, loc cit,p 171 



and A'C'AB, it follows (Art 122) therefore aca'V is projective with 
that AA',BB',CC' are three con- abafc' or (Art 45) with afc'al 
jugate pairs of an involution And since a and a' correspond 

doubly to one another in the 
pencils aca'V and a'c'db, it follows 
(Art 122) that aa',W,cc' are 
three pairs of conjugate rays of 
an involution 

The theorem just proved may The theorem just proved may 
also be stated in the following also be stated in the following 
farm form 

Jf a compkte quadrangle move If a complete quadrilateral 
in such a way that five q/ its sides move in such a way that five of its 
pass each through one of five fixed vertices slide each on one of five 
colknear points, then its sixth fixed concurrent straight lines, then 
side will also pass through a faced its swth vertex will also move on a 
point collwear with tlw other fioe, fixed straight Iwe, concurrent with 
and forming an involution with the other five, and formwg an in- 
volution with them 



132 By combining the preceding theorem (left) with that of Art 
130, we see that 

If a transversal be cut by the three pairs of opposite sides of a com- 
plete quadrangle in A and A', B and B', G and C / respectively, these 
determine upon it segments which are connected by the relation 

AB' BC' GA' + A'B B'C C'A = o* 

133 In the theorem of Art 131 (light) let U and Z7', F and V, 
JFand W denote respectively the opposite veitices rt and qs, st and 
qr, qt and rs of the quadnlateral qrst, and let A A', BB', CO' denote 
respectively the points of intersection of the lays a a', W ', cc / with an 
aibitraiy transveisal With the help of Art 124 the following 
proposition may be enunciated 

If the thiee pairs UU', W, WW of opposite, vertices of a complete 
quadrilateral be projected from any centre upon any sty aight line, the 
MX points AA f > BB f ) CC' so obtained will form an involution 

Suppose now, as a particular case of this, that the centre of pro- 
jection G is taken at one of the two points of intersection of the cucles 
described on UU', W respectively as diameters Then AGA' and 
BGB' aie right angles, and therefore also (Art 128) COG' is a right 
\ugle, therefoie the circle on W W as diameter will also pass through 
G Hence the three cncles which have foi diameters the thiee 
diagonals of a complete quadrilateial pass all through the same two 

* PAPPUS, loc cit , book VII prop 130 



points, that is, they have the same radical axis. Th& oenl 
these circles lie in a straight line , hence 

The middle points of the three diagonals of a complete qttadn 
are collinear * 



134 The proposition of Art 
131 (left) leads immediately to the 

Construction for the sixth point 
C' of an involution of which five 
points A ,A',B, B\ C are given. 

For draw through G (Fig 85) 
an arbitrary straight line, on 
which take any two points Q and 
T, and join AT, BT, A'Q, &Q , 
if AT, B'Q meet in R, and BT, 
A'Q m S, the straight line S 
will cut the base of the involu- 
tion in the required point C' 



The proposition of Arl 
(right) leads immediately tc 

c^ of an involution of 
ra$8a > a',1)^ 

For take on c (Fig 86) & 
trary point, through wind 
any two straight lines q 
and join the point ta to q 
the point ib to qaf, if the 
lines be called r , s respe* 
ihen the straight line com 
the centre of the pencil 



point r&is the required raj 

If, in the preceding problem (left), the point lies at infii 
conjugate is the centre of the involution. In order then 
the centre of an involution of which two 
pairs AA',BB' of conjugate points are 
given, we construct (Fig 87) a complete 
quadrangle QSTB of which one pair of 
opposite sides pass respectively through A 
and A', another such pair thi ough B mdB', 
and which has a fifth side parallel to the 
base , the sixth side will then pass through 
the centre 

The sixth point C' which, together *ith 
five given points AA'BffO, forms an involution, is completel 
mined by the construction , theie is only one point C which 5 
the property on which the construction depend, (Art 127) 
may be otherwise seen b> icgaiding C" as given by the c 
(AA'BV\(A. f AB f V f } between anhaimomc ratios, tor it is 
(Art 65) that theie is oiilj one point C' *hich satisfies this ec 
135 The theorem conveise to that of Art 131 is t 
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tmttvaial cut ike sules of a tnangle RSQ, (Fig 
thee jmnfs A', X', C ' M, when talen together talk thr 
pomts A,B,C lymg on the same tram eal, form t/nee cc 
* CHAHW. loo #, Arts 344 345, GAUSS, Collected ^ ork, vol ,v 



pairs oj 

in the same point 

To prove it, let RA , SB meet in T, and let TQ meet the 
transversal in C^ Applying the theorem of Art 131 (left) to 
the quadrangle QRST, we have 

(AA'CJ = (A'AB'C'} 
But by hypothesis 

(AA'BC} = (A'AB'C') 9 
(AA'JSCJ = (AA'SC) , 

consequently (Art 54) Ci coincides with C, i e QC passes 
through T 

The correlative theorem is 

If a jpomt S be joined to the vertices of a triangle rsq (Fig 86) ly 
three rays of, l\ c' which, when taken together with three other rays 
a 3 5 , c passing also through S, form three conjugate pairs of an 
involution^ then the points ra 3 qb , sc lie on the same straight line t 

136 Take again the figure of the complete quadrangle 
QRST whose three pairs of opposite sides are cut by a trans- 
versal in A and A', and J}\ C and ' Let (Pig 88) SQ and 
RT meet in R', QS and ST in 5', RS and QT in Q' 




Q' 

Fig 88 

Consider the triangle SSQ , on each of its sides we have a 
group ol four points, viz 

SQR'A', QS8'' 9 RSQ'C' 

The projections of these from T on the tiansversal are 
BCAA', CJLBB', ABCC' 

The product of the anharmonic ratios of these last three 
groups is 

(M M\(2]*_ 9K\( AC AC '\ 

\ CA CA') \AB AB') \ BO '(/) ' 



or GA r AB' Sff 

C' AC 1 ' 



which (Art 130) is equal to i Therefore 

If any transversal iwef, the sides efa ina$k^ and tfmorvm 
any point as centre each vertex lepwqedeA upon ike *i& qsgw*t 
tie groups offowpomts &WQbtam*&mw&<$^*^$ik&l 
willle such thattheprodmtof1^Q&h^^ 

Conversely, if three pavr* qf pamte JR'A', &]B\ $(? h 
one on each of the sides &fa tnmgle RSQ y **ci tka& He fro 
the anharmomc ratws (SQR'jf),(QRS'J?)> (RSQ'C') ** eq*al 
then, rf the straight lines RR\ SS' y QQ' are concurrent, tik 
A', B', G r will be cottinear, and converse^, if the pent* A', 
are collmear, the straight Imes ER\ SS\ QQ' vnU be comcw 
137 Suppose now the transversal to he altogefc 
infinity , then the anharmomc ratios (SQR'A'), (QRS'2 
(RSQ'C') become (Art 64) respectively equal to SR' 
QS' ' US', and RQf SQ', so that the preceding prop 
reduces to the following* 

If the straight lines connecting the three vertices cf a 
RSQ with any given point T meet the respectively 
in R\ S', Q', the segments which they determine on & 
connected by the relation 

SR' QS' RQ' __ 
QR' RS' SQ' *' 
and conversely 

If on the sides SQ , QR , RS respectively of a 
points R\ S', Q' 5e taken such that the aboie relation ho 
will the straight lines RR'> SS', QQ' meet m one point T 
138 Repeating this last theorem for two points T' 
we obtain the following 

If the two sets of three straight lines which connect the n 
a triangle RSQ with any two giwn points T' and T" 
respectively opposite suits in R' , S', Q' and R" ', S", Q", 
the product of the anharmomc ratios (SQR'S"), (QRS' 
(RSQ'Q")le equal to +i 
[For each of the expressions 

SR' QS' RQ' SR" QS" RQ" 
~QK'~JF~W 5 <^" ^" W' 

* CEVA'S theorem See his book, De lineis recti* se invictm teennti 
constructio (Mediolani 1678), i 2 Cf MOBIL*, Baryc Cal 198 



is equal to i , and the required result follows on dividing 
one of them by the other ] 

139 Considering again the triangle QRS (Fig 88), and 
taking the transversal to be entirely arbitrary, let ST , QjPbe 
taken so as to be parallel to QR , RS respectively Then the 
figure QRST becomes a parallelogram, the points S' and Q' 
pass to infinity, and R' (being the point of intersection of the 
diagonals QS , RT) becomes the middle point of SQ Conse- 
quently (Art 64) the anharmonic ratios (SQR'A'), (QRS'B'), 
(RSQ'C') become equal respectively to (QA' SA'),(RB' QB'], 
and (SO* RC') Thus* 

If a transversal cut the sides of a triangle RSQ in A' ,B' ,C' 
respectively ', ^t determines upon them segments which are connected 

by the relation 

QA' RB' SC' _ 

SA' QB' RC'" 1 ' 
and conversely 

If on the sides SQ , QR , RS respectively of a triangle points 
A' , B' } C' 6e taken such that the above relation holds, then will 
these three points be colhnear 

140 Repeating the last theorem of the preceding Article for 
two transversals, we obtain the following 

Tf the sides of a triangle RSQ are cut by two transversals in 
A' , B' , C' and in A" , " 9 C" respectively, the product of the 
anhaimonic ratios (SQA'A"), (QRB'B"), and (RSC'C") will be 
equal to + i 

[For each of the expressions 

QA'JRB'JSC' QA" RB" SC" 
SA'~~QB' RC' ' SA" QB'~'~~RC T ' 

is equal to i , dividing one by the other, the required lesult 
follows ] 

Reciprocally, if on the sides of a timnglc RSQ Unee paw of 
points A' A", B'B", C'C" be taken wcA that tte product of f/te 
aniatwonic ratios (SQA'A"), (QRB'B"), (RSC'C") may le equal In 
-f- 1 , then, iftJiejmuts A\ B', C' are colhnear, the points A", B", C" 
inll aho le collineat 9 and iftJie hues RA' , SB', QC' aie conciuicut, 
ike lines RA" , SB" , QC" will aho be concurrent 

141 It has been shown (Art 122) that if two piojectivc iingcs 
* Iheoiem of MLNELAUS , Sphaemca, 111 i Cf MOsius loc cit 



(ABC ) and (l''C" ), tying m the same plaae, aie projected 
the point of intersection of a pair of hues sack as A B / ajad A r B, 
and A'C, or BC' and B'C , the projeetag rays form an lavofei 

The theorems correlative to this are as follows 

Given two protective, "but not concentric, fiat pencils (060 } 
(a'&V ) lying in the same plane, if they be cot by tbe sfcnogii* 
which joins a pair of points such as <df and cfb, acf and ^ o 
and Vo , the points so obtained form an involution. 

Given two protective axial pencils (a&y ) and {</^/ ) * 

axes meet one another , if they be cut by the plane whidbt is d 

mined by passing through a pair of lines such as <& and </ft y 

a'y, or j3/ and tfy , the rays so obtained form an invotekofflu 

Given two projective flat pencils (abe ) and (cfb'ff } whifil 

concentric, but he m different planes, if they be projected fro* 

point of intersection of a pair of planes such as cil/ and afb, ac 

a'c , or Icf and Vc > the projecting planes form an involution, 

142 Particular Cases. All points of a straight line -which 

pairs at equal distances on opposite sides of a fixed P 01 ^^^ 

form an involution, since every pair is divided hana*mi5By t 

fix:ed point and the point at infinity 

Conversely, if the point at infinity is one of the double points 
involution of points, then the other double point bisects the di* 
between any point and its conjugate If in such an i_ 
segments AA', BB / formed by any two pairs of conjugate ], 
a common middle point, then will this point bisect also the ^ 
CG / formed by any other pair of conjugates 

All rectilineal angles which have a common vertex, he in the 
plane, and have the same fixed straight line as a bisector, form 
volution, since the arms of every angle are harmonically conj 
with regaid to the common bisectoi and the ray perpendicula 
through the common vertex 

Conversely, if the double rays of a pencil in involution incl 
right angle, then any ray and its conjugate make equal angle 
either of the double rays If m such an involution the angles me 
by two pairs of conjugate rajs aaf and W have common hist 
these will be the bisectors also of the angle included b} any othe 

of conjugate ra} s cc' ,111,1, 

All dihedral angles which have a common edge and which ha 
same fixed phne as a bisector, foim an involution, for the ia 
eveiy angle aie harmonically conjugate with regard to the fixed 
and the plane di iwn perpendicular to it through the common ec 
Conversely, if the double planes of an axial pencil in mvolfltu 
at right angles to one another, then any plane and itb conjugate 
equal angles with either of the double planes 
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PBOJ*ECTIYE FORMS IN BBLATION TO THE OIBOLE 



respectively 
rays aa\ 




Fig 89 



148 CONSIDER (Fig 89) two directly equal pencils abed 
and afb'a 'df in a plane, having their centres at and 0' 
The angle contained by a pair of corresponding 
', is constant (Art 1 06) , the locus of the inter- 
section of pairs of corresponding rays 
is therefore (Euc HI 21) a circle 
passing through and 0' The 
tangent to this circle at makes 
with 00' an angle equal to any of 
the angles OAO', OBO', 000', &c , 
but this is just the angle which O'O 
considered as a ray of the second 
pencil should make with the ray 
corresponding to it in the first pencil , 
therefore to O'O or g' considered as 
a ray of the second pencil corresponds in the first pencil the 
tangent q to the circle at 

Imagine the circumference of the cncle to be described by a 
moving point A , the rays A0 y AO' or a, a' will trace out the 
two pencils As A approaches 0, the ray AO' will approach 
00' or (f and the ray AO will approach q , and in the limit 
when A is indefinitely near to 0, the ray AO will coincide with 
q or the tangent at This agrees with the definition of the 
tangent at 0, as the stiaight line which joins two indefinitely 
near points of the circumference 

Similarly, to the ray 00' 01 p considered as belonging to the 
first pencil coriesponds the ray p' of the second pencil, the 
tangent to the circle at 0' 

144 Conversely, if any number of points A, B, C, D , on a 
cncle be joined to two points and 0' lying on tho same 



circle, the pencils (A, B, C, D 9 ) aad O' (A, B, C 9 $,+ 
formed will be directly equal, since &e angle AOB is eji 
AO'B, AOC to JO'tf, BOC to -BO'tf, &c. But fcwo < 
pencils are always projeckve with one anther (Art 104 
then the points A, B, <7, remain fixed, while the eeri 
the pencil moves and assumes different positions oa tb 
cumference of the circle, the petals so formed are ail eqp 
one another, and consequently a31 parojeekve with one as* 
The tangent at is by definition the straight lme whi&h 
to the point indefinitely near tp it on t&e carde. It ft 
that in the projective pencils 0(A,B,C 9 } and O f (A, B, 
the ray of the first which corresponds to the ray O r O * 
second is the tangent at 

145 It has been seen (Art 73) that in two projeefeive 
four harmonic elements of the one correspond to four ha* 
elements of the other If then the four rays (A, B, 
form a harmonic pencil, the same is the case with reg 
the four rays 0' (A, B, C, D), whatever be the position 
point 0' on the circle By taking O f indefinitely neai 
we see that the pencil composed of the tangent at 
the chords AS, AC, AD will also be harmonic , so age 
pencil composed of the chord BA, the tangent at -B, a 
chords BC, BD will be harmonic, &c. 

When this is the case, tie four points A, B, C y D of th 
are said to 6e harmonic * 

146 The tangents to a cvcle 
determine upon any pair of faed 
tangents two ranges which are 
pwjective with one another 

Let M (Fig 90) be the 
centie of the circle, PQ, and 
P'Q' a pair of fixed tangents, 
and A A' a variable tangent 
The part A A' of the vaiiable 
tangent inteicepted between 
the fixed tangents subtends 

a constant angle at M , for if Q, P', T are the po 
contact of the tangents respectively, 

* STEINEU loc at, p I57> 41 Collected Works, TO! i. p 14 
I 2 




Accordingly, as the tangent AA' moves, the rays MA, MA' 
tfill generate two projeetive pencils (Art 108), and the points 
A, A' wifl trace out two projeetive ranges 

Smee th& angle AMA f is equal to the half of QJ0?', it is 
wqul to eifeet of the angles Q M Q ', PMP' (denoting by P and 
(y &Q same pdsat, accoidmg as it is regarded as belonging to 
S*fe& &st or to the second tangent) Consequently Q and Q", 
P^itre pairs of corresponding points of the two pro- 
ranges , * e the points of contact of the two fixed 
correspond respectively to the point of intersection 



~-^-' 

the circle to be geneiated, as an envelope, by the 
&e variable tangent , the points A, A' will trace out 
the two projedtive ranges As the variable tangent approaches 
the postooft P$, the point A f approaches Q', and A ap- 
proaches the point which corresponds to Q ', viz Q , and in the 
limit when the vanable tangent is indefinitely neai to PQ, the 
point A will be indefinitely near to Q or the point of contact 
of the tangent PQ The point of contact of a tangent must 
therefore be regarded as the point of intersection of the 
tangent with an indefinitely near tangent 

147 The preceding proposition shows that foui tangents 
0, b t c, d to a circle are cut by a fifth in foui points //, 1$, C, 1) 
whose anharmonic ratio is constant whatevoi be the position 
of the fifth tangent 

This tangent may be taken indefinitely nun to one of the 
four fixed tangents, to a for example , m tins c isc A will be 
the point of contact of a, and , C, D the points of intci section 
ab, ac, ad respectively 

As a particular case, if a, b, c, d meet the tangi nt 1*Q in foui 
haimonic points, they will meet every tangdit in ioui hai- 
momc points The gioup constituted by tin point <>i contact 
of a and the points of intersection ab, a( , att \vill also be hai- 
monic In this case, the four tangents a, b, < , d cut \aid to be 
harmonic f 

* PONCEFET, Propr prey , Ait 462 

t STBINLK, loc eit,p 157, 43, Collected Works, vol i i> 3^ 



148 The range determined upon any given tang&d to & 
any number of fixed tangents is protective with thepe&cdj 
joining their points of contact to any arbitrary pomt on tlu 

Let A, B> C, X (Fig 91) be points on the en 
a, i, c, a? the tangents at these points respectively 
points A f , B', <?', in 
which the tangent % is cut 
by the tangents a, i, d, 
be joined to the centre of 
the circle, the joining lines 
will be perpendicular re- 
spectively to the chords 
XA, X, XC, and will 
therefore (Art 108) form 
a pencil equal to the pencil J^-B,^ ) The range 
is therefore protective with the pencil X(A 9 JB y C, ) 

COKOLLABY Iffowpomts on a circle are Jiarmom* 
tangents also at these pomts are harmonic, and conver&k 

For if, in what precedes, X(ACD) is a harmon 
A'B'G'D' will be a harmonic range , and conversely 
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CHAPTER XIV 

PROJEOTIVE FOEMS IN RELATION" TO THE CONIC SECTIONS 

149 LET the figures be constructed which are homological 
with those of Arts 144, 146, 148 To the points and tangents 
of the circle will conespond the points and tangents of a conic 
section (Art 23) A tangent to a conic is therefore a straight 
line which meets the curve in two points which are inde- 
finitely near to one another , a point on the curve is the 
point of intersection of two tangents which are indefinitely 
near to one another To two equal and therefore projective 
pencils will correspond two projective pencils, and to two 
projective ranges will correspond two projective ranges , for 
two pencils or ranges which correspond to one another in two 
homological figures aie in perspective We deduce therefore 

* the following propositions 

* 5> (l) If any number of points A, B, C, D, on a come are joined 
io two fixed points and 0' lying on the same conic (Fig 92), the 

pencils (A, , C, 2), ) and 

^ Q'(A, J3, C, D, ) so formed 

are protective with one another 
To the ray 00' of the pst 
pencil corresponds the tangent at 
0', and to the ray O'O of tJu 
second pencil corresponds the 
tangent at 

(2) Any numbei of tangents a, #, c , d> to a conic determine on a 
pan affixed tangents o and o' (Fig 93) two protective ranges To 
I he point oo f or Q ofthejirst range corresponds the point of contad 
Q' of o', and to the same point o'o 01 P' of the second range cotit- 
the point of contact Pofo* 

* STEINEK, loc at , p 139, 38 , Collected Works vol i pp 332, 333 




(3) The range which 
a fixed tangent 



wtih tke pewd formed by jem 
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point of contact of the variable tangent to any fixed jw**t 
conic (Fig 94) 

150 We proceed now to the theorems com 
of Art 149 The proofs here 
given are due to M Ed Dewulf 

I If two (non-concentnc} pencils 
lying in the same plane are pro- 
jective with one another (but not 
in perspective), the locus of the 
points of intersection of pairs of 
corresponding rays is a conic 
passing through the centres of the 
two pencils, and the tangents fo 
the locus at these pomts are the rays which correspond in i 
pencils respectively to the straight line which joins the two cen 
Let and A (Fig 95) be the respective centres of id 
pencils, and let OM^ and AM 19 Olf 2 and AM,, OM^ and A 
be pairs of coi responding lays The locus of the poin 
M 2 ,M^ will pass through 0, since this point is the 
section of the ray AO of the pencil A with the correspo 
ray of the pencil Similarly A will be a point o 
locus 




tangent to the envelope But this construction is precisely 
the same as that made use of in Art 23 (Fig 13) in order to 
draw the curve homological with a circle, taking a given tan- 
gent to the circle as axis of homology, any given point as 
centre of homology, and *', &" as a pair of corresponding 
straight lines The envelope of the lines MM.' is therefoie a 
conic section 

The theorems (I) and (II) of the present Article are correlative 
(Art 33), since the figure formed by the points of intersection 
of corresponding rays of two projective pencils is correlative 
to that formed by the straight lines joining corresponding 
points of two projective ranges Thus in two figures which are 
correlative to one another (according to the law of duality in a 
plane}, to points lymg on a conic in one correspond tangents to a 
conic in the other 

15L Having regard to Arts 73 and 79, the propositions of 
Arts. 149, 150 may be enunciated as follows 

The anharmonic ratio of the four straight lines which connect 
four fixed points on a conic with a variable point on the same is 
constant 

The anharmonic ratio of the four points in which four fixed tan- 
gents to a conic are cut by a variable tangent to the same u 
constant * 

The anharmonic ratio of four points A, B, C, D lying on a conic is 
the anharmonic ratio of the pencil (A, B, C, D) formed by joining 
them to any point on the conic The anharmonic ratio of four 
tangents a, b, c, d to a conic is that of the four points o(a, 6, c, d), 
where o is an arbitrary tangent to the conic 

If this anharmonic ratio is equal to i, the group of four points 
or tangents is termed harmonic 

The anharmonic ratio of four tangents to a come is equal to that 
of their points of contact f 

Consequently the tangents at four harmonic points are harmonic, 
and vice versa 

The locus of a point such that the rays joining it to four given 
-points ACD form a pencil having a given anharmonic ratio M a 
conic passing through the given points 

* STEINEK, loc ctt, p 156, 43, Collected Works, vol i p 344 



10 THE CONIC SECTIONS. 



Given fa* 
o, </, a, bj cm a plane (ISg; 



The tangent to the locus at one of these p<H3ife, a . 
example, is the straight line which forms with AB, AC* 
pencil whose anharmomc ratio is equal to the given om 

The curve enveloped by a straight Ime which ** 
straight lines in four points whose (wharmomc ra&o 
come touching the gwen stvawjM lines* 

The point of contact of one of these steogibk hsee* 
example, forms with the points #, ae,ad& raaige whose a 
monic ratio is equal to the given 

152 Through fioe given pwnte 
0, 0',A ,B,Cina plane (Fig 92), 
no three of which lie in a straight 
line, a conic can le described. 
For we have only to construct the 
two protective pencils which have 
their centres at two of the given 
points, and / for example, and 
in which three pairs of corre- 
sponding rays OA and O'A, OB 
and O'B, 00 and O'C intersect 
in the three other points Any 
other pair OD and Q'D of corre- 
sponding rays will give a new 
point D of the curve 

To construct the tangent at any 
one of the given points, at for 
example, we have only to deter- 
mine that ray of the pencil 
which corresponds to the ray Q'O 
of the pencil / 

Through five given points only 
one conic can be drawn, for if 
there could be two such, they 
would have an infinite number of 
other points in common (the 
mtei sections of all the pairs of 
coi responding rays of the pio- 
jective pencils) , which is impos- 
sible 

i, loo ctt , p P 156, 1,7, 43 Collected Works, vol i PP 344 



a come cm be d&cr&ed te 
them. For we lave ocly to 
struct ihe two paroj^ctere r 
which are determined upon i 
the given knee, o and </ fo 
ample, by the three others a 
and of which three pairs oi 
responding points oa and 
and o'&, oc and o f c are 
The straight line d whic 
any other pair of corresp 
points of the two ranges wii 
new tangent to the curve 

To construct the point ol 
tact of any one of the 
straight lines, that of o f< 
ample, we have only to dete 
that point of the range o 
corresponds to the point o'o 
range o' 

Only one conic can be dra 
touch five given straight 
for if there could be two 
they would have an infinite 
bei of common tangents (a 
straight lines which join p 
corresponding points of th< 
jective ranges), which L 



From this we see also that 

Through four given points can 
be drawn an infinite numher of 
comes , and two such comes have 
p common points beyond these 
four 

153 The theorems of Art 88 
following manner 

Jfa heocagon ab'ca'b</ is circum* 
scribed to a conic (Figs. 97 and 61), 
the straight lines p, q, r which join 
the three pairs of opposite vertices 
are concurrent 



There can be drawn an infinite 
number of conies to touch four 
given straight lines , and two such 
comes have no common tangents 
beyond these four 

may now be enunciated in the 

If a hexagon AB'CA'BG' ^s in- 
scribed in a conic (Figs 98 and 60), 
the three pairs of opposite sides 
intersect one another in three 
collinear points P, Q, E 
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Fig 98 



This is known as BBIANCEON'S This is known as PASCAL'S 
theorem * theorem t 

These results are of such importance in the theoiy of conies 
that they deserve independent proofs 



The ranges a (&a'6Y) and 
c (bofb'c') are protective (Art 
149) , the pencils formed by join- 
ing them to the points (ba'), (b<f) 
respectively are therefore projec- 
tive If the line joining (ac'), (a'6) 
be denoted by h } and that joining 
(be*), (a'c) by k, the pencils in 



The pencils A (BA'B'C*) and 
C(BA'B'C f ) ire piojective (Art 
149), the ranges in which they 
cut BA', BC' respectively are 
therefore protective If AC', A' B 
cut in U and BC', A'C in K, 
ranges in question are (BA'RH) 
and (BKPC') Since they have 



* This theorem was published for the first time by BRIANCHON in 1806, and 
repeated m his M6mowe sur les hgnes flu second ordre (Paris 1817 p 34) 

f This theorem was given in PASCAL s JSsacn sur les Comques, a small work ot 
six pages 8vo , published in 1 640, when its author was only sixteen years old 
It was repubhshed in the QSuvres de Pascal (The Hague, 1779) and again 
by H WEISSENBOBN, m the preface to his book Die Project%on in der Ebene 
(Berlin, 1862) 



question are (la'rh) and ^k^&\ ihe point B m 

Since they have the ray I in cpjUr jfcf>erspeefeTO, therefore 401 

mon, they are in perspecipp , MQ' #re eoaearregafc, tha* is 

therefore (a'), (rp), (fo/) are pol- $ ape coHinear 
linear, that is p, g, r are con- 
current 

164 Pascal's theorem has refereaee to six points of a 
Bnanchon's theorem to six tangents , these six points or 
gents may be chosen arbitrarily from among all the pom 
the cuive and all the tangents to it Now a conic 19 <i 
mined by five points or five tangents , in other woids 
points or five tangents may be chosen at will from amoi 
the points or lines of the plane, bnt as soon as these 
elements have been fixed, the conic is determined. Pa 
theorem then expresses the condition which six points 
plane must satisfy if they lie on a conic , and Bnanc 
theorem expresses similarly the condition which six sfe 
lines tying in a plane must satisfy if they are all tangei 
a conic And the condition in each case is both neoe 
and sufficient 

That it is necessary is seen from the theorems th 
For six points on a conic, taken in any order, maj 
garded as the vertices of an inscribed hexagon*, bi 
Pascal's theorem is true for every inscribed hexagon, th 
pairs of opposite sides must meet in three collinear pou 
whatever order the six points be taken 

The condition is also sufficient For suppose (Fig 98 
the hexagon AB'CA'BC', formed by taking the six pom* 
certain order, possesses the pioperty that the pairs of op] 
sides 3C' and B 'C, CA' and C'A> AB' and A'B intersect in 
collinear points P, Q, R Through the five points JB'i 
one conic (and one only) can be drawn, if 1 be the 
where this conic cuts AC' again, then AB'CA'BX is a 
scribed hexagon, and its pans of opposite sides 5'Canc 
XA (or C'A) and C4', A'B and JJ'mU meet in three coll 
points But the second and thud of these points are < 

* It is perhaps hardly necessary to remind the reader that the _hexag 
which P ibcal s and Bnanchon s theorems refer aie not hexagons m Eochd , 
i e the} aie not neceaaanly convex (non reentrant) figures 




E , therefore BX must meet B'C at the point of intersection of 
B'C and QR, ^ e at P Both BC f and BX thus pass through 
P, and they must therefore coincide Since then the point X 
lies not only on AC' but also on BC', it must coincide with 
the point C' itself 

The condition is therefore sufficient, and it has already 
been shown to be necessary 

By taking the six points m all the different orders possible, 
sixty * simple hexagons can be made From the reasoning 
above, it follows that if any one of these hexagons possesses 
the property that its three pairs of opposite sides intersect in 
three collinear points, the six points will lie on a conic, and 
consequently all the other hexagons will possess the same 
property t 

By analogous considerations having refeience to Brianchon's 
theorem, properties correlative to those just established may 
be shown to be true of a system of six straight lines J 

155 Consider the two triangles which are formed, one by 
the first, third, and fifth sides, the other by the second, fourth, 
and sixth sides, of the inscribed hexagon AB'CA'BC' (Fig 98) 
Let BC' and B'C, CA r and C'A, AB' and A'B be taken as corre- 
sponding sides of the triangles By Pascal's theorem these 
sides intersect in pans in three collmeai points , and there- 
fore (Art 17) the two triangles are homological Pascal's 
theorem may therefore be enunciated as follows 

Tf two tnangles are in homology^ the points of intersection of the 
sides of the one with the non-corresponding sides of the other he 
on a come 

Similarly, in a circumscribed hexagon attca'bd (Fig 97) let 
the vertices of even order and those of odd order respectively 
be regaided as the angular points of two tiiangles, and let 
be' and to, a*' and (fa, aV and of 6 be taken to be corresponding 
vertices By Brianchon's theorem these veitices lie two and 
two on three straight lines which meet in a point , therefore 

* In general, a complete n gon includes in itself i(n-i) (n-2) I simple 
n gone 

t STEINEB loc at, p 311, 60, No n4 , Collected Woiks, vol i p 450 
J A system of six points on a come thus determines sixty different lines such as 
PQR in Fig 98, or Pascal lines as they have been called So too a system of BIX 
tangents to a conic determines sixty different Bnanchon points 



SBOTIOHS. 

(Art 16) the two triangles are bomologieal 
theorem may therefore be enune&afeed as follows* 

If two triangles are m homology, ike sfomgU fate* jomm 
angular points of the one to the $m-conrespondm$ anffv&tr 
of the other all touch a come 

The two theorems may be included under the one enim<!M 
If two triangles are in homology^ tkepowte of ytferttcfae* * 
sides of the one with the non-correspondtiig &de* of ike <*&& 
a come, and the straight fane* jowmg the angular point* <f i 
fo the non-corresponding angular powts of the other all tcntck a 
conic* 

156 Retummg to Fig 98, let the points A, &, C, A', 
regarded as fixed, and O f as variable , Pascal's theorem 
then be presented in the following form 

If a tnangle C'PQ *w m such a way that tfs sides PQ 
C'P turn romd three fixed points R,A>B respectively, & 
of its vertices P, Q sMe along two fixed straight lines Cl 
respectively, then the remaining vertex C' witt describe a conic 
passes through the following pe points, viz the two giv-~ ~ 
and J3, the point of intersection G of the gnen straig)** 
point of intersection ' of the straight Imes AR and GB\ 
point of intersection A! of the straight lines SB and CA' \ 
So also Brianchon's theorem may be expressed 
following form 

Jf a tnangle c'pq (Fig 99) move in such a way that its 



while two of its sides p, q turn round two fixed 
points cV, ca' respectively, then the remaining 
side c f will envelope a conic winch touches the 
following five shaight lines, viz the two gnen 
straight lines a and b, the straight line c wJmh 
3 oms the fixed points, the straight line V uhich 
joins the points ar and cV \ and the shaight 
line o! which joins the points b and ca' 

157 (1) If in the theoiems of Art 152 
(right) one of the tangents is supposed 
to lie at infinity, the conic becomes a 
paiabola (Art 23) Thus a parabola u determined oyfour tc 

* Mctoius, loc cit , Art 278 

t Tins theorem was given by MACLAUBIN, mi 72 1, cfPAii Jrans a; 




or (Art 152, right) only one parabola can le drawn to touck four given 



(2) If the same supposition is made in theorem (2) of Art 
J|9j it is seen that the points at infinity on the two tangents 
and o' are corresponding points of the projective ranges 
determined on these tangents, for the straight line which 
them is a tangent to the curve It follows (Art 100) 



The tangents to a parabola meet tuo fixed tangents to the same in 
ynwks formng two similar ranges, or 

Two fixed tangents to a parabola are cut proportionally ly the 

v r*, 
Let and A'> S and B\ C and C\ be the points in 

-th e various tangents to the parabola meet the two 

fixed tangents (Fig ioo) 3 and let P and Q' be the respective 
points of contact of the latter The point of intersection of 




Fig 100 

the two fixed tangents will be denoted by Q or P' according 
as it is legarded as a point of the fiist or of the second tan- 
gent We have then 



(4) Conveisely, given two straight lines in a plane, on winch lit 
two similar ranges (wliicli are not in perspective), the sliaiglif Inn s 
Connecting pain of to ) responding points will envelope a parabola wlmh 

bociety of London for 1735, and CHASLES, Apeigu liixtoriqiie mi I online d U 
<hveloppement des mtthodes en G-tomttne (Brussels, 1837 , second edition, Pans 
1875) 1^ -B l ies at infinity, the theorem becomes identical with lemma 20 
book i of NJJ.WTON s Puncipia 
* IPOLLONII PKHQAEI Comcorum lib in 41 



THE 



touches the gwen straight lv&$% && $& pous&s wttcA corr&pomd 
the two ranges respectively to t&ew pemt cf tniers&dz&n 

For the points at infinity on the given steugfct liaee be 
corresponding points (Ari 9fy Hie strait bne whisl* jd 
them will be a tangent to the envelope , thus the envelop 
a conic (Art 150 (IE)) whiA has tha line at infinity fa 
tangent, i e it is a parabola. 

158 In theorem I of Art 150 (Fig 95} suppose that 
point A lies at infinity, or, in other words, that the penca 
consists of parallel rays. To the straight line OA 9 considers 
a ray of of the pencil (viz that ray which is parallel to 
rays of the other pencil), corresponds that ray a of the p 
A which is the tangent at the point A This ray a may fa 
a finite, or it may be a an infinite distance 

In the first ease (Fig 101) the straight line at mfm-H 
a ray j of the pencil A, and to it corresponds in the penc 
a iay/ different fiom cf and consequently not passing thrc 
A , the conic will therefore be a hyperbola (Art 23) ha 
A (= aa*) and,;/ for its points at infinity , the str* 1 ^ 4 - * 
is one asymptote and/ is parallel to the other 





01 Fig 102 

In the second case (Fig loa) the line at infinity i 
tangent at A to the conic, which is theiefore a parabola 

159 If in this same theorem of Art 150 the points x. 
are supposed both to lie at infinity (Fig 103), the two 
jective pencils will each consist of parallel rays , and 
tho conic which these pencils generate must pass throu 
and it is a hypeibola (Art 23) The asjmptotes o 
hypeibola aie the tangents to the curve at its infinitely di 
pointb * , they will therefoie be the lays a and </ of the 
* DESABGUBS, loc c^t,v 210, NEWTON Puncww lib i Dron 2* ^K 
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ym&i which correspond to the straight line at 
eoa&cbced ae a ray of the second and first penal 

By the general theorem of Ait. 
1 49, the asymptotes of a hyperbola 
are cut by the other tangents m 
pomte forming two project! ve ranges, 
m which the points of contact 
(winch are in this ease at infinity) 
correspond respectively to the point 
of intersection Q of the asymptotes. 
S*e equation of Arts. 74 and 109 (1), 




Mtff HHt 



points of intersection of any tangent 
We eonelade therefore that 
hc* gn? fatenusud by any tangent to a Hyperbola 
from tie pvmt of mtertectw* of 
rectangk contained by tkem M 



This may be stated in a different form as follows 

tmatjfh femtd 1y any tangent to a hyperbola and the 
k&* A conttettf area* 

16O Agam, fel the theorem of Art 149 be applied to the 
case of two fixed parallel tangents which are cut by a variable 
tangent in M and Jf 7 In the projective ranges thus generated 
the points which correspond respectively to the infinitely 
distant point of intersection of the two fixed tangents are 
their points of contact , if these be denoted by / and /', we 
have by Art 74 the equation 

JM 7'jtf'= constant 

Therefore, the segment* which a tanable tangent to a conic cute off 
from tiro Jixe<I parallel tangents (measured from the point* of contact 
of tJitte latter) are such that the rectangle contained ly them i* 
contfanf'f 

* Ap( LLOMLS loc Clt , 111 43 
f II id ill 42 
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161 BY help of Pascal's and Bnanchon's theorems may 
solved the following problems 

Owen five tangents a , V , c , of, 
I, to a conic, to draw from any 
given pwnt H, lying on one of 
these tangents a, another tangent 
to the <ywrve (Fig 104) 



Given foe points A, B', C, 
B on a come, to Jmd the 
intersection of the curve 
given straight line r drawn thro 
one of these points A (Fig 10* 




If cf be the required tangent, 
db'ca'bc' is a hexagon to which 
Brianchon's theorem applies Let 
r be the diagonal connecting one 
pair oft and a'b of opposite vei- 
tices, and let q be the diagonal 
connecting inother such pan cof 
and c'a (where c'a is the gi\en 
point II) , then the diagonal which 
connects the lemannng pair be' 
and b'c must pass through the 




Fig 105 

If G f be the required p< 
AB'tA'BC' is a hexagon 
which Pascal's theorem app 
Let R be the point of intersec 
of one pair AB' and A'B of 0] 
site sides, and let Q be the p 
of intersection of another 
pair CA f and r, then QR s 
pass through the point of 123 
section of the remaining 
BC' and B'C If then PI 
* o/q T* will cut the g: 
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joining the points qr and 6'0, 

straight line which joins pb 

* the re- 



straight line r in the required 
point C" 



* con- 

ber of 

may he 

is theorem therefore 
jtetst, hy means of its 
C03336 which is deter- 
ta&gents * 



tons By assuming different positions 
i one for the given straight line r, all 
passing through one of the given 
points on the conic, and repeating 
in each case the above construc- 
tion, any desired number of points 
on the conic may he found 

Pascal s theorem therefore serves 
to construct, by means of its 
points, the conic which is deter- 
mined by five given points t 

sola* eases of the problem of Art 161 (nght) 
the point B to lie at infinity , the problem then 
oliowing 

vomts A, jB', C, A / on a hyperbola and the direction 
2 a ,*>&, to find the second point of intersection G' of the 
th a given straight line r drawn through A (Fig 106) 

Solution This is deduced from that of 
tke general problem by taking the point 
B to lie at infinity in the grven direction 
We draw through A' a straight line m in 
ttas direction , if then AB f meets m in -R, 
and A'C meets r in Q we join QR meeting 
B'G in P, and draw through P a parallel 
to m, this parallel will cut r in the le- 
quired point C" 

II Suppose the point A to lie at in- 
Flo . Io6 finity , the problem is then 

Gnenfour points B' t <?, A', on a hyper- 
bola awl the direction of one asymptote, to find the point of inter- 
section of the cune with a given straight line r drawn parallel to 
this asymjjfofe (Fig 107) 

Solution Draw thiough B' a straight line parallel to the 
gi\en dnection If this line meet A'B in S i and if A'C meet i 

* BRIAIsCHOJs loc Wt , p 38 PONCELET, loc Clt , Art 209 

f 1 NE\MON, Pnnupia, prop 22 MACLAUBIN, De linearum geometnca) um pi o 
pnetatibus genet ahlus (London 1748^ 44 
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in Q, join QR cutting B'C m P The* if SP fee joined, 
will cut r in the required point C' 

HI Suppose the two points -4'and 5 both to lie at mftrii 
The problem then becomes 

G^d# tf^ra? jtwmfo A,B',G on a hyperbola and ike Avrecfam* 
loth asymptotes, to find the second $oint qfmter&efton of the cm 
with a given straight line r drawn through A (Kg io8) 





Fig 107 Fig 108 

Bolutim Through the point Q, where the given straig 
line r meets a straight line drawn through C paiallel 
direction of the first asymptote, draw a parallel to AM 
P be the point where this parallel cuts B C , then a paaaij 
through P to the second asymptote will cut r in the requir 
point C f 

IV If the two points A and B' both lie at infinity, t 
problem is 

Given tfaee points C , A' , B of a typeibola and the clued ion* 
loth asymptotes, to fnd the point of 
intersection of the cwie with a gnen 
straight line r drawn parallel to one of 
the asymptotes (Rig 109) 

Solution Through Q, the point of 
intersection of 9 and CA', draw a 
parallel to A'B , let P be the point 
where this parallel meets the stiaight 
line dra^n through C paiallel to the 
othei asjmptote Then if HP be 
joined, it will cut r in the requned point C' 

V If, lastly, the points W \ C, A', are finite and tl 
straight line AC' lies at infinity, the problem becomes tl 




Fig 109 
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\ C, A', B of a hyperbola and the direction 
f me asymptote, to jind the direction, of the other asymptote 




no 



Tluwtgl* the point E, in which A' meets the 
straight line drawn through 
5' in the given direction, 
draw a parallel to CA' ^ let 
P be the point where this 
parallel cuts B'C Then if 
BP be joined, it mil be 
parallel to the required di- 
rection. 

It will be a useful exercise 
or the afoideint to deduce the constructions for these particular 
sases from ihe general construction , in order to do this it is 
mij necessary to remember that to join a finite point to a 
[>qsaa& lying at uiftofcy in a given direction we merely draw 
tbe former point a parallel to the given direction 
artM^Oar eases of the problem of Art 161 (left) 
T o*rvrvrucu* *\** rxrv 4 n j o j ie %& infinity , then the problem 

, oft I to a comCy to draw the tangent 
nem, to a, for example (Fig in) 
jgh the point a'c a straight line q 
parallel to a , join ad' and a 6 
by the straight line r> and join 
the points qr and Vc by the 
straight line p Then if through 
the point pb a parallel be drawn 
to a, it will be the required 
tangent 

From a given point in the 
plane of a conic two tangents 
at most can be drawn to the 
urve (Art 23) , so that fiom a point lying on a given tangent 
mly one other tangent can be drawn If then the conic is a 
>arabola, it cannot ha\e a pair of parallel tangents (This 
tas already been seen in Art 157 (1) ) 

II Suppose the stiaight line I to lie at infinity, the 
>robleni is then 




Fig in 
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Given four tangents a, V, c, a! to a parabola, to draw from a git 
point E lying on one of them, a, another tangent to tie curve (Fi 




Fig 112 



Solution Through the point 
al' draw a straight line r 
parallel to OL , join the points 
H and a'c by the straight line 
j, and the points qr and Ve by 
the straight line^ The straight 
line drawn through H parallel 
to p will be the required tan- 
gent 

III If the straight line a 

lies at infinity, we have the problem 

Given four tangents &', c y a',b to a parabola, to draw the tangt 
which is parallel to a given straight line (Fig 113) 

Solution Through a'l draw 
the straight line r parallel to 
5', and through etc draw the 
straight line % parallel to the 
given direction , join the 
points qr, VQ by the straight 
line p The straight line 
thiough pb parallel to the 
given direction is the tangent 
required 

IV If in problem II the point H assume different positio 
on a, or if m III the given straight line assume differe 
directions, we arrive at the solution of the problem 

To construct by means of its tangents the parabola which is deh 
mi/ied by four given tangents 




Fig 113 



CHAPTER XVI 



FROM THE THEOBEMS OF PASCAL 
AND BBIANCHON 



*4. WE have already given some propositions and con- 
fer (Arts. 161-163) which follow immediately from the 
reana of Pascal and Bnanehon, by supposing some of 
elements to pass to infinity Other corollaries may be 
o$i fey assuming two of the six points or six tangents to 
indefinitely near to one another * 
'{}A?BC' are six points on a conic, Pascal's theorem 
aafc tfae pencils A(A f B'CC ) and B(A'B'CC'\ for 
example, are protective with one another To the ray AB of 
fee first pencil corresponds in the second the tangent at jB, so 
tiiat we may say thai the group of four lines 



is projective with the gioup 

BA\ BB', BG, tangent at B 

But this amounts evidently to saying that the point C\ which 

was at first taken to have any arbitrary position on the curve, 

has come to be indefinitely near to 

! 1 J, the point B Instead then of the 

\\ / \ s7 inscribed hexagon we have now the 

figure made up of the inscribed 
pentagon AB f GA f B and the tan- 
gent # at the vertex B (Fig 114), 
and Pascal's theorem becomes the 
following 

If a pentagon zs inscnbed in a conic, 
tJie points of intersection 21, Q of two 

pain of non-consecuhie tides (iB' and A'B> AB and OA'\ and the 




^ 



* CAR&OT, lot, cit , pp 4^5, 456 
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^ point P where the fifth tide ('C) meets the tangent at the appo* 
vertex (B), wre colhnear 

This corollary may also be deduced from the construcfetOB (ArL $ 
right) for two projective pencils Three pairs of correejx>Bdu3g *s 
are here given, viz AA' and BA', AC and BC, AB' and BB f ^ 
cut the two pencils by the transversals OA ', CB r respectively , if 
be the point of intersection of A'B and AB', then any pair of con 
spending rays of the two pencils must cut the transversals CA', C 
respectively in two points which are colhnear with R In ord 
then to obtain that ray of the second pencil which corresponds 
AB, viz the tangent at B, we join R to the point of intersection Q 
+ CA' and AB, and join QR meeting C& in P, then BP is ti 
t required ray I But this construction agrees exactly with the core 
^ lary enunciated above 

165 By help of this corollary the two following problems can 1 

t solved 
(1) Given five points A,B f ,C, A', Bofa conic, to draw the tange 
at one of them B (Fig 114) 

Solution Join Q, the point of intersection of AB and CA', to j 
the point of intersection of AB' and A'B, if P is the point whei 
QR meets B'C, then BP will be the required tangent * 

Particular cases 

* Given four points of a hyperbola and the direction of one asym 
to diaw the tangent at one of the given points (This is obt, 
by taking one of the points A , B' t C , A' to lie at infinity) 

Given four points of a hyperbola and the direction of one asymp^o 
to draw that asymptote (B at infinity ) 

Given three points of a hyperbola and the directions of hot 
asymptotes, to draw the tangent at one of the given points (Two c 
; the four points A , B', C , A' at infinity ) 

Given three points of a hyperbola and tlie directions of botl 
asymptotes, to draw one of the asymptotes (B and one of the othe 
points at infinity ) 

(2) Given four points A B, A', C of a come and the tangent a 
""" one of them B, to construct the come by points, for example, to Jlno 
the point of the curve which lies on a given straight line r drawn 
through A (Fig 114) 

Solution Let JK be the point where A'B meets r, and Q the 
point \\heie IB meets CA', and let QR cut the given tangent in P 
The point B' wheie CP cuts the given stiaight line r will be the one 
required 

By supposing one 01 more of the elements of the figure to lie at 

* MACLAUBIN loc cif 6 AO 
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or 



infinity, e0r one of the points A,A',C) 01 two of these points, or 
the point A and the line r , or the point B, or the point jB and one 
of the other points , or the point -5 and the given tangent , we ohtain 
$ie following particular cases 

To eonstmct by points a hypeibola, having given 

three points of the curve, the tangent at one of these points, and 

tibe direction of one asymptote, 
two points, tbe tangent at one of them, and the directions of 

both asymptotes, 
$iree pomts and an asymptote , 
two points, one asymptote, and the direction of the other 

asymptote 

fron teee points of a hyperbola, the tangent at one of them, 
i&e direction of an asymptote, to find the direction of the other 
asymptote. 

^o abstract by points a parabola, having given three points of 
the curve (tving at a finite distance) and the direction of the point at 
on it. 



166 Eeturning to the hexagon AB'CA' ' BC' inscribed in a 

conic, let not only C' be taken in- 
definitely near to B, but also C 
indefinitely near to B' The figure 
will then be that of an inscribed 
quadrangle AB'A B togethei with, the 
tangents at B and B' (Fig 115), and 
Pascal's theorem becomes the follow- 
ing 

If a quadrangle is inscribed in a 
come, the points of intersection of the 
two pairs of opposite sides, and the point 
of intersection of the tangents at a pait 
of opposite vertices, are three collinear 
"5 points 

This property coincides with one aheady obtained elsewhere (Art 
85, right) For considering the piojective pencils of which BA and B'A, 
BA' and B'A', are corresponding rays, it is seen that the stiaight 
line which joins the point of mtei section Q of BA and B'A' to the 
point of intersection R of B'A and BA' must pass through the point 
of intersection P of the la^s which coriespond in the two pencils 
respecti\ely to the straight line joining their centies B and B' 

167 By help of the foregoing coiollaiy the following problems can 
be solved 
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^| 4 1 ) Gn en fwpwntsA,B',A', B of a eomc and tfo tonga* BP 
at one of them B, to draw the tangent at omoiher of the powts J5' 
(Fig 115) 

Solution Let AB and A'B' meet in Q, and AB' and &'B w #; 
and let QR meet the given tangent in jP Then B'P will t>e ^ 
required tangent* 

By supposing one of the given points, or tie given tangent, to 
lie at infinity, the solutions of the following particular cases are 
obtained 

To draw the tangent at a given point of a parabola, having given 
in addition two other points on the curve, the tangent at one of them, 
and the direction of one asymptote, or, one other point, the tangent 
at this, and the directions of both asymptotes, or, one other point, 
one asymptote, and the direction of the other asymptote 
U To diaw the asymptote of a hyperbola when its direction is known, 
having given in addition three points on the curve and the tangent at 
one of them, or, two points on the curve, the tangent at one of them, 
and the direction of the second asymptote, or, two points on the 
curve and the second asymptote 

To draw the tangent at a given point of a parabola, having given 
two other finite points on the curve, and the direction of the twvmt a* 
infinity on it 

(2) To construct a conic ly points, having given three points A,B,J? 
"^on the curve and the tangents BP , B'P at two of them , i e to 
deteimiue, for example, the point A' in which an arbitrary straight 
line r drawn through B is cut by the conic (Fig 1 16) 

Solution Join the point of intei section P of the given tangents 
to the point E wheie r cuts AB' , and let 
PR cut AB in Q If B 'Q be joined, it will fi 
cut r in the required point A' 

By supposing one of the points A , B, B' 
or one of the lines BP , B'P, r to lie at 
infinity, we shall obtain the solutions of 
the following particulai casts 

To constiuct by points a hyperbola, 
having given two points on the curve, the 
tangents at these, and the direction of one 
asymptote , or, one point on the cuive, 
the tangent thtie, one asymptote and the 
duection of the second a^mptote, 01, one point on the cur\e and 
both asymptotes 
I To construct by points a parabola, having given two points on the 

* MAC! ATraTN Tnf> Mi R 




140 



DEDUCTIONS FROM THE THEOEEMS 



[168 



eurve, the tangent at one of them, and the direction of the point at 
infinity on the curve 

168 The tangents at the other vertices A and A' of the 
quadrangle AJSA'B' (Fig 1 1 6) will also intersect on the straight 
line joining the points (AS, A'B') and (AB\ A'B) Hence the 
theorem of Art 166 may be enunciated in the following, its 
complete form 

Jf a quadrangle u inscribed in a come, the points of intersection 
0f ike two pom of opposite sides, and the points of intersection of 
i&e tangmts &b the two pairs of opposite vertices, are four cottinear 
pomis. 

If two opposite vertices of the quadrangle he taken to lie at 
intoty, this becomes the following 

If on a chord of a hyperbola, as diagonal, a parallelogram be 
so as to have its sides parallel to the asymptotes, the 
diagonal -will pass through the point of intersection of the 



THEOBEM The complete quadrilateral formed ly fow 
a conic, and the Complete quadrangle formed ly their four 
points of contact, have the same diagonal triangle 

In the last two figures write C,D,H, G in place of 




Fig 117 

A',B',R, Q respectively In the msciibed quadiangle ABCD 
I j 7) the point of intersection of the tangents at A and C 
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that of the tangents at and D, the point of mterseofeoa of 
sides AD, C, and that of the sides AS, CD all lie on one steia 
line EG If the same points A, , C, D are taken in a diflfei 
order, two other inscubed quadrangles ACDJ3 and ACBD 
obtained, to each of which the theorem of Art. 168 may 
applied Taking the quadrangle ACD3, it is seen ihafc 
point of intersection of the tangents at A and J> that of 
tangents at C and B, the point of intersection of the si 
AS, CD, and that of the sides AC, D all lie on one strai 
line FG So too the quadrangle ACBD gives four poi 
lying on one straight line EF, viz. the points of intersect 
of the tangents at A and B, of the tangents at C and D, of 
sides AD, C, and of the sides AC, BD* 

The three straight lines EG, GF,FEihu& obtained ara 
sides of the diagonal triangle EFG (Art 36, [2] ) of the comp 
quadrangle whose vertices are the points A,,C,D, 
since the same straight lines contain also the points in wl 
intersect two and two the tangents a,b, c,d at these poi 
they are also the diagonals of the complete quadnlafo 
formed by these four tangents The theorem is the 
proved 

170 In the complete quadrilateral abed the diagona 
whose extremities are the points ac, Id, cuts the other 
diagonals g and e in E and G respectively , these two po 
are therefore harmonically conjugate with regard to ac anc 
(Art 56) The correlative theorem is The two opposite s 
of the complete quadrangle ABCD which meet in F are 1 
momcally conjugate with regard to the straight lines wl 
connect Jwith the two other diagonal points #and # (Art 
Summing up the preceding, we may enunciate the follow 
proposition (Fig 117) 

If at the vertices of a (simple] quad? angle ABCD, inscribed 
conic, tangents a,b,c,dtie drawn, so as to form a (simple) qua 
lateral circum&ci tied to the comc^ then this quadnlateral possesses 
following prope) ties uith regard to the quad tangle (i) thediago 
ofiJie hto pa&s through one point (F) and fonn a harmonic pern 
(2) the pomU of intersection of the pans of opposite sides of the 
he on one stiaight line (EG) and Jonn a harmonic range , (3) 

* M \CLAL BIN, IOC Clt , CABNOT, loc Clt , pp 4 3, 4o4- 



Staffowls of the quadrilateral pass through the points of intersection 
of th paws of opposite sides of the quadrangle* 

17L By help of the theorem of Art 169, when we are given four 
tangents a , & , c , d to a conic and the point of contact A of one of 
i&em, we can at once find the points of contact of the three others , 
and when we are given four points A , B , G , D on a conic and the 
togeaoft # at one of them, we can draw the tangents at the three 
o4lier points t 

f&fae&m. Dmw i&e diagonal Draw the diagonal triangle 
triangle EFG f ihe complete EFG- of the complete quadrangle 
fa$&nlaeral oM, then A@> ABGD , then the straight lines 
Al? t AM wall cut I, e, d respec- joining ag, af, ae to J5, C, D re- 
tively in the required points of spectively will be the required 
eoataet -B, Gj D tangents 

The theorem of Art 169 may be enunciated with re- 
< to ihe (simple) quadrilateral formed by the four straight 
?, i , it then takes the following form, under which 
il ss seem to be already included m the theorem of Art 1 70 J 

In a guadrifateral circumscribed to a conic, the straight lines 
w&u&jom the pomts of contact of the pairs of opposite sides pass 
through the point of intersection of the diagonals (Fig 118) 

This property coincides with one already proved with regard 
to two projective ranges (Art 85, left) For 
consider the projective ranges on a and c as 
hases, in which ab and cb, ad and cd, are 
corresponding points, the stiaight lines which 
connect the pairs of points db and cd, cb and 
ad respectively, must intersect on the straight 
line which connects the points corresponding 
in the two ranges respectively to ac , but this 
is the straight line joining the points of contact 
of a and c 

If the conic is a hyperbola, and we consider 
the quadrilateral which is formed by the asymp- 
totes and any pair of tangents, the foregoing 
theorem expresses that the diagonals of such a quadrilateral are 
parallel to the chord which joins the points of contact of the two 
tangents 

* CHASLES, Sections comques, Art 121 
f MACLAUEIN, loc at , 38, 39 
J NEWTON, loc cit , Cor 11 to lemma xxiv 
APOLLONIUS, loc cit , m 44 




Fig 118 
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173 The theorem of Art 172 gives the solution of tfee problem 

JX To construct a conic ly tangents, having gvw& three tomg&&9 a, 

and the points of contact A and C of two of them, to <b*w, 

example, through a given point H lying on a a seeded tangent to 

curve (Fig 118) 

Solution Join the point db to the point of mtersedaon of AC 
H{bc) , the joining line will meet c in a point which when joaua 
E gives the required tangent d. 

If one of the points A , G or one of the given tangents be snppc 
to lie at infinity, the solution of the following particular case 
obtained 

To construct by tangents a hyperbola, having given one asympl 
two tangents to the curve, and the point of contact of one of th 
or, both asymptotes and one tangent 

To construct by tangents a parabola, having given f 1 - 
infinity on the curve, two tangents, and the point of cont 
them , or, two tangents and the points of contact of both 

Given four tangents to a conic and the point of contac^ 
them, to find the points of contact of the others 

174 If in Pascal's theorem the points A', ', C' b< 
lie indefinitely near to 

respectively, the figure 

that of an inscribed triangle 

AJBC together with the tangents 

at its vertices (Fig 119), and 

the theoiem reduces to the 

following 

In a triangle inscribed in a conic, 
the tangents at the vertices meet the 
respectively opposite Bides in three Fig 119 

collmear points 

175 This gives the solution of the problem 

Given three points A , E, C of a conic and the tangents at tu 
them A and JB, to draw the tangent at the third point G (Fig 119) 

Solution Let P, Q be the points where the given tangeni 
A , E cut BG , CA respectively , if PQ cut AB in R, then CB is 
tangent required 

The following are particular cases 

Given two points on a hypeibola, the tangents at these po 
and the direction of oue asymptote, to construct the asymj 
itself 

Given one asymptote of a hyperbola, one point on the curve 





taagent at tins point, and the direction of the second asymptote, to 
construct this second asymptote 

Given both asymptotes of a hyperbola and one point on the curve, 
to draw the tangent at this point 

(From the solution of this problem, it follows that the segment 
determined on any tangent by the asymptotes is bisected at the point 
of contact ) 

two points on a parabola, the direction of the point at 
on iihe curve, and the tangent at one of the given points, to 
Qie tangent at the other given point 

176 The inscribed triangle ABC and the triangle DEF 
formed by the tangents (Fig 119) possess the property that 
Utear respective sides BC and EF, CA and ID, AB and DJ3 
iafcessect in pairs in three collmear points The triangles are 
t&6sfbre homological, and consequently (Art 18) the straight 
hues AD, BE, CF which connect their respective vertices pass 
iirongli one point Thus we have the proposition 

jfo a tinangie wrcwm&cribe& to a conic y the straight lines which join 
tie ver faces to thepowds of contact of the respectively opposite sides 
are concurrent 

177 By help of this proposition the following problem can be 
solved 

Given three tangents to a come and the points of contact of two of 
them, to determine the point of contact of the third 

Solution Let DEF (Fig 119) be the triangle formed by the 
thiee tangents, and let A, B be the points of contact of EF, FD re- 
spectively If AD and BE intersect in 0, then FO will cut the 
tangent DE in the requned point of contact G 

Particular cates 

Given one asymptote of a hyperbola, two tangents, and the point 
of contact of one of them, to determine the point of contact of the 
other 

Given both asymptotes of a hyperbola, and one tangent, to deter- 
mine the point of contact of the latter 

Given two tangents to a parabola and their points of contact, to 
determine the direction of the point at infinity on the curve 

Given two tangents to a parabola, the point of contact of one of 
them, and the direction of the point at infinity on the cuive, to deter- 
mine the point of contact of the other given tangent 

178 As a particular case of the theoiem of Ait 176, considei a 
parabola and the circumscribing triangle formed by the tangents at 
any two points A, B 3 and the straight line at infinity, which is also 




a taogent If the taageats at A and B meet m (1% ia< 
straight line joining to the middle point D of ibe chord AS 
parallel to the direction in 

which lies the point at infinity A M p 

on the curve 

Again, if any point M be 
taken on AS, and parallels 
MP , MQ he drawn to SO , A G 
respectively to meet AC , SG 
in P , Q j and if MR he drawn 
parallel to DG to meet PQ in 3?Sg I2a 

E , then P@ will he a tangent 
to the parabola, and E its point of contact 

179 Just as from Pascal's theorem a series of s 
theorems have been derived, relating to the inscribed 
tagon, quadrangle, and triangle, so also from Bnan 
theoiern can be deduced a series of correlative the 
relating to the circumscribed pentagon, quadrilateral 
triangle 

Suppose eg that two of the six tangents a , V, c, a', b , f 
form the circumscribed hexagon (Art 153, left), I and 
example, he indefinitely near to one another Since a ta 
intersects a tangent indefinitely 
near to it in its point of contact 
(Arts 146, 149), the hexagon will 
be replaced by the figure made up 
of the circumscribed pentagon 
ab'ca'l together with the point of 
contact of the side b (Fig 131) 
Brianchon's theorem will then become the following 

If a pentagon is circumscribed to a come, the two diagonal* 
connect any two paws of opposite vertices, and the straight lin* 
ing the fifth lertex to the point of contact of the opposite *idt 
m the same point 

This theorem expresses a property of protective ranges whic 
already (Ait 85, left) been noticed 

Foi consider the two projective ranges detei mined by the 
tangents on a and b as bases Three pans of coi responding 
are given, \\z those determined by a', V, and c Project th< 
range fiom the point ca' and the second from cb' , this give 
pencils m perspective of which conespondmg pairs of rays mt 
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cm tfee straight line r winch joins the points 06', ba / In order 
then to obtain that point of the second range which corresponds to 
the point ab of the first, mz the point of contact of the tangent b, we 
draw the straight line g which joins the points caf and ab, and then 
the straight line p which joins cb' and qr , then y>b is the point 
required. But this construction agrees exactly -with the theorem in 
question, 

ISO 3By u&eans of the property of the circumscribed pentagon 
jittsl established the following pioblems can be solved 

(1). &MMOI five tmgents to a come, to determine the point of contact 



T jP&rfteul&r case Given four tangents to a parabola, to determine 
* tbeir pomtfl of contact, and also the direction of the point at infinity 



To construct by tangents a conic, hamng given four tangents 
of contact of one of them 



oeestrset by tangents a hyperbola of which three tangents and 



To eoBsforcusfc T>y tangents a parabola, having given three tangents 
and the direction of tjbe point at infinity on the curve, or three 
tangents and the point of contact of one of them 

18L Tbe coroUanes of Brianchon's theorem which relate to the 
circumscribed quadrilateral and triangle have already been given 
(they are the propositions of Arts 172 and 176) , they are correlative 
to the theorems of Arts 166 and 174, just as those of Arts 164 and 
179 are correlative to one another 

It will be a very useful exercise for the student to solve for himself 
the problems enunciated in the present chapter the constructions all 
depend upon two fundamental ones, correlative to one another, and 
following immediately from Pascal's and Brianchon's theorems 

182 The corollaries to the theorems of Pascal and Brianchon show 
that just as a conic is uniquely determined by five points or five 
tangents, so also it is uniquely determined by four points and the 
tangent at one of them, by four tangents and the point of contact of 
one of them, by three points and the tangents at two of them, or 
by three tangents and the points of contact of two of them It 
follows that 

(1) An infinite number of comes can be drawn to pass through 
three given points and to touch a given straight line at one of these 
points , or to pass through two given points and to touch at them 
two given stiaight lines, but no two of these comes can have another 
point m common 

* MACLAURIN, loc cit , 41 
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(2) An infinite number of comes can be drawn to toadh a give 
straight line at a given point, and to touch two otfoer given sfcraagi 
lines , or to touch two given straight lines at two given points, fen 
no two of these comes can have another tangent in connaon. 

If then two comes touch a given straight line at the same poin 
(t.6 if the comes touch one another at this point), they cannot hav* 
in addition more than two common tangents or two common pouats 
and if two comes touch two given straight lines at two given point 
(t e if two comes touch one another at two points) they cannot hav< 
any other common point or tangent. 

Thus if two comes touch a straight line a at a point -4, this poin 
is equivalent to two points of intersection, and the straight line a u 
equivalent to two common tangents. 
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CJOKEBIiATTVB THEOREM Tke 

a come <md ike op- tangents from an arbitrary pomt to 
$<36i& whs of <m tn&ynbed quad- a conic and ike straight lines which 
fmtgfe m three oowfitgafe paws of j<nn the same point to the opposite 
pomte 0f&t maxfatfoon. vertices of any circumscribed quad- 

rilateral form three conjugate pairs 
of rays of an involution 
This is kncwn as DESARGUES' 

L * 

122) be a Let qrst (Fig 123) be a quad- 
m a conic, nlateral circumscribed about a 




122 



Fig 123 



and let 5 be an} transversal cut conic , from any point let 
tinsr the conic m P and />', and tangents p , p' be driwn to the 



185] 



quadrangle in A , 4', B, B' re- 
spectively 

The two pencils which join 
the points P, E, P' 9 T of the 
conic to # and S respectively are 
protective with one another (Art 
149), and the same is therefore 
true of the groups of points in 
which these pencils are cut by 
the transversal That is, the 
group of points PBP'A is pro- 
jective with the group PA'P'B', 
and therefore (Art 45) with 
P'B'PA* ', consequently (Art 
123) the three pairs of points * 

PP f , AA', BB' 
are in involution 

184 This theorem, like that 
of Pascal (Art 153, right), enables 
us to construct by points a conic 
of which five points P^.E.S^T 
are given Foi if (Eig 122) an 
arbitrary transversal s be drawn 
through P, cutting QT, KS 3 QR, 
2'S in A, Af, B, B' respectively, 
and if (as in Art 134) the point 
P f be found, conjugate to P in 
the involution determined by the 
pairs of points A , A! and B , B' , 
then will P' be another point on 
the conic to be constructed 

185 The pair of points <?, C' 
in which the transversal cuts the 
diagonals Q/S and ET of the 
mscubed quadi angle belong also 
(Art 131, left) to the involution 
determined by the points A , A' 
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a, a', b y V be drawn which joli 
S to the vertices $, r,fr, & o 
the quadrilateral respecferrely 

The two groups of points 33 
which q and, * are <mt by tib 
tangents #, r, p\ t are pro 
jective with one another (Ari 
149), and the same is therefor 
true of the pencils formed % 
joining these points to S Tfe 
is, the group of rays pbp'& 
protective with t3fce groufi pa'$*l 
and therefore (Art 45) wri 
J/6'jpa', consequently (Art, 12, 
the three pairs of mys 
pp', aa', W 
are in involution 

This theorem, like that 
Bnanchon (Art 153, left), 
ables us to construct by tangei 
a conic of which five tangei 
p 9 q, r, s, t are given. For 
(Fig 123) an arbitrary point 
be taken on ^, and this Doint 
joined to the points qt, 
respectively by the rays i 
and if (Art 134) the ray jp 
constructed, conjugate to p in 1 
involution determined by the pa 
of rays a, a x and 6, Z/, then T 
p' be another tangent to the co 
to be constructed 

The pair of lays c, c x wh 
connect with the points 
intersection qs and rt of 
opposite sides of the ciici 
sciibed quadrilateral belong 
(Art 131, right) to the mv< 
tion detei mined by the rays a 



Moreovei, 
A A* d B 



since the points 
B' suffice to deter 



Moreover, since the lays a 
and 6 5 &' suffice to determine 
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P, P' are a conjugate pair of 
tibs involution for every come, 
whatever be its nature, which 
careuinscribes the quadrangle 
QB8F 



conjugate pair of this involution 
for every conic, whatever be its 
nature, which is inscribed in the 



Any traffi&twrsal meets the conies 
wrGwn&oribe^ 
v&togfo %n paws of pomte formwg 



If tibe involution has double 
pooBts, each, of these is equivalent 
f$ two points of intersection P 
and P 7 lying kiBitely near to 
ow aiKAer , and will therefore 
J>e IJbe point of contact of the 
transversal with some conic cir- 
cumscribing ike quadrangle 

There are therefore either two 
comes winch pass through four 
given points <?, R, S, T and 
touch a given straight line s 
(not passing through any of the 
given points), or there is no 
conic which satisfies these con- 
ditions 

186 If, fiom among the six 
points AA\ BB', PP f of an 
involution, five are given, the 
sixth is determined (Art 134) If 
then in Fig 122 it is supposed 
that the conic is given, and that 
the quadi angle vanes in such a 
way that the points A , A', B 
remain fixed, then also the point 
B' will remain mvanable, con- 
sequently 

If a variable quadrangle moie 
in such a way a* to remain 
always, inscribed in a gnen come, 
while three of its side* tutn each 
iound one of three fixed colltnear 
points then the fouith side will 



The pa&r of tmgw&s drawn 
from any pomt to the comes 
mscribed in a given 
form an involution. 

If the involution has 
rays, each of these is equivalent 
to two tangents p and p' lying 
indefinitely near to one another , 
and will therefore be the tangent 
at S to some come inscribed in 
the quadrilateral 

There are therefore either two 
conies which touch four given 
straight lines q , r , 5, t and pass 
through a given point S (not 
lying on any of the given lines), 
or theie is no conic which satis- 
fies these conditions 

If, from among the six rays 
aa', W, pp' of an involution, 
five are given, the sixth is deter- 
mined (Art 134) If then in 
Fig 123 it is supposed that the 
conic is given, and that the 
quadnlateral varies in such a 
way that the rays a , a', b remain 
fixed, then also the ray b' will 
i emain invariable , consequently 

If a variable quadrilateral move 
in such a way as to i emam always 
CD own scribed to a given conic, 
uhile three of its lettices slide 
each along one of thi ee fixed con- 
current straight lines, then the 
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Fig 124. 



cdhnear with the three given fourth fixed steraigTtf Ime, 
ones rent with the three given ones. 

187 The theorem of the preceding Art (left) may be 63 
tended to the case of any inscribed polygon having an ev 
number of sides Suppose such a polygon to have 3# sid* 
and to move in such a way that 3# i of these pass reepe 
tively through as many fixed points all lying on a ateogi 
line s (Fig 3 24) Draw the 
diagonals connecting the 
first of its vertices with the 

A fa tftli Qth 2 (n I\ th 

4,0,0, * \i*> A; 

vertex, thus dividing the 

polygon into n i simple 

quadrangles In the first 

of these quadrangles the first 

three sides (which are the 

first three sides of the polygon) pass respectively thron 

three fixed points ons , therefore also the fourth side (whicl 

the first diagonal of the polygon) will pass through a fixed po 

on s In the second quadrangle the first three sides (the fi 

diagonal and the fourth and fifth side of the polygon) p 

respectively through three fixed points on s, therefore 

fourth side (the second diagonal of the polygon) will p 

through a fixed point on s Continuing in the same mam 

we arrive at the last quadrangle and find that tne fouith s 

of this (* e the znP- side of the polygon) passes througl 

fixed point on s We may therefore enunciate the gen 

theoiem 

If a variable polygon of an even numbe) of sides move m sue 
way as to remain always inscribed in a gn en come, uhile all its s 
but one pass respectively through as many fixed points lying o 
straight line, then the last side aho mil pas* through a Jixed p 
cottmear with the otheiz * 

If tangents can be diawn to the conic from the fixed p< 
round which the last side turns, and if each of these tang* 
is considered as a position of the last side, the two veit 
which lie on this side will coincide and the polygon will 1 
only 3 H i vertices The point of contact of each of the 
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PBS 

aage&ts will therefore be one position of one of the vertices 
>f a polygon of a i sides inscribed in the conic so that its 
ides pass respectively through ike 2--i given colhnear 
K>mts. 



IBS The solution of tfee o*rdtefav$ $beorem is left as an 
txereise to the student the enunciation is as follows 

,F variable polygon of an even number (2 n) of sides move* so as to 
emain always circumscribed to a given oomc, while aU its writer 

out one elide along as many &e& 
straight lines radiating from* a centre, 
then the last vertex also witt slide 
along a fixed straight line passing 
the same centre (Fig 




Fig 125 
urrent straight lines 



If the straight line on which 
tins last vertex slides cut the 
conic in two points, and if the 
tangents at these be drawn, each 
of them will be one position of 
a side of a polygon of zn i 
sides circumscribed about the 
conic so that its vertices lie each 
on one of the 2w i given con- 



189 If in Fig 122 it be sup- 
posed that the points S and T he 
ndefinitely near to one another on 
he conic, or in other words that 
ST is the tangent at S, then the 
juadrungle QRST reduces to the 
usciibed triangle QR& and the 
angent at S (Fig 126), so that 
Desaigues theorem becomes the 
ollowing 

If a triangle QRS is inscribed 
n a conic, and if a transiersal s 
neet two of its sides in A and A', 
he third side and the tanytnt at 

in 7? nv)d 72' 



If in Fig 123 the tangents 
s and t be supposed to he indefi- 
nitely near to one another, so that 
st becomes the point of contact of 
the tangent s, then the quadri- 
lateral qrst reduces to the circum- 
scribed triangle qrs and the point 
of contact of s (Fig 127), so that 
the theorem correlative to that of 
Desai gues becomes the following 

If a triangle qrs ib circum- 
scribed about a conic, and if from 
any point S there be drawn the 
straight lines a, a f to two of its 

w> hws f7)P <ttvnin1)t 7i<n0Q A A 7 // 
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r 



three pair* of points are m contact of the opposite side, owd 
tweolution the tangents p,p' to the come, 

then these three paxrs of r&g$ rv 
in involution 

190 This theorem gives a This theorem gives a solution oi 
solution of the problem Guenftve the problem Given fin tamgenb 




Fig 126 

points P , P', Q , R , S on a conic, 
to draw the tangent at any one of 
ikemS 

For if A , A', B (Fig 126) are the 
points in which the straight line 
PP* cuts the straight lines QS, SR, 
RQ respectively, we construct (as 
in Art 134) the point B ' conjugate 
to B in the involution determined 
by the two pairs of points A , A f 
and P, P', then B'S will be the 
required tangent 

191 If in Fig 126 it be now 
supposed in addition that the 
points Q and E also he inde- 
finitely near to one another on 
the come, ^ e that QR is the 
tangent at Q, then the inscribed 
quadi angle QRST is replaced by 
the two tangents at Q and S and 
their chord of contact QS counted 
twice (Fig 128) 




Fig 127 

PJ P'> 9 r^s to a come, tojmd tf 
point of contact of any one i 
them s 

For if a, a', I (Fig 127) are tt 
rays joining the point <pp f to tt 
points qs , sr , rq respectively, \s 
construct (as in Art 134) the ra 
V conjugate to 6 in the involi 
tion determined by the two pan 
of rays a , a! and p , p' , then b 
will be the required point of coi 
tact 

If in Fig 127 it be now su] 
posed in addition that the tai 
gents q and r lie indefinitely nee 
to one another i e that qr is tl 
point of contact of the tangent 
then the en cum scribed quadr 
lateial grst is replaced by tl 
points of contact of the tangen 
q and s and the point of mterse 
tion qs of these tangeiitb count 
twice (Fig 129) 
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also coincide in one point, which 
& consequently one of tJje double 
|X>ints of the involution deter- 
mined hy the pairs of conjugate 




B' 



In this 
theorem 



the following 



// a r<msersaZ cut two tan- 
gents to a conic in B and B', their 
chsH-d (vf contact in A, and the 
in P and P', then the 
povn* A. is a double point of the 
involution determined by the pairs 
of points P, P' and B, B' 



Or, differently stated 
If a variable conic ])ass through 
two giien point* P and P' and 
touch two giien straight lines, the 
chord which joins the points of 
contact of these two straight lines 
will always pass through a fixed 
point on, PP' 

If the tangents QU ', SU viry 
at the same time with the conic, 
while the noints P P' B B ' re- 



a and of will also coincide 
in a single ray a, which is conse- 
quently one of the double rays of 
the involution determined by the 




Fig 129 

pans of conjugate rays p, p' and 
b , b' The theorem correlative to 
that of Desargues then becomes 
the following 

If a given point S be joined to 
two points on a conic by ilie 
straight lines b , &', and to the 
point of intersection of the tan- 
gents at these points by the straight 
line a , and if from the same 
point S there be drawn the two tan- 
gents p j p' to the conic, then a is 
a double ray of the involution de- 
termined by the pairs of rays p , p' 
andb,b' 

Or, differently stated 

If a variable conic touch two 
given straight lines p and p / and 
pass through two given points, the 
tangents at these two points will 
always intersect on a straight line 
passing through pp / 

If the points of contact of q and 
s vary at the same time with the 

whilp fhft friof}it lines 
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one or other of the double points 
of the involution determined by 
the pairs of points P, P' and B, B' 
If then four collmear points P, P', 
B y B' are given and any conic is 
drawn through P and P', and 
then the pairs of tangents from 
B and B' to this conic, then if 
each tangent from B is taken to- 
gether with each tangent from 
jB', four chords of contact will be 
obtained, which intersect one 
another, two and two in the double 
points orthe involution determined 



192 From the theorem of the 
last Article (left) is derived a 
solution of the problem Given 
four points P, P', Q , S on a conic 
and the tangent at one of them Q, 
to draw the tangent at any other 
of the given points S (Fig 128) 

For if A , B are the points in 
which PP' cuts QS and the given 
tangent respectively, and we con- 
struct the point B f conjugate to 
B in the involution determined 
by the pair of points P, P' and 
the double point A, then the 
straight line SB' will be the tan- 
gent required 



lie on one or other of the double 
rays of the involution deieraaned 
by the pairs of rays f ,|/d & , 
If then four concnrreiit sferaiglit 
lines p ,j/, b , If are given andaay 
conic is drawn touching p and^/, 
and then the two pairs of tarn- 
gents to this conic at the points 
where it is cut by b and &, 
then if the tangents at the two 
points on b are combined with 
the tangents at the two points 033 
V, each with each, four points ol 
intersection will be obtained, 
which he two and two on the 
double rays of the involution de- 
termined by p , p' and b , I/ 

From the theorem of the lasi 
Article (right) is derived a solu 
tion of the problem Given fow 
tangents p , p f , q , s to a conic ano 
the point of contact of one of then* 
q, to determine the point of contact 
of any other of the given tangenti 
s (Fig 129) 

Foi if a , b are the rays whici 
connect pp' with qs and with the 
given point of contact respec 
tively, and we construct the raj 
V conjugate to b in the mvolu 
tion determined by the pair o 
rays p ,p' and the double ray a 
then sV will be the requirec 
point of contact , 



193 Consider again the theorem of Art 191, and suppose tha 
the conic is a hyperbola, and that its asymptotes are the tangent 
given (Fig 130) The chord of contact QSlies in this case entiiel 
at infinity, so that the involution (PP',BB f , ) has one doubl 
point at infinity, and theiefore (Arts 59, 125) the other double pom 
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common point of bisection of the segments PP' t BB', 



We 



If a hyperbola and its asymptotes be cut by a transversal, the seg- 
fc&i& mterwpted by the curve and by the asymptotes respectively hawe 
ie same middle pomt 




Kg 130 
From tins it follows that 

PB = B'P' and PB' = BP' *, 

r&eh gives a role for the construction of a hyperbola when the two 
asymptotes and a point on the curve are given t 

194. Consider once more the Consider once more the theorem 
heorem of Art 191 (left), and of Art 191 (right), and suppose 

now that the tangents p and yf lie 
indefinitely near to one another, 
% e let the point S lie on the 



oppose now that the points P 

nd P f are indefinitely near to one 

e let the transversal 

nt to the conic (Fig 

^ A ; .us point of contact P will 



conic itself (Fig 132) The tan- 
gent to the conic at S will be the 





Fig 131 Fig 132 

e the second double point of the second double ray of the involu- 

ivolutiou determined by the pair tion determined by the pair of 

f points B , B' and the double rays b , &' and the double ray a , 

oint^, consequently (Art 125) consequently (Art 125) p and a 

* and A are harmonic conjugates are harmonic conjugates with 
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regard to 
we conclude that 
^ Jw, a 



and B' , and. regard to b aaid V y ad we coo- 



UBB' ctrcum- 
to a conic, any side KB' 
*& divided harmonically % vis 
$omt of contact P and the pomt 
where it meets the chord QSy&mmg 
tlze points of contact of ike offlwr 
^two sides k * 

195 From A a second tangent 
can be drawn to the conic , let its 
of contact be Since the 
,A,B,B', which have 
been shown to beliarmomc, are 
respectively the point of contact 
of the tangent AB, and the three 
points where this tangent cuts 
three other tangents OA , QB, SB' 
respectively, it follows that the 
tangents AB,OA,QB, SB' will 
be cut by every other tangent in 
four harmonic points (Art 149) , 
i e they are four harmonic tan- 
gents (Art 151) And since the 
chord of contact QS of the con- 
jugate tangents QB , SB' passes 
through A the point of intersec- 
tion of the tangents at P and 0, 
we have the theorem 

// the chord of contact of one 
pair of tangents to a conic pass 
through the point of intersection of 
another pair of tangents, then each 
pair is harmonically conjugate 
with regard to the other 

And conversely 

If four tangents to a conic are 
Jiarmonw, the chord of contact of 
each pair of conjugate tangents 
passes through the point of inter- 
section of the other pair 



to 

clndethat 

In a triangle 

a come, aftvy twti sides b <JBM$ V 
are karmomc conjugates ws& re- 
gard to ike tangent pat the ticvtese 
fyi which they meet and the strcagkt 
line joining thus vertex to ike powtf 
of intersection of the tangents q 
and s at the other two vertices. 

The straight line a cats tbe 
conic in a second point, let the 
tangent at this be o Since the 
four rays p , a , 6, V, which have 
been shown to be harmonic, are 
respectively the tangent at &, and 
the straight lines which join S to 
three other points on the come 
(the points of contact of o , #, and 
s) it follows that the straight 
lines connecting these four points 
with any other point on the conic 
will form a harmonic pencil f 
149) , i e the four points 
harmonic (Art 151) And ^ 
the point of intersection of 
tangents q and s lies on the chord 
of contact of the tangents p and o, 
we have the theorem 

If the point of intersection of 
the tangents at one pair of points 
on a conic he on the chord join- 
ing another buch pair of points, 
then eat,h pair is harmonically 
conjugate with regat d to tfie oilier 

And conversely 

If four points on a conic are 
haimoniC) the point of intersection 
of the tangents at each pai} of con- 
jugate points lies on the chord 
joining the other pair 
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by yirtue of the property already established (Arts 148, 149) thai 
the tangents at four harmonic points on a come are themselves har- 
pomc, and conversely We may then enunciate as follows 

If a pavr of tangents to a conic meet in a point lying on the chord 
&f contact of another paw, then also the second pair will meet in a 
point lymg on the chord of e&wfact of the first , and the four tcmgmte 
(and hkewtse ihew powte of contact) will form a harmonic system * 

Tbm m 1^* *&i Q& passes through A, the point of intersection of 
PA and OAj ated similarly OP passes through V the point of inter- 
sects $ Q\*a*i$i SB* , an<f the pencil U (QSPA) is harmonic, and 
B^roe the pencil A (OPQU) 

J F*g 132' the point qs hes on a, the chord of contact of o and p, 
&gd sumkrly fte point op lies on the straight line u which joins the 
pints of contact of q and 8, and the range u (qsap) is harmonic, and 




Example Suppose the conic to be a hyperbola (Fig 133) 
Its asymptotes are a pair of tangents whose 
chord of contact QS is the straight line at 
infinity , consequently the chord joining the 
points of contact of a pair of parallel tangents 
will pass through the point of intersection U 
of the asymptotes , and conversely, if through 
U a transversal be drawn, the tangents at the 
points P and 0, where it cuts the curve, will 
be parallel The point U will he midway 
between P and 0, since in general UVPO 
(Fig 131) is a harmonic range, and in this case V lies at in- 
finity 

Any tangent to the curve cuts the asymptotes in two points B and 
B' which are harmonically con3ugate with regard to the point of con- 
tact P and the point where the tangent meets the chord of contact of 
the asymptotes, but this last hes at infinity, therefore P is the 
middle point of BE' Thus 

The part of a tangent to a hyperbola which is intercepted between 
the asymptotes is bisected at its point of contact t 
This proposition is a particular case of that of Art 193 
198 THEOREM { If a quadrangle is inscribed in a come, the 
rectangle contained by the distances of any point on the curve from 

* DB LA HIRE, loc cit , book i prop 30 STEINEB loc mt , p 159, 43 > 
Collected Works, vol i p 346 
f APOLLONIUS loc cif,n 319 
J To this CHASLES has given the name of PAPPUS' theorem, since it corresponds 



159 



one pair of opposite sides IB to the rectangle c&ntamed by 
from the other pair in a constant ratio 

In Fig 122, the pairs of points P and P', A and A\ B and 
being, by Desargues' theorem, in involution, the anharmonie 
(PP'AB) and (P'PA'B*) are equal to one another, or 

P PS _ P'A' P'B' 
P'A P'B~ PA' PB' 
PB' PA / 
~P'B' P 7 !' 

But PA P'A is equal to the ratio of the distances (measured m 
any the same direction) of the points P and P' from the straight hue 
QT, and the other ratios in the foregoing equation may be interpreted 
similarly , we have therefore 



- 

(AY (By "(I*')' (A')'' 

(A) (A>)_(A)' (AY 

(B) (B>)-(B)> (B'f 

where (A), (A'), (B), (B') denote the distances of the point P from 
the sides QT } R8, QR, ST respectively of the inscribed quadrangle 
QRST, and (A)', (A*)', ()', (BJ denote similarly the distances oi 
the point P' from these sides respectively (These distances may b* 
measured either perpendicularly or obliquely, so long as they are 
measured parallel to one another ) The ratio 



is therefore constant for all points P on the conic , which proves th 
theorem 

199 THBOEEM If a quadrilateral is circumscribed about a conic 
the rectangle contained by the distances of one pair of opposite vertic& 
from any tangent is to the rectangle contained by the distances of tfa 
other pair fr&m the same tangent in a constant ratio * 

In Fig 123 let the vertices qr , qt , st , sr of the cncumsciibec 
quadrilateral qrst be denoted by , T , 2\, R l respectively, let th< 
points where the tangents p, p' meet the side q be called P, P 
respectively t, and let the points where these same tangents meet th< 
side s be called P 19 P/ i effectively Since by the tbeorem corre 
lative to that of Desargues, the pairs of rajs p and p', a and a* 
b and b' } ire in involution, the anharmonic ratios (baj)}/) an< 
(b'afp'p) are equal to one anothei Hence by theoiem (2) c 
Art 149, 

* THA^T^S ^pcttons comaues Art 26 
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Bat -SP 2T 19 equal to tbe rato of ^ie distances (measured in 
ttf ^ sau&e dbrectgton) of ^e poatots ft and ^Tfrom tibe strajgiit hue 
^; g^ ateo J5tJP x -8^ is ^te rafeo of the distances of the points T l 
aad ^ torn iie same eiamgbt line p Tne foregoing equation 
t&erefore expresses that tbe rate 



TP J2 1 P 1 

constant fer every tangent p to tke conic, which proves the 
twem. 
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SELF-CORBESPONBING ELEMENTS AND DOUBLE ELEMEOTS. 

20O CONSIDEK two projective flat pencils, concentric or no 
concentric Through their common centre or through th< 
two centies and O f draw a conic or a circle, and let tit 
cut the rays of the first pencil m.A>JB,Cs and those of t 
second in A' ^ ' > C', Project these two series of poii 
from two new points 19 O/ (or from the same point) lyi 
on the conic, the two projecting pencils 0^(ABC ) a 
Oi(A'B'C' , ) are by Art 149 projective with the two giv 
pencils 0(ABC )and 0'(A'B'C' ) respectively , and * 
therefore projective with one another 

The two series of points ABC and A'B'C' are said i 
two protective ranges on the conic* 

I Now project these two ranges (Fig 134) from two o 
coi responding points, say from A' and A The 
pencils 



will be projective with one another , and since they have i 

self-coi responding ray AA' 9 they are 

in perspective Corresponding pairs 

ot rays will therefoie (Art 80) intei- 

sect on a fixed straight line, so that 

AB' and A'B, AC' and A'C, AD' and 

A r D , will meet on one straight line % 

If any point be taken on *, the stiaight 

lines joining it to A and A' will cut 

the conic again m another pair of coriesponding points 

the ranges ABCD and A'B'C'D' 

* RI?T T AVTTTCJ ^tinmn cJi Qenmehia deni ntn ^Nnnvi 
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If instead of A' and A any other pair of corresponding 
points had been taken as centres of projection, say B' and B, 
the same straight line * would have been arrived at For 
since AB'CA'BC' is a hexagon inscribed in a conic, it follows 
by Pascal's theorem that the point of intersection of B'C and 
0' must lie on the straight line which joins the point of 
intersection of A'B and AB' to that of A'G and AC' (Art 153, 



II A*y posit M in which the conic and the straight line * 
is a self-correspondmg point of the two ranges 
and A' B'C' For if M , -5f ' be corresponding points 
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of the two ranges, it has been seen that A'M, AM' must 
intersect on s , if then M he on s 9 .3f' must coincide with M , 
^ <? a pair of corresponding points of the two ranges are 
united at M 

The two ranges will therefore have two self -co? responding points, 
or only one, or none at all, according as 
the straight line s cuts the conic in two 
points (Fig 135), touches it (Fig 136), or 
does not cut it (Fig 137) 

III From what precedes it is clear 
that two protective ranges of points on 
a come are determined ly ihtee pain of 
corresponding points A and A', B and B', 
C and C f For in order to find other 
pairs of corresponding points, and the 
self-con espondmg points (when such 
exist), we have only to construct the 
straight line s which passes through the points of intersection 
of the three pairs of opposite sides of the hexagon AB'CA'BC' 
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ABB DOUBLE 

be the points where * <rots the come, and any naiaber of pa 
of corresponding points can be constructed fey lielp df ^ 
property that any pair D and #' are such fctefe $*e hs A 
and ^D x (or .B'D and J?#', or '# and CZX) mt^seel OB ' 

201 Instead of projecfove ranges of pomts on ft come we n 
consider projectwe series of tangents to the same Let o, <f fee I 
protective ranges of points (either colhnear or lying on different staraa^ 
hnes as bases) Describe a conic to touch o and o', and draw to t 
conic, from each pair of corresponding points A and A', B and 
G and C', the tangents a and </, I and I', c and </, If E 

these two senes of tangents are cut by two other tangents o^ aad 
two new ranges of points will be obtained, which are parojeetive *w 
the given ranges respectively (Art. 149), and are therefore project 
with one another 

Two s&nes of tangents to a come are said to be protective with 
another when they are cut by any other tangent to the curve in -I 
protective ranges 

I Suppose the first senes of tangents to be cut by the tangent 
and the second by the tangent a The two protective ranges 
formed are in perspectivej since they have the self-correspond 
point aa', the straight hnes which join the pairs of correspond 
points a'6 and 06', a'c and ac' 5 will therefore pass through 
point S This point does not change if another pair of tang 
V and I are taken as transveisals, for by Bnanchons theorem 
straight hnes which join the three pairs of opposite vertices a'b 
ab f , a'c and ac', b'c and be' of the circumscribed hexagon al'c a 
must meet in a point (Art 153, left) 

II If the point S is such that tangents can be drawn from i1 
the conic, each of them will be a self corresponding line of the 1 
piojective series of tangents abc and a'b'c' 

[The proof of this is analogous to that of the corresponding prope 
of two protective ranges of points on a conic (Art 200, II) ] 

III Two projective series of tangents to a conic are determu 
by three pairs of corresponding lines a and a x , b and b', c and 
For in order to find other pairs of corresponding lines, and the s 
corresponding hnes (when such exist), we have only to construct 
point of intersection S of the diagonals which join two and two 
opposite vertices of the circumscribed hexagon ab'c a'bc' The s< 
corresponding lines will be the tangents from S to the conic, and c 
pair of coi responding lines d and df may be constiucted by means 
the property that the points a'd and adf (or Vd and Id', 01 c?d 
cd f ) aie collmear with S 
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IV A range of points A, B> C> on a conic and a semes of tangents 
$, c, to the same are said to be projective with one another, 
ben the pencil formed by joining A, JB, (?, to any point on the 
me is projective with the range determined by a, 6, c, on any 
agent to the conic 

A range of points A, B > > on a come, or a series of tangents 
\ <j, to ijie same, is said to be projective with a range of points 
i a straight line, or a pencil (flat or axial), when this last-mentioned 
igf or penc3 is projective -with the pencil formed by joining 
&(? to any joint on the conic or with the range determined by 
$3 <?, 6n any tangent to the cddic 

T llfeese definitions premised, we may now include under the 
ie- ^ one-dwnensional geometric form not only the range of 
fikgar points, the flat pencil, and the axial pencil, but also 
se range*- -of points on a conic and the series of tangents to a 
fflxe*% and with regard to these we may enunciate the general 
is$oreaa Two on&&mwmona!l forms wfmek are each projective 
. a tkxrd (also of me dimension) cere projective with one another 



YI IVom these definitions it follows also that theorem (3) of 
rt. 149 may be enunciated in the following manner* 

Any series of tangents to a conic is 2>rojecti've with the range formed 
f their points of contact 

"VTE Let A , B, C, and A', B f , C\ be two projective ranges of 
Dints on a conic, and let a, 6, <?, and <a/, V, c', be the tangents 

these points The series of tangents a, b, c, and a', Z/, c', 
e projective with the series of points of contact A, J5, 0, and 
', B\ (?', respectively, and are theiefore projective with one 
lother Let s be the straight line on which the pairs of straight lines 
ich as AB' and A'B, AC' and A'C, BC f and B'Q intersect , and 
t S be the point in which meet the straight lines joining pairs of 
>ints such as ab' and a'6 s ac' and afo, be 7 and 6 7 c, If s cuts the 

me in two points M and N, these must be the self-corresponding 
unts of the ranges ABC and A'B'C' , the tangents m and n 

M and N respectively must therefore be the self corresponding 
les of the piojective series abc and a'6V , consequently the 
raight lines m and n will meet in S 
YIII From the foiegoing it follows that for the consideration of a 

* The introduction of these new one dimensional forms enables us now to add 
the opeiations previously made use of (section by a transversal straight line 
d projection by strai ht lines radiating from a point) two others, viz section of 
lat pencil by a conic passing through the centre of the pencil, and projection of 
ange of colhnear points by means of the tangents to a conic which touches the 
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series of tangents can always be substituted iJmfc of ffcesr points of 
contact, and vice versa 

4 

202 Instead of considering any two projeetave peaeds as 
in Art 200, take an involution of straight lines radla&Qg 
from a point Suppose these to be cnt by a come passing 
through in the pairs of points A and A', and B\ C aiad 
C\ 3 and let these points be joined to any other point O l on 
the conic Since by hypothesis (Arts 122, 123) the pencils 
0(AA'BC ) and 0(A'AB'C' ) are projeetave with am 
another, the pencils O^AA'BC ) and Q^A'AB'C' ) are 
so too (Art 149) , and therefore the rays issuing from L 
form an involution also In this case we say that ike iwo 
protective ranges of point* ABC and A'B'C' on the come form 
an imolution, or that there w on the conic an involution formed by 
the pairs of conjugate points AA* ', BB', <?', * 

I Similarly, if there is given an involution of points on a straight 
line o and if from the pairs of conjugate points there be drawn 
tangents a and a', 6 and &', c and c', to a conic touching o, these 
will be cut by any other tangent to the conic in an involution of 
points , in this case we say that aa', W> cc' t form an ^n'v6but^on of 
tangents to the come (cf Art 201) 

II If several pairs of tangents oaf, W, cc' to a conic torm 
an involution, their points of contact AA\ BB', CCf, form an 
involution also, and conversely (Art 201, VI) 

203 Of the six points A , B\ C , A', B , C' on a come 
considered in Art 200, let C' lie indefinitely near to A, and 
C indefinitely near to A! The projective ranges (ABC ) or 
(ABA' ) and (A'B'C' ) 01 (A'B'A ) will then form an 
involution (AA\ BB\ ) and the inscribed hexagon is replaced 
by the figure made up of the inscribed quadrangle AB'A'B and 
the tangents at the opposite vertices A and A' (Figs 115, 138) 
We conclude that 

An involution of points on a conic is determined by tuo pairs 
AA', BB' 

I In order to find othei pairs of conjugate points it is onl} 
necessary to constiuct the straight line s which joins the point 
of intersection of AB' and A'B to that of AB and -L'B', i e to 

* STAUDT Beitiw/e zut Geonutnedei Lage (Nuraberg, 18^6-57-60 , Arts 70 
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bow the straight line joining the points of intersection of tha 
>airs of opposite sides of the inscribed quadrangle AB'A'B 

The points where s cuts the conic 
are the double points Pairs of 
eonjtiga&e points will be coipistructed 
by remembering that any pair C 
ff are such that the straight 
aad A'C' (or AC' and A'q, 
or <? and B'C' 9 or J?'tf and -Btf'J 
intersect on * 

IL The tangents at a pair of 
conjugate points^ such, as A and A', 
j?and v2?' a ^ likewise intersect on 
the straight line * (Art 166} 

HL jSnce the p$u& of sides 5(7 
aad yO\ CA a&d C'A', AS and 
Jfy of i&e* triangles ABO, A'B'C' 
intersect in three points lying on 
& sfeaight line *, the tnangles are homologieal (Axt, 17)*, and 
Sie straight lines AA', BB\ CC f will meet in one point 8 But 
AA' and -RZ?' suffice to determine this point , accordingly 

Any pair of conjugate points of the involution are colhnear with a 
fixed point S , or 

Every straight line drawn through 8 to cut the conw determines 
w it a pair of conjugate points of the involution 

IV It has been seen that if s cuts the conic in two points 
M and ^ these are the double points of the involution The 
.angents at 11 and N will therefore meet in S 

V Conversely, tie pairs of points in which a conic is cut 6y 
l he rays of a pencil whose centre S does not he on the curve form 
in involution 

For if A and A\ B and B 'are the points of intersection 
)f the curve with two of the rays, these two pairs A A' 
ind BB' deteimme an involution such that the straight 
ine joining any pair of cioi responding points always passes 
.hrough a fixed point, viz 8 If the involution has double 
>oints, these aie the intersections of the conic with the 




* The triangles A'BC and AD C , AB'C and A BC' } ABC' and A B'C are 
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straight line s which, joins the point of mteffseelioii ef -42? aacl 
.4'.B' to that of .IB' and ^'5 

VI If from different points of a straight line pairs tf tangferto 
a and a', & and &', c and c', be drawn to tibe come, i&ese fem 
involution For if A and -4', # and J^, and 0', are 

contact of the tangents aanda', & and V,c an4< 
S is the point of intersection of the chords AA f and B&, OX&L m ^ 
involution determined by the pairs A , A' and ^B , B' the straight hue 
joining any other pair of conjugate points will pass tbroagli B !|fefi 
point C and its conjugate he therefore on a straight line pas&ng 
through S t and the tangents at these points must meet on the 
straight line joining the points oaf and W> i& on * , the conjugate 
of is therefore (7 7 This shows that A and A', B and ^ (7 and O 
form a range of points in involution, and that consequently a and ct 
b and & 7 , c and d form a series of tangents in involution. 

VII If M and N are the double points of an involution 
AA f , BB', CO', of points on a conic, it has been seen thai 
AB, A'B', MN are three concurrent straight lines (the same i* 
the case with regard to AB', A'B, MN) In consequence then o1 
theorem V, above, we conclude that 

If AA f and BB f are faoo fairs of conjugate elements of m 
tion, and MN the double elements, t7ien MN, AB, and A^ 
similarly MN, AB', and A'B) are three 2>airs of conjugate elt 
of another involution 

Vin The straight line s cuts the conic (see below, Ar 
254) when the point S lies outside the conic (Fig 138), that is 
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when the aics AA f and BB' do not overlap one another , wher 
these aics oveilap, the point 8 lies within the conic and th 
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arrive again at the property already proved in Art 128, viz. 
that 

An ^nwlutlon has two double elements when any two pairs of 
conjugate elements are such that they do not overlap , and it has no 
double elements when they are &%ch that they do overlap 

In no case can an involution, properly so called, have only 
one double element For if s were a tangent to the conic, 
B would be iiB point of contact, and of every pair of conjugate 
joints one wmfld coincide with 8 (cf Art 125) 
' 204* If (MNAB ) and (MNA'B' ) are two projective 
uaijges of points on a come, M and JVwill be the self-corre- 
sponding points, and the straight line MN will pass through 
the point of intersection of AB' and 
AfB (ArV 200) Now let B' be sup- 
posed to lie indefinitely near to A 
and similarly B to A ', so that the 
straight lines A' and A'B become 
in the limit the tangents at A and 
^'respectively (Fig 140) Since now 
MNAA' and MNA'A are groups of 
corresponding points of two projective 
~ ranges, the two pencils mnaa' and 

mna'a formed by joining them to any 

point on the conic will be projective , and therefore mnaa' 
is a harmonic pencil (Art 83) We thus arrive again at the 
second theorem of Art 195 (right) , viz 

If four points M ,N ,A,A' on a come ate harmonic, the tangents 
at one pair of conjugate points, say A and A', intersect on the chord 
MN joining the other pan , 
and its corielative (Art 195, left), 

If jour tangents to a conic are harmonic, the point of inte) section 
of one pair of conjugates lies on the chord of contact of the othei 
pair 

From the foimei of these it follows that if through the 
point of intei section 8 of the tangents at M and N straight 
lines be diawn cutting the conic in A and A', B and B\ C and 
(', lespectively, any of these pans of points will be hai- 
momcally conjugate with regaid to M and N The tangents 
at A and A\ B and B\ C and C', will theiefoie intersect in 
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In other -words 

If from any point t&ere be drawn to a oomc 
a secant, the two points of contact and 
the two points of intersection form a 
harmonic system 

The points (AA'\ (BB'\ (CC'\ 
form an involution of which M and 
N are the double points (Art 203, 
HI, IV) We therefore arrive again 
at the property of an involution 
that if it has two double elements these are separated harmoi 
cally by any pair of conjugate elements (Art. 125) 

205 Suppose now that the conic is a circle (Fig ill) From t 
similar triangles SAM, SMA', A 

AM MA' SM SA', } 

and from the similar triangles SAN, SNA' 

AN NA' SN SA', ' 

AM __ A'M e SM _ s ~ 

AN A'N' 
or AM A'N=AN A'M 

But by Ptolemy's theorem (Euc vi D), 

AA' MN = AM A'N+AN A'M 

If then M, N, A } A' are four harmonic points on a circle, 
\AA' MN = AM A'N = AN A'M 

206 The pioperties established in Ait 200 and the followi 
Articles lead at once to the solution of the important problem 

To construct the self-corres%)0nding elements of two supposed p 
jective forms) and the double elements of an involution 

I Let two concentric protective pencils be given, ivhich are dett 
mined ly three pairs of corresponding ray* 
(Fig 142), it is required to construct their 
self-corresponding rays 

Through the common centie describe 
any ciicle, cutting the thiee given pans 
of rays in A and A', B and B', C and C' 
respectively Let AB', A'E meet in E, 
and i C', A'C in Q , if the straight line QR 
uit the ciicle in two points M and N, 
then OM ', ON will be the icquired self- F 'g J 4 2 
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H. L& A and A', B and B', and C' (Fig 143) le three pairs 
GOT* espondmg points of two cottmeaar ranges, vt is required to 
the sdf-correspon^wg pomte* 
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Describe any circle touching the common base o of the two ranges, 
and to this circle draw from the given points the tangents a and a', 
o and V, c and c' Let r be the straight line which joins the points 
db'> a'b, and q that which joins the points acf, a f c If the point qr 
lies outside the circle and from it the tangents m and n be drawn to 
the circle, then the points om, on in which these meet the base will 
be the required self corresponding points of the two ranges 
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From project the given points upon fee 

circle, and let A l and 4/, J^ and j&/, O a and (7/ be ite 

toons of A and ^', and B ', and (7' 

meeting in R, and -4A' A^O^ 

meeting in Q (or BjO^ B/Cj meet- 
ing in F) If the straight hne PQR 

cut the circle in two points M 19 N iy 

and these be projected from the 

point back upon the given base o, 

then their projections M , N will 

be the required self-corresponding 

points of the given ranges * * 

HI In (I) let the two pencils 
be in involution (Fig 145), and let 
it be required to find the double rays 

Two pairs of conjugate rays suffice now to determine the j 
cils Draw through the centre any circle cutting the gi 
rays in A and A', B and B' respectively Let AB' , MB meet 
R, and AB , A'B' in Q , if the straight line Q# cut the circk 
two points Jf and N 9 then 0Jf , 0-Af will be the required double i 
of the involution 

IV Let A and A', B and B' be two given pairs of conjugates oj 





involution of points on a straight hne , it is required to find 
double points (Fig 146) 

Draw any circle in the plane and take on it any point ^ 
project the given points upon the circumference of the circle, i 
let A, and ^', A end B/ be the pi ejections of A and A' ,B and 
respectively Let A& , A& meet in i, and A l S l , A, B, in 
QR cuts the circle in M, , N 13 and these points be projected fron 
back upon the given straight line, then their projections M , 3 i 
be the lequired double points 

^ 6S I* 8Jld 46 Collected \t orks, ^0 
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Oth&rwise 

Describe a circle touching the base AB (Fig 147), and draw to 
this circle from the points A and A'^ and ', the tangents a and a', 




Kg 147 

b and V, respectively Let r be the straight line which joins the 
points aV, cfb, and q that which joins the points db, a'V If the point 
qr lies outside the circle, the tangents m and n from this point to the 
circle will cut the base line of the involution in the lequued double 
f points 

207 THEOEEM A pencil m involution is either such that every 
ray is at rtght angles to its conjugate, or else it contains one and 
only one pair of conjugate rays including a right angle 

Consider again Art 206, III , if the point of intersection S 
of the stiaight lines AA\ BB', is the centre of the circle 
(Fig 148) then AA', BB\ aie all diameters, and therefore 
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each ray^C 
OA\ OB', 



Fig 149 

OB, will be at light angles to its conjugate 
In this case then the involution is formed by a 
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But if $ is not the centre of the circle (Fig 149), 
the diameter through it , if C and (f are the 
this diameter, the rays OG, OC' will include , ^ ^ 
But these will be the only pair of conjugate ray$ whie 
possess this property, since through S only one diameter ca 
be drawn 

208 This proposition is only a particular case of tib 
following one 

Two superposed involutions (or such as are contained m t&e san 
one-dimensional form) have always a pair of conjugate dem&xU \ 
common^ except in the case where the involutions ha&e dot& 
elements and the double elements of the one overlap those of the othe 

Take two involutions of rays having a common centre < 
and let a circle drawn through cut the pairs of coi 
jugate rays of the first involution in the pairs of poin 
(AA' 9 BB', ) and those of the second in ((?<?', HH' 9 ) L 
8 be the point of intersection of AA',BB\ and T that 
GG',HH', If the straight line ST cut the circle in tv 
points E and E\ these will be a conjugate pair of each invol 
tion, since they are collinear with 8 and with T also Let i 
now examine m what cases ST will cut the circle 





Fig 151 

In the first place, it will ceitainly do so if one at least of ti 
points S, T lies within the circle (Art 203, VIII), t e if one i 
least of the involutions has no double elements (Figs 150, 151 

Secondly, if both the points 8 9 T lie outside the circle, i e 
both the involutions have double elements, then the straigt 
Ime STm&y 01 may not cut the circle If OJU, <^are tl 
double elements of the first involution, OU 9 07 those of tl 
second, the lays OE 9 OA'must be harmonically conjugate bol 
with regaid to OM, O^and with regard to Ol\ 0V , but (Ai 
- - whic 
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at the same time harmonically conjugate with legard to 
i of the two pairs OM , ON and OU, 07, it is necessary and 
icient that these two pairs should not overlap If then 
K3 pairs do not overlap, /SPwiJl cut the circle (Fig 153) , 

ja , 
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reas if they do overlap, 8T will not cut the circle (Fig 
) The two involutions have theiefore a common pair of 
ugate elements in all cases except this last viz when they 
i have double elements and these overlap 

n Figs 150, 151 ctnd 152, are shown cases of two involutions 
ng a common pair of conjugate elements E and E' ' } Fig 153 
ae other hand illustrates the case where no such pair exists ] 
)9 The preceding problem, viz that of determining the common 

of conjugate elements of two involutions superposed one upon 
>ther, depends upon the following, mz to determine (in a range, 
pencil, or on a conic) a pair of elements which are harmonically 
igate with regard to each of two given ])aiis This problem has 
dy been solved, for the case of a lange, in Art 70 , the following 
other solution 

ippose that we have to deal with a range of points lying on a 
^ht line Take any circle and a point on it, and project the 
i points from upon the circumference , let M , N and U , T be 

projections (Fig 152) Let the tangents at M and N to the 
* meet in S, and the tangents at U and V in T If the pair MN 

not oveilap the pair UV, then ST will cut the cncle in two 
s E and E', which when projected back from upon the given 
*ht line will give the points lequned 

The double points of the involution determined by the pairs 
' and B B' are the common pair of conjugate elements of two 
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and A', B' } the other by the pairs A, B' and A', B (&et 20$ 
VII) ' 

From this follows a construction far ike fozMa pomts <tf an 
^nvolut^on of colhnear pawris wUch ts deterwmed % the jaa& 4 ^ j? 
and B 9 B' Take any point G outside the base of t&e involnSoi* 
and describe the circles GAB, GA'B' ', they wifl meel m another 
point, say in H Similarly let K be the second point of mteKsee^^ 
of the circles GAB', GA'B Every circle passing through G and M 
meets the base in a pair of conjugate points of the involution AB, A'B' 
(Art 127) , so too every circle passing through G and K gives a pair 
of conjugate points of the involution AB', A'B If then the cirxsk 
GHEloe described and it meet the base, the two poratsof mfcersedaon 
will be the double elements of the involution AA', BB'* 

21L It follows from the foregoing that the <kterrainafeoa of the 
self-corresponding points of two projective ranges ABC and 
A'B'C' on a conic (and consequently of the self-correspoading 
points of any two superposed protective forms) reduces to the con- 
struction of the straight line 8 on which intersect the pairs el 
straight lines AB' and A'B, AC' and A'C, BO' and B'C, Simi- 

larly the determination of the double points of an involution AA'> 
BB', depends on the construction of the stiaight line s on which 
intersect the pairs of straight lines AB and A'B', AB' and A'B, 
or the pairs of tangents at A and A', B and B', 

Conversely, if any straight line 8 (which does not touch the conic) 
is given, an involution of points on the conic is thereby determined , 
for it is only necessary to draw, from different points of B, pairs of 
tangents to the conic, and the points of contact will be pairs of 
conjugate points of an involution 

But, on the other hand, in order that two projective ranges of 
points ABC and A'B'C' may be determined, there must be 
given, in addition to the straight line s, a pair of conjugate points A 
and A' also , then the straight lines joining A and A' to any pint 
on s will cut the conic in a pair of corresponding points B' and B 

Two projective ranges of points determine an involution , for the) 
determine the straight line s, which determines the involution If 
the two ranges have t\v o self corresponding points, these will also be 
the double points of the involution 

* CHASLES, Geomttrw suptneure, Art 263 
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PBOBLEMS OF THE SECOND DEGBEE 



PEOBLBM Given five points PROBLEM Given jvoe tangents 

0,0', A,$, C on a conic, to o, o', a, b, c to a conic, to, draw 

Determine the points of intersection a pair of tangents to the cwrve 

* a* MM? wth a, aiven straight from a given point S 

of Consider the points where two 

he of the tangents o, o' are met by 

y he the others a , b, c (Fig 155) } the 




pencils (A,B,C, ) and 
O f (A , B, C, ) will be piojective, 
and will cut the tiansversal s 
in points forming two collmear 
piojective langes 

A point M which corresponds 
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ranges o (a, b, c, ) and 
o' (a , b , c , ) will be piojective 
and if pi ejected irom S as centie 
will give two concentric projec 
tive pencils 

Any ray m which conesponds 
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also be a point on the come, since also be a tangent to the come* 
a pair of corresponding rays of since a pair of 
the two pencils must meet in M 
The points of intersection of ihe 
conic with the straight line s are 
therefore found as the self-corre- 
sponding points of the two colli- 
near ranges which are determined 

on s by the three pairs of corre- 
sponding rays OA and 0*A , OB 

and (75, OC and O r G There 

may be two such self-correspond- 
ing points, or only one, or none 

at all , consequently the straight 

line s may cut the conic in two 

points, or it may touch it, or it may 

not meet it at all The construction 

of the self-corresponding points 

themselves may be effected by 

either of the methods explained 

m Art 206, II 



points of the two ranges o aad </ 
must lie on m* The taaagearfae 
from # to the conic are therefore 
found as the self-corresposdiBg 
rays of the two concentne pencils 
which are determined by the rays 
jnrn-mg S to the three pairs of 
corresponding points oa and cfa, 
ob and </&, oc and cfc. OBiere 
may be two such seK-<xrcespQXfe6V 
ing rays, or only one, or none at 
all, consequently there can either 
be drawn from the point S two 
tangents to the conic, or S is a 
point on the conic, or else from S 
no tangent at all can be drawn. 
The construction of the self- 
corresponding rays themselves 
may be effected by the method 
explained in Art 206, I 

In a similar manner the pro- 
blem may be solved if there be 



213 In a similar manner the 
problem may be solved if there 

be given four points 0, 0',A>B given four tangents o, o', a, I to 

on a conic and the tangent o at a conic and the point of contact 

one of them , or three points of one of them o , or three tan- 

0, 0', A and the tangents o and gents 0,0', and the P mts of 



at two of them and O f In 
the first case the two pencils are 
determined by the three pairs of 
rays o and O'O , OA and O'A, 
OB and O'B , and in the second 
case by the three pans o and 
O'O , 00' and o', OA and (/A 



contact and O r of two of them 
o and o f In the former case 
the three pairs of points which 
determine the two ranges are 
and o'o, oa and o'a, ob and 
o'l , in the latter case they are 
and o'o, oo / and 0', oa and 



If however theie be given fi\e It howevei there be given five 

tangents, or foui tangents and points on the conic, or four points 

the point of contact of one of and the tangent at one of them, 

them, or three tangents and the or three points and the tangent* 

points of contact of two of at tu o of them, we may begin b\ 

them, we may begin by first con- first constructing such of the 

structmg such of the points of tangents at the points as are 
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already given (Arts 180, 171, 1 7 1 5 175), the problem will then 
177), the problem will then reduce reduce to one of the cases given 
to one of the cases given above above 
\f 

214 In the construction given in Art 212 (left) suppose that the 

come is a hyperbola and that the given 
straight ling s is one of the asymptotes 
(Pig 156) The coBmear protective ranges 
determined on # by tlie pencils 0(A, B, 0, ) 
and 0*(A.,B>0, ) wi&liave in thus case 
one self-corresponding point, and this (being 
the point of contact of the hyperbola and 
the asymptote) will lie at an infinite dis>- 
tance But in two collmear ranges idbose 
self corresponding points coincide in' a Bingle 
one at infinity, the segment intercepted between any pair of corre- 
sponding points is of constant length (Art 103) We ; therefore 
conclude that 

If from two faced points and 0' on a hyperbola there le drawn 
two rays to cut one another on the curve, the segment PP f which these 
intercept on either of the asymptotes is of constant length * 




Fig 156 
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215 If in Art 212 (left) the straight line s be taken to he at 
infinity, the proLlt m becomes the following 

Given five point* , <7, A , B , C on a come, to determine the point* 
at infinity on it (Fig 157) 
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Consider again the protective pencils O (A > B * @ > } 
0? (A , 5, (7, ), wiadi determine on tibe straight koe at isfinitj^ 
collmear ranges wnose self^eotresponding points a*e ibe leqcc 
points at infinity on the ^omc. Since each of these self^xsmsposae 
points must he not only at the mtersectaon of a pair of correspond 
rays of the two pencils bat also on the line at infinity s, ihe da 
spending rays which meet in such a point fimst be paralkl to 
another , the problem therefore reduces to the detenmnafeoa of 
pairs of corresponding rays of the two pencils which are paralk 
one another 

In order then to solve the problem we draw through i&e para! 
OA', OB', OC' to (/A, / B, ffC respectively, and then consfe 
(Art 206, I) the self-corresponding rays of the two ooncen 
pencils which are determined by the three corresponding pairs 
and OA', OB and OB', OG and OG' If there are two self-co 
spending rays OM and ON, the conic determined by the five gi 
points is a hyperbola whose points at infinity he in the direct 
OM, ON , ^ e whose asymptotes are parallel to OM and 
respectively 

If there is only one self-corresponding ray OM, the conic <k 
mined by the five given points is a parabola whose point at mfi 
lies in the direction OM 

If there is no self corresponding ray, the conic determined by 
five given points is an ellipse, since it does not cut the straight 
at infinity 

If in the first case (Fig 157) it is desired to construct the aby 
totes themselves of the hyperbola, we consider this latter as determi 
by the two points at infinity and three other points, say A , B, 
C , m other words, we regard the hypeibola as generated by the 
projective pencils, one of which consists of rays all paiallel to ( 
and the othei of rays all parallel to ON, and which are such that 
pair of conesponding rays meet in A, a second pair in B, EE 
third pair in C The lays which correspond m the two pei 
lespectively to the straight line at infinity (the line joining 
centres of the pencils) \\ill be the asymptotes requned 

Let then a, I, c (Fig 157) be the rays parallel to OM which ] 
through A, B, C respectively, and let a', b', c' be the rays par 
to ON which pass through the same points respectively Join 
points al' and afb and the points M and b'c, and let K be the p 
of intersection of the joining lines , the straight lines drawn thro 
K parallel to OM and ON will be the required asymptotes 

216 PROBLEM Given five points A, B, C, D, E on a come 

JMW tie tnmnpvt* frfM ft mi t>n Mint V fn fJ)f> 
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(lef&X t>J making use of the properties of the involution (Art 203) 
pbtained by cutting the conic by transversals drawn through S 

Join SA , SB (Fig 158) , these 
straight lines will .cut the come 
again in two new points A r and J', 
which can be determined (making 
use of the ruler only, and without 
drawing the xjurve) by means of 
^c Pascal's theorem (Art 161, right) 
(In the figure the points A' and 
B' have been constructed by means 
of the hexagons ADCBEA' and 
BECADB' respectively) Now 
let the point of intersection of AB 
and A'B' be joined to that of AB' 
ae s will pass through the points of contact of 
irt 203} The problem therefore reduces to 
e points of intersection of the conic and the 
i2, left) 

a. To find the points of intersection of a given 
straight line s and a conic which is 
determined ty fwe given tangents, 
may similarly be made to depend 
on that of Art 212 (right), by 
making a construction (Fig 159) 
analogous to the foregoing one 

And the problem, To draw 
through a given point a straight 
line which shall divide a given 
triangle into two parts having to 
one another a given ratio t may be 
solved by reducing it to the follow- 
ing construction To draw fiom 
the given point a tangent to a 
hyperbola of which the asymptotes and a tangent are known 
These are left as exercises to the student 




218 PROBLEM To construct 
a ionic which shall j)ass through 
four gnen points Q , R , S , T , 
and shall touch a given straight 
line s which does not pass through 
any of the given points 



To construct a conic which shall 
touch four given straight lines 
q, r, s t t , and shall pass through 
a given point S which does not lie 
on any of tlie given lines 



A' 



T*' 
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be the points where the sides joining the point S to the vert 

QT , RS , QR , /S2 7 respectively qt,r8,qr>st respectively of 

of the quadrangle QXtST cut quadrilateral qr& (Kg n 

the straight hue s (Fig 160) Construct the double rays 




Pig 160 

Construct the douhle points (if 
such exist) of the involution de- 
termined by the pairs of points 
A and A', B and B f 

If there are two double points 
M and N, each of them will be 
(Art 185, left) the point of con- 
tact with s of some conic cir- 
cumscribed about the quadrangle 
QEST Each of the comes 
QRSTM, QRSTN therefore gives 
a solution of the problem, and 
these comes can be constructed 
by points by help of Pascal's 
theorem {Art 161, right) 

If however there are no double 
points, there is no conic which 
satisfies the conditions of the 
problem 
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such exist) of the involution 
termmed by the pairs of ] 
a and a 7 , 6 and V 

If there are two double i 
m and n, each of them wil] 
(Art 185, right) a tangeni 
S to some conic inscribed 
the quadrilateral qrst Eacl 
the comes qrstm, qrstn there] 
gives a solution of the probL 
and these conies can be c 
structed by tangents by helj 
Bnanchon's theorem (Art 1 
left) 

If however there are no doi 
id}s, there is no conic wl 
satisfies the conditions of 
pioblem 



219 If m the foregoing Art (left) the stiaight line s be taker 
he at infinity, the problem becomes the following 

To construct a 2>arabola which shall pass through four gtten poi 
Q,E,S,T 

To solve it, take any point (Fig 162), and through it di 
the lays a, of, 5, V parallel lespectively to the straight li 
QT, US , QR , ST, and constiuct the double rays (if such exj 
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gach of these double rays will determine the direction in which hes 
the point at infinity on a parabola passing through the four given 
poants, the problem therefore reduces to 
the last problem of Art 165 If however 
the involution has no double rays, no 
parabola ean be found which satisfies the 
conditions of the problem 

Through four given points therefore can 
be drawn either two parabolas or none, 
in the first case the other comes which 
pass through the given points are ellipses 
and hyperbolas, in the second case they 
are all hyperbolas The first case occurs 
when each of the four points hes outside 
the triangle formed by the other three 
|&4. wlhen ih& <p*I*ang!e formed by the four points is non-reentrant}, 
the second ease when one of the four points hes within the triangle 
formed by t&e other three (a e* wbea the <|aachrangle formed by the 
four points is reentrant) 

22O If in Art, 218 (right) one of the straight toes q,r,s 9 t hes 
at infinity, the problem becomes the following 

To construct a parabola which shaft touch three given straight Imes 
and shaU pass through a given point 




221 PEOBLEM To construct 
a conic which shall pass through 
three given points P , P', P" and 
^hall touch two giwn straight lines 
q and s, neither of u>hich passes 
thi ough any of the given points 

Solution This depends on the 
theoiem of Ait 191 (left) Join 
PP'j and coDSider it as a trans- 
versal which cuts the conic in 
P and P', and the pair of tan- 
gents q and s in the two points 
B and B' (Fig 163) II A and A l 
die the double points of the in 
volution determined by the two 
pairs of points P and P ', B and B', 
the chord of contact of the conic 
and the tangents q and s must 
pass through one of these -points 



To construct a conic which 
shall touch three given straight 
lines p, p', p" and shall pass 
through tuo given points Q and S, 
neither of which lies on any of the 
given straight lines 

The solution depends on the 
theoiem of Art 191 (right) Con- 
sider pp' as a point from which 
the tangents p and p / have been 
drawn to the conic, and the rays 
b and V to the two points Q 
and S (Fig 164) If a and a z are 
the double rays of the involution 
determined by the two pairs of 
rays p and p', b and &', the point 
of intersection of the tangents at 
Q and S to the conic must lie on 
one of these ravs bv the theorem 
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Bepeat the same reasoning for 
the case of the transversal PP", 
which cuts q and s in D and Z>", 




Pig 163 

if (7 and G- L are the double points 
of the involution determined by 
the two pairs of points P and P", 
D and D", the chord of contact 
must similarly pass through 
C or <7 X The problem admits 
therefore of four solutions, wz 
when the two involutions 
(PP', BB') and (PP", Z>Z>") 
both have double points, there 
are four comes which satisfy the 
given conditions If the double 
points are A , A l and C , G 1 
respectively, the chords of con- 
tact of the four conies and the 
tangents q and s are AC, A^C , 
A C l , and A 1 G l Of each of these 
comes five points are known, mz 
P, P', P", and the two points 
of intersection of A C (or of A 1 G } 
or AG 19 or A^G^ as the case may 
be) with q and s, they can ac- 
cordingly be constructed by points 
hv means of Pascal's theorem 



reasoning for the ease of the pot 
" from which are cbswn t 
d and d" to the 



rays 



pom 
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Q and S> if c and Cj are 1 
double rays of the involution < 
termmed by the two pairs c 
p and p" } d and c", the poi 
intersection of the tangents mi 
similarly lie on c or C T 1 
problem admits therefore of fc 
solutions, mz when the two 
volutions {$p f , Kb') and ( ^p", dc 
both have double rays, there a 
four comes which satisfy the gr\ 
conditions If the double rays t 
a , a l and c , c 1 respectively, t 
points of intersection of t 
tangents at Q and S to the fc 
conies aie ac, a^c , ac lt and Oj 
Of each of these comes fi 
tangents are known, viz jp, y, j. 
and the two straight lines whi 
join ac (or ^c, or a^, or a^, 
the case may be) to Q and 
they can accordingly be co 
structed by tangents by means 
Brianchon's theorem (Art 1 



FBOBLEMS OF THE SECQN3> DE&BEE 

PBOBLBM To construct a polygon, whose vertices shall lie <m 
givm straight lines (each on each) t and wflose sides shall pass through 
gww points (each through each *) ) 

Solvfoon For the sake of simplicity suppose that it is required 
&> construct a quadrilateral, whose vertices 1,2,3,4 shall lie 
respectively on four given straight lines ^ , s z , * 8 , s 4 , and whose 
sides 12 , 23 , 34 , 41 shall pass respectively through four given points 
$3, SB #34 , #41 (Fig x6$) The method and reasoning will be the 
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same as for a polygon of any number of sides Take any points 
A l) S l) <?! , on 5 : and project them from S 1Z as centre upon s^ and 
let A 2 , %t , C z , be their projections Project A z , B z , C 2 , from 
#23 as centre upon $ 8 , and let A B , S S) (7 3 , be their projections 
Project A s , J? 3 , <? 8 , from S4 as centre upon $ 4 , and let -4 4 , B 4i 4) 
he liheir projections Finally project ^ 4 , J? 4 , G t , from 5^ as centre 
upon &L, and let A , 5, (7, be their projections 

The points $ M , /^g , $ 34 , S 4l are the centres of four protectively 
related pencils , for the first and second are in perspective (since 
their pairs of corresponding rays A^^^B^B^, and A 2 A 3 , B^B B , 
mteisect on s ), the second and third are in perspective (pairs of 
corresponding rays intersect on $ 3 ), and similarly the third and fourth 
are in perspective (pairs of corresponding rays mteisect on $ 4 ) Con- 
sequently (Art 150) pans of corresponding rays of the first and 
fourth pencils (such as A^A^ and AA) will intersect on a come, 01 
in other words the locus of the fir&t vertex of the variable quadri- 
lateral whose second, third, and fourth vertices (A 2 , A B , A 4 ) slide 
respectively on three given straight lines ($ a , s s , $ 4 ) and whose sides 
(A^A 2 , ^ 2 -4 3 , A B A A , AA) pass respectively through four given pomt& 



223] PBOBLBMS 01* THE SEOOIfD 

is a conic* This conic passes through the points 8*, 8 A9 1 
centres of the pencils which generate it , in order therefore to clet 
mine it, three other points on it must he known , the intersects 
of the three pairs of corresponding rays A t A 2 and AA , B^B^ and j& 4 
(7^3 and 0$ will suffice It is then only necessary further to ei 
struct (Art 212) the points of intersection M and N of tfee strat| 
line s with the conic determined hy these five points, either M < 
can then be taken as the firlt vertex of the required quadrilateral 

This construction may he looked at from another point of view 1 
hroken lines A^A^A , BjBJBjBJB , and OJ3J3J3JO may he regar< 
as the results of so many attempts made to construct the required q& 
rilateral , these attempts however give polygons which are not cio* 
for A does not in general coincide with A 19 nor B with B 19 
with (/! These attempts and all other conceivahle ones which mi 
similarly be made, but which it is not necessary to perform, give 
the straight line 8 : two ranges 4 r # 1 C r 1 and ABC , one be 
traced out by the first vertex and the other by the last vertex of 
open polygon These ranges are protective with one another, si 
the second has been derived from the first by means of projects 
from S& 9 $23 , $ M , Su as centres, and sections by the transver 
s z > *s 9 s * 9 s i Each of the self-corresponding points therefore of 
two ranges will give a solution of the problem , for, if the first vei 
of the polygon be taken there, the last vertex will also fall on 
same point, and the polygon will be closed 

In the following examples also the method remains the 
whatever be the number of sides of 
the polygon which it is required to 
construct 

223 PBOBLEM To inscribe in a 
given t conic a polygon whose sides 
pass respectively th/rough given points 

Solution Suppose that it is re- 
quired to inscribe in the conic a 
tuangle whose sides pass lespectively 
through three given points S 1 ,S Z ,S S 
(Fig 1 6 6) Let us make thiee trials Take then any three po 
A , B , G on the conic , join them to S^ and let the joining L 
cut the conic again m A 19 B 19 C lt join these points to & and 

* This theorem, viz that 'if a simple polygon move in such a way thai 
sides pass respectively through given points and ill its vertices except one s 
respectively along given straight lines, then the remaining vertex will descn 
conic, is due to MACLAUBIN (Phil Trans , London, 1735) Of CHASLES, Ap 
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tite joining hnes cut the come again in A^ , J5 2 , C 2 , finally join 
these points to S 5 and let the joining lines cut the conic again 
in A* ', B' t C* Since the pomt finally arrived at> A' or B r or C' y 
does not m general coincide with the corresponding sfearting-point 
A or B or 0, we shall have, instead of an inscribed triangle as re- 
the problem, ihree polygons AA^A^A' , BB^BJB" 9 CCftcf}' 
are not closed. But since, by a series of projections from 
$ a> S 9 m stioeessotoBL as centres, we have passed from the 
A> J?, 0, to he range -4^^, O v f from this last to 
^ 2 , . and from this to !*,.', O 7 , , it follows that ihe 
I > 5 , (7 , > wrtt which we started is protective with 
, with which we ended (Arts 200,201, 

The problem would fee solved if one of the points in tbe latter 
safige coincwied with its correspondent in the former If then the 
too protective ranges ABO md A f B r C f hare self-corresponding 
, each of these may be taken as the first vertex of a triangle 
sa&dies tine given co-ndttixmsw We itave therefore only to 
dieiemtiEbe (Art 200, II) ^e straight line on wkteh intersect tbe tbree 
f opposite sides of tbe inscribed hexagon AB'CA f B& 9 and ta eoior 
intersection' Jf and N of tins straight 
; the conic , each of them will give a solntioirof the problem* 
224. By a famHar metbod may be solved the correlative problem 

To circumscribe about a gwen 
conic (i e one which is either 
completely drawn or determined 
by five tangents) a polygon whose 
vertices lie respectively on given 
straight lines 

Suppose that it is required to 
circumscribe about the conic a 
triangle whose vertices lie re- 
spectively on the straight lines 
5 X , s 2 , s s (Fig j 67) Take any 
point A on the conic and draw 
the tangent a at it, from the 
point where this tangent cuts 
e l draw another tangent a l (let 
Fig 167 its point of contact be -4 1 ), from 

the point where a l cuts s 1 draw 

a third tangent a z (let its point of contact be A z ) , finally, from 
the point where a 2 cuts s a draw the tangent a r , and let its point 
of contact be A' The pioblem would be solved if the point A' 




* PONCELET, loc City p 



coincided with 1, <*.& if {ha tangents a' and # cotiHsaibi wife 
another Suppose that other similar tnals have been made, takii 
other arbitrary points B , (7, on the come to begin wi&, 
shall arrive in succession at the ranges of pomt A 9 M y 



projectively related to one aaotbesr For tbe fesl range IB 
witn the second (Art 203), snaee tifoe tangessfe at A aad J 1? 
(7 and C^ , always intersect on j , and for similar reasoBs U 
second and third, and &e third and foortli, are projeekvs mtb ea 
another , -conseqnen% (Art 201) the same is true of tbe fourth aa 
the first Since ike problem would be solved rf A' G&m^ed willi 
or B' with E, , each of the self-correspoiKia^ peaste of the pa- 
jeetive ranges ABC md A'B'C' may b tafcea as fee poiat 
contact of the first side of a taangb w&dht sateies the given 00 
ditions We have ferefee ooly to make three tnak (Art. 20( 
t e. to take any three fomts A , J? , {7 on the conic and to den 
from them the eorrespoaiding points A', B f , C f , and then to oc 
atouct the points of mteoEsees&on of the come with the straight ii 
which joins the poa&& of intersection of the three pairs of oppos 
sides (the Pascal line) of the inscribed hexagon AB'CA'BC 7 * 

226 The particular ease of the problem of Art. 223 in which t 
given points S^ , 2 , lie all upon one straight line s must be ec 
sidered separately If the number of sides of the required polyg 
is even, the theorem of Art 187 may be applied , in this case t 
problem has either no solution at all, or it has an urfmtft -nnrnW 
solutions Suppose it required, for example, to mscn 
an octagon of which the first seven sides pass respective 
the points S 19 S a , S 7 , then by the theorem just quoted the last si 
will pass through a fixed point S on s this point S is not arbitral 
but its position is determined by those of the points S 19 8%, / 
If then the last of the given points # 8 coincides with S, there are 
infinite number of octagons which satisfy the given conditions E 
if $ 8 does not coincide with S, there is no solution 

If the number of sides of the requiied polygon is odd, the probl< 
becomes determinate Suppose it is required to inscribe in the conn 
heptagon (Fig 12 4) whose sides pass respectively through the giv 
collmear points S 19 S 99 S 99 S 1 By the theorem of Art 187 th< 
exist an infinite number of octagons whose first seven sides pass throu 
seven given collmear points and whose eighth side passes throu 
a nxed point S collmear with the others If among the^e octagc 
there is one such that its eighth side touches the conic, the probl< 
will be solved, foi this octagon, having two of its \ertices indefinite 

* PoisCELEr, loc c^,p 3^4. 
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aear to one another, will reduce to an inscribed heptagon, whose 
ades pass respectively through seven given points If then tan- 
geats can be drawn from the point $ to the come, the point of 
contact of each of them will give a solution (Art. 187) According 
iierefore to the position of the point j$ with reference to the conic r 
&ere will be two solutions, or only one, or none 

In, Jig 126 is shown the case of this problem where the polygon 
feo be inscribed is a triangle * 

The solution of the correlative problem, to circumscribe about & 
-jvcen Gontc a polygon whose vertices Ite respeefovefy on gvoen rays of a 
pencil, as left as an exercise to the student. This problem also is 
ladeterminate or impossible if the polygon is one of an even 
it is determinate and of the second degree if the 
is one having an odd number of sides (Figs. 125, 127) 

If two comes cut one (mother w ike pomts 
A,JB,C,C', <md if frw* 
cmd & respectively two 
Imes AJ r JP',JB@G' te 
cutiteng tjee faa come 
m F <md G-, and the second 
m F' and G', then the chorda 
FG > F'G' vM intersect %n 
a point H lying on the chord 
GG f (Fig 168) 

The transversal CO' cuts 
the first conic and the oppo- 
site sides of the inscribed 
quadrangle ABGfF in six 
points of an involution (Art 
183, left) , and the same is true with regard to the second come and 
bhe inscribed quadrangle ABG'F' But the two involutions must 
oincide (Art 127), since they have two pairs of conjugate points in 
ommon, viz the points C , C f m which the transversal cuts both the 
omcs, and the points in which it cuts the pan of opposite sides 
AFF', BGG', which belong to both quadrangles The involutions 
will theiefore ha\e every pair of conjugate points in common, and 
therefore the transversal CC f will meet FG and F'G-' in the same 
point If, the conjugate of the point in which it meets AB\ 

227 The preceding lemma, which is merely a corollary of Desargueb 
bheorem, leads at once to the solution of the two following problems, 
:me of which is of the fiist, and tl e othei of the second degree 

* PAPPUS, loc at , book vn prop 117 

f Tlus may also he proved very simply by applying Pascal's theorem to each of 
he hexagons AFGBCC', AF G'BCQ in turn 
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PBQBLEM 6W0& *&m of *&? jx*& vf znteweebon A,B,0 

dmad^tw^two^^ 
other points F, G of ike second, to determme the jbw& p&fai efmfr 
of the two comes (Fig 168) 

Take two of tfe gjvem pomte of iBterseeiaoji ,4 aa*d Jt, aad jcs 
These straight lines will cot the fesl come again m pan 
JP', ' respectively whi<& caa be determined by i&e method <*f A 
161(nght) Join J^ J^', aad kt them meeting BrUneia 
going lemma E will lie on t&e chord joining the o*&r two pomte 
intersection of the conies. Tins e^ord will tber^ce be -ETC, a 
it remains only to ^tenttine ihe pmat <7 7 wi*ere ^7 <miB ^er 
the comes, C" will be ihe required fourth pomfc of nitoseefe^a rft 
comcs f 

H PBOBLW. ^B^ |ci> o/ 'ike pomte of intertocitem, A , B , of * 
comes, and in adcktoo tke three points I>, E, N of tke first and \ 
three points F, G, M &f the se&wd, to determine tke other two pou 
of intersection oftkewmcs (P^ 168} 

Join ^t^and BG-, an4 let tbem meet the first come again IB J" 7 
respectively , join PG , W'G', and let them meet in E Tiie pomi 
will lie on the chord joining the two required points Again, j< 
AM, and let it meet the first conic again m M ', join GM , G'M', a 
let these meet in Z, then the point K also will lie on the sa 
chord The required points therefore lie on HK, and the probl 
reduces to the determination (Art 212) of the points of intersect 
, C' of the comes wift HK * 

228 The solution just given of problem n holds good equallv wl 
the points A and B lie indefinitely near to one another, i e 
two comes touch a given straight line at the same given pourc 

In this case two comes are given which touch one another a1 
point A, and the straight line HK is constructed which joins th 
remaining points of intersection C and 0' If HK passes tnrou 
A, one of the points C or C' must coincide with A, since a co 
cann6t cut a straight line in three points When this is the ca 
three of the four points of intersection of the comes he mdefimt 
near to one another, and may be said to coincide in the point 
and the conies are said to osculate at the point A The construct 
gives a point H of the chord which joins A to the fourth point 
intersection of the comes It ma> happen that this chord co 
cides with the tangent at A , in this case A represents four coincide 
points of intersection of the two comes (01 rather, four such poi 
lying indefinitely near to one another) 

* G ABKW, The ffeometricalconthud ton of a come section ,&c (Cambridge 18 
!>l> 26,40 
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1S29 Let BOW the lemma of Art. 226 be applied to the case of a 
oomc and a circle touching it at a point A At A draw the normal 
to the conic (the perpendicular to the talent at A), and let it cut 
the conic again in F and the circle again in F f On AJ? as diaaae&er 
describe a circle, this circle, which touches the conic at A and cuts 
it at jP, will cat it again at another point @ sach that A@F is a ngibt 
Join A& and let &' be the point where it crats the first 
fey the lemma tt&y will intersect <m the 
^ t)ni ey are parallel to one another, since AG'F also 
angle* TSrafc jftr amgr c*reZe whatever w&tdir touches ike come 
A, the chord of m&r$66fro& jffZ -WTt^A ^Ae come has a constant 
-tebttm, mz, tketi gwnOdto F@ 

$&& passes through A, the eomc and the circle osculate at this 
If them a parallel through A to FG cut the conic again in 
circle which touches he come at J. artd cats it at C will be 
3&e OBC&latmg eirde (circle of csoryafeare) at J. * 

p&t iij particular case where 4 is a vertex (Ari 2^7) of tibe c^aic, 
JM1 Ibe the otJaer v^te^ JW the tangent ai ^^(7 the tangent at^ ? 
fed wil <somcide'witk ^ It SB sem ihm |ha% $he c^eubtteg cxrc^e 
al a vertex of a come has not only three birt /ot^r indefinitely near 
points in coi^aon with the coma] 

Conversely, the conic can be constructed which passes through 
three given points A , P , Q and has a given circle for its osculating 
circle at one of these points A 

For join AP , AQ, and let them cut the given circle in P', Q' 
respectively, and join PQ , P'Q', meeting in U IfAU be joined and 
cut the circle again in C, the required conic will pass through C It 
is therefore determined by the four points A , P 3 Q , C and the tangent 
at A (which is the same as the tangent to the circle there) 

230 The proposition correlative to the lemma of Art 226 may be 
enunciated as follows 

If a and b are a pair of common tangents to two conies, and if from 
two points taken on a and I respectively the tangents f,gbe drawn to 
the first come and the tangents f, of to the second, then the points fg and 
f'g' will be colhnear with the point of intersection of the second pair of 
common tangents to the conies 

This proposition enables us to solve the problems which aie corre- 
lative to I and II of Art 227 , viz given three (or two) of the com- 
mon tangents to two conies, and in addition two (or three) tangents 
to the first and t\>o (or thiee) tangents to the second, to determine 
the lemaimng common tingeut (or the two remaining common tan- 
gents) to the conies 

231 PBOBLEM Giten eleven points A,B,C,D,E ^A^B^C^D^E^ P 

* PONCELET, loc cit , Arts 334-337 



*o construct ty pomts ike come wktck passes thorough P <tnd through, t 

four points of 'intersection of ike two comes wkwh we detorm&Md by t 

points A.B.G.D.Emd A^B^G^D^M^ resp*&ixl$ The 

ore supposed net to be traced, nor are their pom&s 0/waferaee&<i 

Solution* Draw through P any transversal, aod constxtici 

212, left) the points M and M' in which it cuts ike cosae ^. 

and the points N and #' in which it cute the come A^B^C^ 

Since these two comes and foe required one all pass through the 

four points, Desargues* theorem may be applied to them If thfi 

(Art 134, left) the point P 7 he constraeted, conjugate to P in t! 

involution determined by Hie pairs of points M and M / , N and J 

this point P 7 will he on the required come. By causing the ia^ai 

versal to turn ahout the point P, other points on the reqoircd 0033 

may be obtained 

232 PBOBitEM. (h&mtenpomt$A,B,C,JD,E, A^B^C^D^ 
and a straight hne $? to &mstrwst a come vdtttGh. shaU touch 8 a& 
sJiaU pass tfvrougk tim few points of intersection of ike two com 
wTuch are determmed fyf &e pomts A,B^C ,!>, &nd A^B^G^D^ 
respectively Tm comes are supposed not to be traced, nor are tfu 
points of intersection gwen 

Solution Construct (Art 212) the points of intersection M and 1 
of s with the come ABGDE, and the points of intersection N a 
N' of s with the conic AJ&D&, and then (Art 134) the <^~ T 
points of the involution determined by the two pairs of 
M and M f , N and N' If P is one of these double points, it 
the point of contact (Art 185) of s with a conic drawn througi 
four points of intersection of the comes ABGDE and A^B&L 
to touch s The problem thus reduces to that of the precedi. 
Article 

233 The correlative constructions give the solutions of the con 
lative problems mz to construct a conic which passes through a giv 
point (or which touches a given straight hne), and which is inscnb 
in the quadiilateral formed by the four common tangents to fr 
comes , the comes being supposed each to be determined by five giv 
tangents, but not to be completely traced , and their four comm 
tangents being supposed not to be given 

234 PEOBLEM Through a gwen point S to draw a straight h 
which shall be cut by four given straight lines a,b c,din four pw 
having a given anharmomc ratio 

Solution It has been seen (Art 151) that the straight 1m 
which aie cut by four given straight lines m foui points haung 
anharmomc ratio are all tangents to one and the sime coi 

* PONCELET IOC Ctt , Art 389 
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iomebing the given straiglit Irnes, and that if A , B > C are the pomts 
wiiere <2 cuts #,&,<? respectively, and 2> is the point of ooniact of 4, 
the Enharmonic ratio (A BCD] is equal to that of the four points ra 
which the straight lines q , b , $ , cf are ut by any other femgeat to 
t&e conic, Accordingly, if on ike straight toe d that poia& J> be 
eo&structed (Art* 6$) which gives wiSi tfe peigt^ 



am aobannoaie raiao (ABCD} equal to H*? |pw& 01^ aad if then $*e 
haee be ooustracted (Art 213, right) which pass through S 
terctcb ibe come determined by the four tangents a , I , <? , d and 
&e point of contact .Z) of <2, each of these straight lines will give a 
sohitaon of the proposed problem. 

If one of the straight lines a ,b , c , d lie at infinity, the problem 
feeeosies the following 

W#* ^ee strmgkt knes a,b ,c and a pomt S, todraw through, S 
4 straight Itne suck that the segment znt&rc&pted on it betuxen a and b 
myy fe to that intercepted on it between a and c tn a given ratio 

To solve this, construct on the straight line a that point A which 
SB so related to the points ab(~B) and ac(=G) that the ratio 
AB AC has the given value , and draw from S the tangents to the 
parabola which is determined by the tangents a,b 9 c and the point 
of contact A of a 

The correlative construction gives the solution of the following 
i On a given straight line s to find a point such that the 
ining it to four given points A , B , C , D form a pencil having 
i anliarmonic ratio 

235 PROBLEM Given two protective ranges of points lying on the 

straight hnes u , u f respectively , to find two corresponding segments 

MP, M'P' such that the angles MOP, M.'0'P' which they subtend at 

two fixed fiotnts 0,0' respectively may be given in sign and mag- 

itude 

Solution Take on u' two points A f and D' such that the angle 
A'O'D' may be equal to the second of the given angles , let A and D 
be the points on u which correspond respectively to A' and D', and 
let A l be a point on u such that the angle A^ OD is equal to the first 
of the given ingles The problem would evidently be solved if OA 1 
coincided with OA, since m this case the angles AO D and i'O'D' 
would be equal to the given angles respectively If the rays 
O'A', OA , O'D', OD , OA 1 be made to vary simultaneously, they will 
trace out pencils which are projectively related For those traced 
out by O'A' and O'D' respectively are protective, and similarly 
thoe ti^ced out by OA l and OD respectively, since the angles A'Q'D' 
and A^OD ire constant (Art 108), and the pencils traced out by 
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A* and 0^respeegY%, and 
jfectrve since tlie grrofc ranges m 
pencils generated by CU and 0^ respectively aie p^efe***, ar 
their self-corresponding ravs gi?re ifee sofefeo^ of tfee problem. 
three teals be made of a similar kind to the ioxe&mg one, tkn 
pairs <tf (xor^cmding T^ 

will be obtained , let to ^el^e^re^MaiiBg rays of tfee oaaeeBtr 
protective pencils de^rfiafeei by ifeese three pairs be coasted 
{Art 206, 1} r If one of tkess seK^corresponding rays meets ** m J 
a&dtf ^be point P^be ta^i^-w!aeii ttefe tne as^e 1TOP is eqoaH 
ie first oftbe giren oases, a^i ^Sben on / t&e pconts Jf', P^ befooia 
winch correspond to Jf t p i^peeia^ly, tfee an^e M'ffl* will I 
equal to tne second of tbe given angles, and the problem will be sol v0 
^S6 PBOELiafc ^w?e twoprqjecteoe ranges ofpowteA,B,G, 
dnd A' ', j^ 7 , C", ^wi^ o? fe straight fobes & (md wf 
find two correspondm^ segments tdbe& shott le 
to 



Take on t^a segment ^ X 2X eqoal to the second of tl 
given ones, aad let AI> !>e tbe segment on u wiacb eorrespondte 
^'D^ Take-on w tbe point ^ aodi that AJ) is equal to tibe first ^ 
tbe given segments , tben &e problem would be solved if A l coined 
witb A If tbe points A , A f , I/, D , A^ be made to vary sumrita 
neously, tbe ranges traced out by A and A' respectively will b- 
tire witb one another, as also those traced out by D and IX re 
(by reason of the projective relation existing between AJJU 
A'B'C' ) , and the ranges traced out by A and D respectivel 
similarly those traced out by A / and & respectively, will be proj 
with one another, since they are generated by segments of conbwu 
length sliding along straight lines (Art 103) Consequently also tl 
ranges traced out by A and A^ are protectively related, and their sel 
corresponding points give the solutions of the problem It is ther< 
fore only necessary to obtain three pairs of corresponding pom 
A and A' ', B and jB 7 , and C f/ , by making three trials, and then 
construct the self-corresponding points of the ranges determined I 
these three pairs (Art 206, II) 

237 The student cannot have failed to remark that the methc 
employed in the solution of the preceding problems has been in a 
cases substantially the same This method is general, uniform, an 
direct , and it may be applied in a more or less simple manner to a 
problems of the second degree, z e to all questions which when treate 
algebraically would depend on a quadratic equation It consists i 
making three trials, which give three pans of corresponding elenien 
of two superposed piojective forms, the eelf-correspondmg elenien 
of these systems give the solutions of the problem This method 
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precisely analogous to that known in Arithmetic as the ' rule of false 
position/ and it has on that account been termed a geometric method 
of false position, * 

288 Problems of the second degree (and those which -are reducible 
to such) are solved, like all those occurring in elementary Geometry, 
by means of the ruler and compasses only, that is to say by means of 
the intersections of straight lines and eupelegt But again, the solu- 
taofl of any such prq-blem can. be i$a4e to. depend on the determination 
pf fy& self-corre^oeding eleB&en&s # t^ra sa^^rposed protective form$, 
which defceinninataosa defends (Art* 206} OB the construction of 
fb$ self-corresponding points of two protective ranges lying on a 
circle whose position and size is entirely arbitrary It follows 
Jfeat a single eircle, described once for all, will enable us to solve all 
problems of the second degree which can be proposed with reference 
fee aay given elements lying in one plane (the plane in which the 
s dsawn) J This circle once described, any such problem will 
to that of constructing three pairs of points of the two pro- 
jeetive systems whose self-corresponding elements give the solution of 
Uie problem This done, we proceed to transfer to the circumference 
of the circlet, by means of projections and sections, these three pairs of 
foants. This will give three pairs of points on the circle , taking these 
as the pairs of opposite vertices of an inscribed hexagon, we have only 
further to draw the straight line which joins the points of intersection 
of the three pairs of opposite sides (the Pascal line) of this hexagon 
It is hardly necessary to remark that instead of the solution of such 
a problem being made to depend on the 
common elements of two superposed pro- 
jective forms, it may always be reduced to 
the determination of the double elements 
of an involution (Art 211) 

- ~^^ The following Articles (239 to 249) 

< contain examples of pioblems solved by 

^ig 169 means of the method just explained 

, ** * i 239 PROBLEM Given (Fig 169) two 
protective ranges of points lying on the straight lines u and vf respectively, 
and two other projective ranges of points lying on the straight lines v 

* CHASLFS, Geom sup , p 212 

f A problem is said to be of the first degree when it can be solved with help of 
the ruler only, i e by the intersections of straight lines See LAMBERT, loo cit 
p 161 BBIANCHON, loc cit , p 6 PONCEIET loc cit p 76 

J PONCELET loc cit , p 187 STETNER Die geoinetnscJien Constructions aus 
gefuhtt mittelst der geraden Lime und eines festen Kreises (Berlin, 1833), P ^7 i 
Collected \Vorks, vol i pp 461-522, STATJDT Geometric der Lage (Nurnberg, 
1847^ 23 
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^ w reqwred to draw tiuvtigk a <p#& jpomt Q tot 
straight hue* 8 and i, tsfe<& *kaU cutuandvfm a pa*r of cor* 
spending points and abo v and */ w <z paw of wrretp 
Through draw any strait fane cutting < JmA', J 



let A be the point on u which corresponds to ^', and lei P fee tf 
point on <? which (xjrresponds to P' Ifee pax&iem wrald be solwd 
the straight lines 04 and OP comosaed with one aao&er If Hei 
straight lines he made to change their positions smmltaneoosiy, ti 
will trace out two concentric projec&ve pencils (determined by tian 
teals of a similar land to the one jnst made) , and he sdf-eocr 
sponding rays c these peaacils jnH give the solutions of l&e problem 

240 In the preceding pro&Xsnx ^ie ^rai^it hnes aad vl nrg 
be taken to comrade, and fiwmlarly v and */ If aB four steag 
lines coincided witi. oi another, the proHem would beccaae t 
following 

Given two projectwe ranges u y u' and two other jorojecteve ra&$ 
, t/ aU lying on one s&raigk6 Ime, tojmd a pear of points K&K& &h* 
correspond to one avwikeir w&m regarded as pomte of the ranges v, 
respectively, and likewise when regarded as pomts of the ranges v, 
respectively 

241. PEOBLEM Between two given straight fanes u and u^ to pit 
a segment such that it shall subtend given angles at two gwenpow 
andS(l?ig 170) 




Fig 170 

Draw any ray SA to meet u m A , draw SA r to meet u^ in A^ 
that A&A! may be equal to the second of the given angles, join 
and draw OA' to meet u in A' so that A / OA l may be equal to 1 
first of the given angles Then the problem would be solved if < 
coincided with OA' Three trials of a similar kind to the one just m* 
will give three pairs of corresponding rays (OA and OA', OB and 
00 and 00') of the two projects e pencils which would be tiaced < 
by causing OA and OA' to change their positions simultaneous 
the self corresponding rays OM and ON of these pencils will give 
solutions (MM and NN } of the Dioblem 
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u and u' f tf<tp$r<yf 
ranges be taken, ^t is regfrwrM 
points M and M' such that $& 
to that of the segment A! M' may 

, G and C' be three pairs of corresponding 
On w take two new points B" C" s=ach t&at 
'ff The points A , E" , C" determine 
99) to the range A', B', CP, ml 
A*B,C, The collmear ranges 

, have already one self-correspond^Bg 
^-corresponding point M (Art 90) will 
since AM=AM"=\ A'M' Tim 
fcst degree 

two cdhnear protective ranges ABO <md 
of corresponding points Mjmd M? such 
&aU be bisected at a given point 

, C" such that is the middle point of each 
, BB", CO" , the points A", B", Q" determine 
aage ABQ 9 a nd therefore projective 
Qstruct the self-coi responding points of 
U5 , d A'PC' and A"B"C" , if M' or 
MM' will have its middle point at 0, and 
win oe a segment sucn as is required 

244. PROBLEM @wen a straight line and two points JE, F onit, 
to determine on the straight line two points M and M' such that the 
segment MM 7 may be equal in length to a given segment, and the 
anharmomc ratio (EFMMT) equal to a given number 

Take on the given straight line any three points A,B,C } then 
find on it three points A' 9 B',C' such that the anharmomc ratios 
(EFAA') , (EFBB') , (EFGC f ) may each be equal to the given number , 
and again three points A n ', B" , C" such that the segments AA f/ ', BB", 
CO" may each be equal in length to the given segment The ranges 
AEG and A'B'C' will be projectively related (Arts 79, 109), and 
the same will be the case with regard to the ranges ABC and 
Af'V'ff' (Art 103), therefore A'B'C' and A"ff'G" will be 
projective with one another If these ranges have self-corresponding 
points, and if M' or M" is one of them, the segment MM' and the 
anharmomc ratio (EFMM') will have the given values, and the 
problem is solved 

V 245 PROBLEM To inscribe in a given triangle PQR a rectangle 
ofguen area (Fig 171) 

Suppose MSTU to be the rectangle required, iflf>S"be drawn 
parallel to PR, a parallelogram MSPS' will be formed which is equal 
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to the rectangle, so that for the given psrobleta may be 

sabstitated the following equivalent one 
^ Tojlmd on the base QR ofagtvm triangle PQRapomt Msw&ihat 

tf MS , MS* 'be drawn parallel 

to the sides PQ , PR to meet 
* PR,PQinS,S' respectively, 

the rectangle contained by PS 

and PS / shall be equal to a 
I g&oen square ft* 

Take any point A on QR, 

draw AD parallel to PQ to 

meet PR in D, and take on 

PQ a pomt D' such that 

tbe rectangle contained by 




Fag 171 



PD and PJ) r may be equal to W > then draw D'A' parallel to PR to 
meet QR m A' B the points A and A' coincided with one another, 
the problem would be solved. 

Now let the points A , D , D' , A / be made to vary simultaneously; 
they will trace out ranges which are all protective with one another 
For since D is the projection of A made from the point at infinity on 
PQ, and A f the projection of D' made from the point at infinity on 
PR, the first and second ranges are in perspective, and the third and 
fourth likewise But the second and third ranges are projective with 
one another, since the relation PD PD'=Jt? shows (Art 74) that the 
points D and D', m moving simultaneously, describe two projective 
ranges such that the point P, regaided as belonging to either range, 
corresponds to the point at infinity regarded as belonging to the other * 

Three similar tuals give three pairs of points similar to A and 
A' , if the self-corresponding points of the ranges determined by these 
pairs be constructed, they will give the solutions of the problem 

Instead of taking the point A quite arbitrarily in the three trials, 
any particular positions may be chosen for it, and by this means the 
construction may often be simplified This remark applies to all the 
problems which we have discussed With regard to the present one, 
it is clear that if A be taken at infinity, its projection D will also lie 
at infinity, consequently D f will coincide with P, and therefore A f 
with R Again, if A be taken coincident with Q, its projection D 
will coincide with P, and consequently D', and theiefore also A', will 
pass off to infinity We have thus two trials, neither of which requnes 

* If the tw o ranges be called u and u , and the construction of Art 85 (left) 
be referred back to, it will be seen that the auxiliary range u" lies in this case 
entirely at infinity If then a pair of corresponding points D and D ' have been 
found, and we wish to find the point 28 which corresponds to any other point JE? 
of PR (= u), we have only to join D'E, and to draw DE' parallel to D 2 to 
meetPQ (=M') m J5?' 
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asy construction, the pairs which result from them are composed 
respectively of the point at infinity and R, and of Q and the point at 
rafimty If the pair given by the third trial be called B? B f , and if 
A , A f stand for any pair whatever, we have (Art 74) 

QA RA'=QB %B', 
and therefore, if M is a self-corresponding point, 

s\1jr T>TtjT-. -AT? 7?W 
tyJxL XtJfeZ = ( i /jD JKJf , 

from which t&e se^correspondiag points could be found But it is 
feefcfcfflc m aQ cases to go back to the general construction of Art 206 
In ffing case the three pairs of conjugate points of the two ranges 
wlaek are given are B and B' , the point at infinity and R , Q and 
ifese point at infinity Let then any circle be taken, and a point on 
te cmsumference } from draw the straight lines OB , OB / , OR , OQ^ 
and a parallel to QR, and let these cut the en cle again in B^ , B{, S t , Q 19 
and / respectively * Join the point of intersection of B 1 R^ and B{ I 
with that of B l I and B{ Q 1 , if the joining line cut the circle in 
two points MI and N 19 the straight lines which join these to will 
meet QR in the self-corresponding points M and N, and these give 
the solutions of the problem 

246 PEOBLEM To construct a polygon, whose sides shall pass 
ugh given points, and all whose vertices except one shall 
y on given straight lines, and which shall be such that 
the angle included ty the sides which meet in the last vertex is equal to 
a given angle 

Suppose, for example, that it is requned to construct a triangle 
LMN(Fig 172) whose sides MN , NL , LM shall pass thiough the 

given points , F, U respectively, 
and whose vertices M,N shall lie 
on the given straight lines u , v re- 
spectively , and which shall be such 
that the angle MLN is equal to a 
given angle 

Thiough draw any straight 
line to cut u in A and v m B, 
join BY, and through U draw the 
straight line UX making with BV 
an angle equal to the given one 

Let UX meet u m A' , the problem would be solved if the point 
A' coincided with A If the rays OA , UA' be made to vary 
simultaneously, they will determine on u two projective ranges , the 
solutions of the pioblem will be found hy constructing the self corre- 
sponding points of these ranges 

* Of these points only J is marked in the figure 




Fig 172 
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247 The following problem is included in the foregoing one 

A ray of light emanating from a given point is reflected from n 
given straight lines in succession, to determine the original direction 
which tlw ray must have, in order that this may make with its direction 
after the last reflexion a given angle 

Let u ly u 29 u n be the given straight lines (Fig 173) If the 
ray OA^ strike ^ at A ly then by the 
law of reflexion the incident and re- 
flected rays will make equal angles 
with fi, but the incident ray passes 
through the fixed point 0, therefore the 
reflected ray will always pass through 
the point which is symmetrical to 
with regard to % * So again, if 
the ray after one reflexion strikes w 2 at 
A 2 , it will be reflected according to 

the same law 9 consequently the ray aftei two reflexions will pass 
through a fixed point 2 which is symmetrical to with regard to 
w 2 > and so on The paths of the ray before reflexion, and after one-> 
two, n reflexions form therefore a polygon OA^A^A^ , whose n+ 1 
sides pass respectively through n+ i fixed points , O lt 2 , n , 
and which is such that n of its vertices he respectively on n given 
straight lines u , u 2 , w n , while the angle included by the sides 
which meet in the last vertex is to be equal to a given angle Thus' * 
the problem reduces, as was stated, to that of Art 246 

248 PEOBLEM To construct a polygon whose vertices shall lie 
respectively on given straight lines, and whose sides shall subtend given 
angles at given points respectively 

Suppose it lequired to construct a triangle whose vertices 1,2,3 
shall lie on the given straight lines u^ , u 2 , w 3 respectively, and whose 
sides 23, 31, 12 shall subtend at 
the given points S 1 , S 2 , , respec- 
tively the angles ^ , <* 2 , o> 3 which 
are given in sign and magnitude 
(Fig 174) On U L take any point 
A , join AS 5 , and make the angle 
AS Z B equal to <a s , let S^B cut w 2 
in B Join BS 19 make the angle 
BS-^C equal to a> 19 and let /Sj(7 cut 
u s in C Join CA% , make the 
angle CS^A' equil to <u 2 , and let 
S^A' cut u^ in A' The problem would be solved if A^' coincided 




Fig 174 



* i e a point O t such that 00 X is bisected at right angles by w t 
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with 5^4 If jtf^ be made to turn about a , the other rays 
jS,SjGy^C } eaid S^A' will change their positions simul- 
and will: trace out pencils which are all protectively 
For the ranges traced out by S^A and S^B respectively 
protective (Art 108) since the angle AS^B is constant, the 
traced put by S^B and SJ& respectively are protective since 
they are in perspective , and so on. The solutions of the problem will 
therefore be given by the self-corresponding rays of the concentric 
pn^pefeve pencils which are generated by S^A and S 2 A' respectively 

JEpk fifee same manner is solved the more general problem in which 
^ straight tiaes joining ^ , S^, to the vertices of the polygon are 
a*K^<Higer to yncltide given angles, but are to be such that together 
paars of given straight kses meetaag in S l9 S i9 respectively 
each of these points a pencil of four rays having a given 
ra&o If at each of the points the pencil is to be 
hannomc, and the given straight lines such as to include a nght 
aa^le, ike problem -can be enunciated as follows (Art 60) 

3fio wnstoruct a pdygon whose vertices shall Iw respectively on given 
jaforatght lines, and whose sides shall subtend at given points angles 
whose 'bisectors are given 

249 The same method gives the solution of the problem 
To construct a volvaon whose sides shall pass respectively through 

)e such that the pairs of adjacent sides 
v /7yews / vsjxxsMvwy in given anharmonic ratios * 
Particular cases of this problem may be obtained by supposing that 
each pair of adjacent sides is to intercept on a given straight line a 
segment given in magnitude and direction, or a segment which is 
divided by a given point into two parts having a given ratio to one 
another t 

* That is to say, two adjacent sides are to out a given straight line, on which 
are two given points A B y in two other points C , D such that the anhannomc 
ratio (ABCJf) may be equal to a given number 

t CHASLBS, Gtom sup , pp 219-223, and TOWNSBND, Modern Geometry (Dublin, 
1865), vol 11 pp 257-275 
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250 LET any point 8 be taken in the plane of a come 
175), and through it let any number of transversals be 
<irawn to out the conic in pairs of points A and A', and B\ 
C and C", The tangents a and a', I and I', c and c' at these 
points will, by Arts 203, 204, intersect in pairs on a fixed 
straight line *, on which lie also the points of contact of the tan-* 
gents from S to the conic (when the 
position of 8 is such that tangents 
can be drawn) Further, the pairs of 
chords AB' and A'B , AC' and A'C, 
BC' and E'C 9 AS and A'3' 9 
AC and A'C 9 , BC and 'C' 9 
will intersect on # Another pro- 
perty of the straight line $ may 
be noticed In the complete quad- 
rangle AA'BB', each of the straight 
lines AA! and BB' is divided hai- 
monically by the diagonal point 8 
and the point where it is cut by 
the straight line $ which joins the 
other diagonal points (Art 57), 
consequently A and A' (and simi- 
larly B and J3', C and C", ) are harmonic conjugates with 
regard to 8 and the point where AA* (or BB', CC', ) is cut 
by * 

The straight line s determined in this manner by the point 
S is called the polar of S with respect to the conic , and, re- 
ciprocally, the point S is said to be the pole of the straight 
line s ^ 

The polar of a given point 8 is therefore at the same time (l)the 
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locus of the points of intersection of tangents to the combat the pairs 
of points where it is cut ly any transversal through S, (2) the locus 
of the points of intersection of pairs of opposite sides of quadrangles 
mscribed in the conic such that their ifaagonaU meet in S , (3) the 
locus of points taken on any transversal through 8 such that they are 
harmonically conjugate to 8 with regard to $,e pair of points in 
which the transversal is cut by the conic j ^4) the chord of contact of 
the tangtnfefrom 8 to the conic, when 8 has such a position that it 
tejpos&ible to draw these * f 

2SL ReciprocaDy, any given straight line s determines a 
fm* $ of wt&& it is the polar For let A and (Fig I76)>be 
, fea^y two points <ai the conic , the tangents a and 6 at these 
potete mil cnt # m two points from which can be drawn two 
o&er tangents a' and V to the conic Let A' and B' be the 
posits of contact of these, and let Ad', SB' meet in S , then 
the polar of S will pass through the points aa f and W, and 
must therefore coincide with s 

If then from any point on s a pair of tangents can be drawn to the 
come, their chord of contact will pass through S 




Fig 176 

252 The complete quadrangle Ad / BB 'and the complete 
quadrilateral aa'W (Fig 176) have the same diagonal 

* APOLLONIDS, loc *,hb vn 37, DESARGUES, loc cit , pp 164 sqq , DB LA 
HIRE, loc cit , books i and 11 
t (4) follows fiom (3) by what has been proved in Art 71 
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triangle (Art 169) The vertices of this triangle are 8, the point 
of intersection .Fof AS and A ' B', and the point of intersection 
S of AB' and A'B, its sides are *, the straight line/joining the 
points ab and a' ', and the straight line e joining the points aV 
and a'b Thus if from any two pomts taken on the straight line s 
pairs of tangents a and a', I and V be drawn to the come, the 
diagonals of the quadrilateral aba'b' will pass through 8 

253 The straight lines a , a', i , i' (Fig 177) form a quadri- 
lateral circumscribed about the conic, one of whose diagonals is 
s, and whose other two diagonals 

meet in S Thus if from any point 
on s a paw of tangents be drawn to 
the conic, they will be Inrm ,iu a ir y 
conjugate with regard to s and the 
straight line joining the point to S 
(Art 56) 

254 Tf then a conic is given, 
every point in its plane has its 
polar and every straight line has its 
pole* The given conic, with 
reference to which the pole and 

polar are considered, may be Fig 177 

called the auxiliary conic 

I If a point in the plane of a conic is such that from it 
two tangents can be drawn to the curve, it is said to lie 
outside the conic, or to be an external point , if it is such that 
no tangent can be drawn, it is said to lie inside the conic, or 
to be an internal point If then the pole lies outside the 
come (Art 203, VIII) the polai cuts the cuive, and it cuts 
it at the points of contact of the tangents from the pole to the 
conic f 

If the pole lies inside the cuivo, the polar does not cut the 
come 

II If a point on the come itself be taken as pole and a 
trans vei sal be made to revolve round this point, one of its 
points of intersection with the come will always coincide with 
the pole itself Since then the polai is the locus of the points 
where the tangents at these points of intersection meet, and 

* BBS ARGUES, lOG Clt , p 1 90 

t See also Art 250, (4) 
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case one of the tangents is fixed, it follows that the 
pd&r of a point en the conic is the tangent at this point , or 
tfe#t vf the pole is a point on the conic, the polar is the tangent at 



in. Reciprocally, if every point of the polar lies outside the 
the pole lies- inside the conic , if the polar cuts the 
ths K>1^ a# the point where the tangents at the two 

aaeet , and if the polar touches the conic, 

x , 




that the fimt faes on thi 
i second lie on the polar of the first 
> fee taken as pole &Bd let F be 
If the straight IITO jj?-Fcuts 
wo points which si&e ha^mpni- 
to E and F (Art. 2&0 [?} ) , 
1$, F will lie inside and the 
other outsiefe %md by Art 250 (3) again, if JM>e 

taken as po!e> J^m. Se a |x>iat on its polar 

If the straigjyt Em-e JEFdoes not cut, the conic, the chord of 
contact of the tangents from E will pass through F, since this 
chord is the T>olar of E and therefore by Art 250 (1) E will 



X 

The above proposition may also be expressed in the follow- 
ing manner 

If a straight linef pass through the pole of another straight line 
e, then will also e pass though the pole off 

For let U, F be the poles of e, f respectively , since by 
hjpotSesis E lies on the polai of F, theiefore F will lie on 
the polar of E that is to say, e will pass thiough F, the pole 
of / 

Two points such as E and F, which possess the pioperty 
that each lies on the polar of the other, are termed conjugate or 
reciprocal points with respect to the come And two straight 
lines such as e and/, each of which passes through the pole of 
the other, are termed conjugate or reciprocal lines with respect 
to the conic 

The foiegoing proposition may then be enunciated as 
follows 

If two points are conjugate to one another with respect to a comc> 
their polars also ate conjugate to one another, and conversely 
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The same proposition can be put into yet another 
%? 

i point on the polar of a given point S has for its polar a, 
' line passing thrcmgh $ 
Jjvery straight line passing through the pole of a given straight 
\ e has for its pole a point lying on e* 

other words, if a variable pole F be supposed to describe 
fe.given straight line e, the polar of F will always pass through 
S fixed point S t the pole of the given line , and conversely, if 
t^streight line/ revolve round a fixed point H 9 the pole of/ 

describe a straight line e, the polar of the given point E 
Or again tie pole of a gwm straight line e is the centre of the 
I formed by the polars of all points on e , and the polar of a 
' is the low* of the poles of all straight lines passing 



Given a straight line s, to con- 
struct its pole with respect to a 
given conic 

I Let the conic be determined 
by five tangents a , 6 , c , d , e (Fig 
179) 



257 PBOBLEM Given a point 
S, to construct its polar with 
respect to a given conic 

I Let the come be determined 
by five points A , B , C , D , E 
(Fig 178) 






Fig 178 

Join SA,SB, and find the 
points A',B' where these cut the 
come again respectively (Art 161, 
right) The straight line s which 
joins the point of intersection of 
AB' and A'B to that of AB and 



Fig 179 

Fiom the points sa , sb draw 
the second tangents a', If respec- 
tively to the conic (Art 161, 
left) The point S in which the 
dugonals of the quadrangle dba'V 
intersect one another will be 



* DESAKGUES, loc cit , p 191 
t PONCELET, loc c^t , Art 195 
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A'JB' win be the polar of the 
given point (Art 250 [2]) 

IE Let the conic be determined 
by five tangents a , b , c, d , e 




*j6) To 
v transversal 

u may be drawn through the 
point ab, if then the second 
tangent </ be drawn to the conic 
(Art 161) from the point uc, U 
will be the point of intersection 
of the diagonals of the quadri- 
lateral acbc' So too if the 
transversal v be drawn through 
the point ac for example, and the 
second tangent b' be drawn to the 
conic fiom the point vb, then F 
will be the point of intersection 
of the diagonals of the quadri- 
lateral dbcb' 



the pole of the given straight 
line 

II Let the conic be deter- 
mined by five points A>B,C,D,E 
(Fig 181) 



OE 



OD 




On s take two points U and 
F, and construct their polars u 
and v (as on the left hand side 
above) , the point uv will be the 
pole of s (Art 256) To simplify 
matters the point 7 may be taken 
on the straight line AS , if then 
UC be joined, and the second 
point C' in which it meets the 
conic be constructed, u will be the 
straight line joining the points of 
intersection of the pairs of oppo- 
site sides of the quadrangle 
A CBC' So too if F be taken on 
the straight line AC for example, 
and VB be joined, and its second 
point of intersection B' with the 
come be constructed, then v will 
be the straight line joining the 
points of intersection of the pairs 
of opposite sides of the quadrangle 
ABCB' 



258 Let E and F (Fig 182) be a pair of conjugate points 
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let G be the pole of EF, then G will be conjugate both to 
31 and to F 9 so that the three points E,F 9 G are conjugate to one 
another two and two Every side therefore of the triangle 
13FG is the pole of the opposite vertex, and the three sides are 
conjugate lines two and two 

A tnangle such as JEFG, m which each vertex is the poll 
of the opposite side with regard to a given conic is called a 
self -conjugate or self-polar tnangle with regard to the conic 



259 To construct a triangle self-conjugate with regard to a given 
conic 

One vertex J$ (Fig 182) may be taken arbitrarily , construct its 





Fig 182 

polar, take on this polar any point F, and construct the polar of F 
This last will pass through E, since E and F are conjugate points , 
if G be the point where it cuts the polar of E, then h and G, 
F and G, will be pairs of conjugate points , and therefore EFG is a 
self-conjugate tuaugle 

In other woids take any point E and drawthiough it any two 
transversals to cut the conic in A and D , B and C respectively , join 
AC, BD, meeting m F, and AB,CD meeting in G, then EFG is a 
self conjugate triangle 

Or again, one side e may be taken arbitrarily, and its pole E con- 
structed , if through E any straight line / be diawn, and its pole 



POS* irftf 

w3i be" on e) le coBstradBedrand joined to the pole of e by t&e 
gr, 1&en efr win tfe^featogk such as is required , for the 
s e*f,g -are eoagugate two and two 

, after tev^g tatgenj^ibe js&&&e arbitrarily, we may proceed as 
fofiows take two points on e and from them draw pairs of tangents 
a and d,b and c^ 4$ thse come, join the points ac , Id by the straight 
, an4 the i yo*nJte 0& , cd by tte straight line g, then will e/0r be 
a 





26O From -wiat has be^i said above the following property 



of tfa jxmylete guadrangle formed by any 
^powfo on a come are fKe verfoce* of a triangle which is sdf- 
wrik regard to the conic And the diagonals of the 
guadrdateral formed by any four tangents to a come 
of a tnangk which IB self-coyvgafa mtfi regard to the 



Or, in other words 

The triangle whose vertices are the diagonal points of a complete 
gmdrangle is self -conjugate with regard to any conic circumscribmg 
the quadrangle And the triangle whose sides are the diagonals of a 
r is self-conjugate with regard to any conic 
teral ^ , j | n \3 

* IT*-^; ' ' A if 4 * 

-* ^- Vy //^oftU / -. l ^ . . V* '*- ^' j 1^ * 

61 From tne properties of the ( icnm cubed quidn lateral a'nd 

the inscribed quadrangle (Arts 166 to 172) it follows moreover 
that 

If UFGr (Fig 182) is a triangle self-conjugate with regard to 
a given conic, and ABG is a triangle inscribed in the conic, 
such that two of its sides CA , AB pass through two of the 
vertices J? ', G- respectively of the other triangle, then will the re- 
maining side BC pass through the remaining vertex U, and every 
side of the inscribed triangle will be divided harmonically by the 
corresponding veitex of the self-conjugate triangle and the side which 
joins the other two vertices of it 

The three straight lines EA , FB , GO meet in one point D on the 
conic , the two triangles are therefore in perspective, and the three 
pairs of corresponding sides FG and BC> GE and CA, EF and AB, 
will meet in three collmear points 

Hence it follows that a self-conjugate triangle EFG and a point A 
of a conic determine an inscribed quadrangle ABCD, whose diagonal 

* DLSARGUES, loc cit , p 186 
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toggle is EFG The points B , G , D are tliose in which the 
staaght lme AG , XF, ^ cut the conic again 

The enunciation of the correlative property is left to the student * 

262 Of the three vertices of the triangle HFG, one always 
lies inside the conic, and the two others outside it For if E 
is an internal point, its polar does not cut the conic, and con- 
sequently F and G are both external to the conic If, on the 
other hand, IS is an external point, its polar cuts the conic, and 
F and G are harmonic conjugates with regard to the two 
points of intersection , of the two points F and G therefore, 
one must be internal and the other external to the conic 

From this property and that of Art 254, 1, we conclude that 
of the three sides of any self-conjugate triangle, two always 
cut the cuive, and the third does not 

263 (1) On every straight line there are an infinite number of 
fairs of points which are conjugate to one another with respect to a 
given come, and these form an involution^ 

(2) Through every point pass an infinite number of pairs of 
straight lines which are conjugate to one another with respect to a 
given come,, and these form an involution f 

(3) If a point describes a range, its polar with respect to a gwen 
come will trace out a pencil which is protective with the given range 
And, conversely, if a straight line describes a pencil, its pole with 
respect to a given conic will trace out a range which is protective with 
the given pencil $ 

To prove these theorems, consider Fig 183, and suppose 
in it the come and the three points A , B , G to be given 
Let the point C be supposed to move along the conic 
Then the rays AC , BC will trace out two pencils which are 
projective with one another (Art 149 [1]) , and therefore the 
ranges in which these pencils cut the polar of G will be pro- 
jective also , that is to say, the conjugate points F and E will 
describe two collinear piojective ranges In these ranges the 
points F and E coriespond to one another doubly, since the 
polar of E passes thiough F, and the polar of F passes 
through E , consequently the ranges in question are m in- 
volution 

From what has been said it follows also that the pairs of 

* PONCELET, loc Clt,$ 104 f DESARGUES, loc Clt , pp 192, 193 

t MOBius, Saryc Calc , 290 
P 
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^^ > Imea QJ f ft# m like manner form an involution, 

and that the range of poles E, F, is projective with the 
pencil of polars GF, GE, 
264 If the straight line EF cuts the conic, the two points of 




Fig 183 

Action are the double points of the involution formed by 
jjairs of conjugate poles The centre of the involution lies 
on the diameter which passes through the pole of the given 
straight line (Art 290) 

If the point Q is external to the conic, the tangents from G 
to the come are the double lays of the involution formed by 
the pairs of conjugate polars 

Consequently (Art 125) 

A chord of a conic is harmonically divided by any pair of points 
lying on it which are conjugate with respect to ihe conic , and 

The pair of tangents drawn from any point fo a ronic are har- 
monic conjugates with respect to any pair of straight line* meeting in 
the given point which are conjugate with respect to the conic 

If the point G lies at infinity, the pairs of conjugate straight 
lines foim an involution of parallel rays, the central ray of 
which is a diameter of the come (Arts 129, 276) 

265 THEOREM If two complete quadrangle? have the same 
diagonal points^ their eight vertices lie either four and four on two 
straight lines or else they all he on a come 
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Let ABCD*x&A'B'C f D' (Fig 184) be two quadrangles 
having the same diagonal points E,F>G, so that 
EC, AD, B'C', A'D' all meet on j&, 
CA,BD,C'A',B'D' T, 
A,CV,A'',C'2' G 

(1) In the first place let the eight vertices be such that some 
three of them are collmear Suppose 

for example that A' lies on AB Since 

AB and A'B' meet in G, therefore 

.B' also must lie on AS , and since 

$ie straight lines GE , GF are har- 

^nomcally conjugate with regard both 

to AB,CD and to A'B',C'D\ and 

^JB coincides with A'B', therefore also 

CD coincides with C'D' Thus the 

four points C , D , C' y D f are collmeaa, 

and the eight points A,B,C,D,A',B',C',D' lie four and four 

on two straight hues 

(2) But if this case be excluded, ^ e if no three of the eight 
vertices lie in a straight line, 

then a conic can be drawn 

through any five of them Let 

a conic be drawn through 

A,B 9 C,D 9 A'(Vig 185), then 

shall ',C',D' he on the 

same conic For since E, F, G 

are the diagonal points of 

the inscribed quadrangle 

ABCD, G is the pole of HF 9 

and therefore G and the 

point where its polar EF meets the transversal GB' A' are 

harmonically conjugate with regard to the points where this 

tiansversal cuts the conic But one of these last points is 

A f , therefore the other is B' , for since E,F, G are also the 

diagonal points of the quadiangle A'B' C'D', the points A' 

and B f are harmonically conjugate with regaid to G and the 

point wheie EF cuts A'B f In a similar manner it can be 

shown that C' and D f also lie on the same conic The eight 

vertices A , B , C , D , A ', B' y C', D' therefore he on a conic, and 

the proposition is proved 

p 2 




Fig 185 
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Since the straight lines AB aad A'B' meet in G, therefore 
AA r and BB', as also ^LB' and A'B, will meet on EF, the pol$r 
of 6? This property gives the means of constructing the 
point B' when the points A , B , , Z? , A' are given The point 
C 7 will then be found as the point of intersection of A'F and 
B'E y and the point D' as that of B'F,A'E,x&.& C'G 

266 Suppose now that two comes are given which are 
inscribed m^the same quadrilateral Let the four common 
tangents which form this quadrilateral be a , I , c , d, and let their 

tfespectively By the theoiem of Art 169, the triangle formed 
lyjliie diagonals of the cneumscnbed quadrilateral abed has for 
ife*verfoces the diagonal points of the inscribed quadrangle* 
*J$BCD and also those of the inscribed quadrangle A'B'C'D' , 
feus ABCD and A'B'C'D' ha*ve the same diagonal points 
Accordingly, by the theorem of Art 265, the eight points 
A , B , C , D , A ', B\ C', D' lie either four and four on two straight 
lines, or they lie all on a conic 

267 By writing, as usual, line for point, and point for Jane, 
tli a -nronoflitions correlative to those of Arts 265 and 266 can 

jj wv wmplete quadrilaterals have the same three diagonals, their 
eight sides either pass four and four through two points, or else they 
all touch a conic 

If two conies intersect in four points, the eight tangents to them 
at these points either pass four and four through two points, or they 
all touch a conic * 

268 If there be given the diagonal points E , F, G and one 
vertex A of a quadrangle ABCD, the quadrangle is completely 
determined, and can be constructed For D is that point on 
AE which is harmonically conjugate to A with respect to E 
and the point where FG cuts AE , so C is that point on AF 
which is harmonically conjugate to A with lespect to J'and 
the point where GE cuts AF, and B is that pomt on AG 
which is harmonically conjugate to A with respect to G and 
the point where El cuts AG 

But if there be given the diagonal points E , F, G of a 
quadrangle ABCD and the come with respect to which EtG 
is a self-conjugate tnangle, the quadrangle is not completely 
* STAUDT, loo cit , p 293 
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determined For we may take arbitrarily on the conic a point 
A as one vertex of the quadiangle ABCD, then the other 
vertices J?, C, D are the second points of intersection of the 
conic with the straight lines AG , AF, AE respectively Hence 
it follows that 

All comes with respect to which a given, triangle HFG is self- 
conpugate, and which paw through afaed point A, pass also through 
three other faced points JB , C , D 

269 PBOBLBM To construct a conic passing through two given 
$&iwt* A and A', and with respect to which a given triangle EFG 
shall be self-conjugate. 

Solution Construct, in the manner just shown, the three points 
J5 , G, D which form with A a complete quadrangle having E, F, arid G 
for its diagonal points Five points A , J/, J?, (7, D on the conic are 
then known, and by means of Pascal's theorem any number of other 
points on it may be found Or we may construct the three points 
B',C f ,D f which form with A f a complete quadrangle having E t F, and 
G for its diagonal points , the eight points A , B , G , D , A ', B', C", Z>' 
will then all lie ou the come required 

270 Consider again the problem (Art 218) of describing a conic 
to touch four given straight lines a , b , c, d and to pass through a given 
point S (Fig 1 86) The diagonals 

of the quadrilateral abed form a 
triangle EFG which is self-conju- 
gate with regard to the conic, 
consequently, if the three points 
P , Q , R be constructed which 
together with S form a quadrangle 
having E> F, and G for its diagonal 
points, the three points so con 
structed will lie also on the 
required come Now it may 
happen that there is no come Fig 186 

which satisfies the problem, or 

again there may be two comes \\hich satisfy it (Art 218, right), 
in the second case, since the construction for the points P , Q , R 
is linear, the two comes will both pass through these points Thus 

Jf two conies inscribed in the same quadrilateral abed pass through 
the same point S, they will intersect in tlvree other points P, Q t R , and 
the triangle formed by the diagonals of the circumscribed quadrilateral 
abed will coincide with that formed l)y the diagonal points of the 
inscribed quadrangle PQRS 

In ordei to find a construction for the points P , Q , R , consider 
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point JP for example which lies on US (Fig 186) It is seem 
the segment /S7 3 must be divided harmonically by E and its 
jpokr JP# (Art 250) , but the diagonal (aV) (cd) which passes through 
E is also divided harmonically, at E and F We have therefore 
two harmonic ranges, which are of course projective (Art 51) and 
which are in perspective since they have a self-corresponding point at 
J, therefore the straight lines P (ab), S (cd), and FG, which join the 
ot&er pairs of corresponding points, will meet in a point (Art 80) 
We must therefore join S to one extremity of one of the diagonals 
|wg8jing through M, for example to the point cd, and take the point 
joining line meets FG This point, when joined to the 
extremity ab of the diagonal, will give a straight line which 

IBS in the required point P * 

The propositions and constructions correlative to those of 
last three Articles, and winch will form useful exercises for the 

are the following 

AU conies with respect to which a given triangle is self conjugate, 
fund wTnch touch a fixed straight line, touch three other fixed straight lines 
To construct a conic to touch two given straight lines> and with 
respect to which a given triangle shall be self-conjugate 

If two conies circumscribing the same quadrangle have a common 
AsHnnvnt fh*n law fTtr^e other common tangents 

hree remaining common tangents to two conies 
MVMW j?ass mrough four given points and touch a given straiglit line 
(Art 218, left) 




187 



272 Let A BCD (Fig 187) be a complete quadnjfitftw* whose 
diagonal points are E, F, and G Let also 

L and P be the points where FG meets AD and BG respectively 
^a*AQ GE BD and OA 

^Vand^ EF CD and AB 

The six points so obtained are the veitices of a complete quad 
riJateral For the triangle JSFff is m perspective with each of the 

* BRIANCHON loc tit , p 45 , M \CLAUBIN, Ve hn Geom , 43 
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triangles ABO, DOB, CDA, BAD, the centres of perspective being 
D,A,B,C respectively, whence it follows that the four triads of 
points PQR, PMN, LQN, and LMR he on four straight lines (the 
axes of perspective) 

These four axes form a quadrilateral whose diagonals LP, MQ, NR 
form the triangle EFG Accordingly, a conic inscribed in the 
quadrangle ABOD and passing through L will pass also through 
N, P, and R (Art 270), similarly a conic can be inscribed in 
the quadrangle ABDQ to pass through R, M, N, and Q, and 
a conic can be inscribed in the quadrangle ACBD to pass through 
Q,P,M, and 

It will be seen that for each of these conies the four tangents 
shown in the figure (the four sides of the complete quadrangle ABCD) 
are harmonic, and that the same will therefore be the case with 
regard to their points of contact (Arts 148, 204) For take one of 
the sides of the quadrangle, for example AB , a consideiation of the 
complete quadrangle GDEF shows that this side is harmonically 
divided in R and Q- Now the points A , B } 6- are the points of 
intersection of the tangent AB with the other three tangents, and R 
is the point of contact of A B , therefore the four tangents are cut by 
any other tangent to the conic in four harmonic points * 

273 If ABCD is a parallelogram, the points E > G, M } Q pass off 
to infinity, and LNPR also becomes a parallelogram Of the three 
conies considered above the first will in this case be an ellipse which 
touches the sides of the parallelogram ABCD at their middle points , 
the fcecond a hyperbola which touches the sides AB and OD at their 
middle points and has AC and BD for asymptotes , and the third a 
hyperbola having the same asymptotes and touching the sides AD 
and BC at their middle points 

274 From that corollary to Bnanchon's theorem which has 
leference to a quadnlateial circumscribed about a conic 
(Art 172) we have already, m Ait 173, deduced a method foi 
the construction of tangents to a conic when we are given 
three tangents a , b , c and the points of contact , C of two 
of them (Fig 183) We take any point E on JBC and join it 
to the points ab , ac by the straight lines g , /, respectively , if 
the point in which g meets c be joined to that m which/ meets 
$, the joining line d will be a tangent to the conic 

The four tangents a,b,c,d form a complete quadrilateral 
two of whose diagonals g = (ab) (id) and/= (ac) (bd) intersect 

* STEINEB loc cit , p 160, 43,4, Collected Works, vol i p 347 
Beitrage zur Geometne dei Luge, Art 329 
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Sa E, therefore also (Art 172) the chords of contact AD and 
$G of the tangents a and d, 6 and c respectively will intersect 
The straight lines joining S to the points ab and ac, 
being two of the diagonals of the quadrilateral &ocd, are con- 
jugate lines with respect to the conic , consequently 

If a tnangk ale is circumscribed abowt a conic y ike straight Imes 
which join two of its vertices ab and ac to a%y$omt JE on the polar 
qf the third vertex be are conjugate to one another m& respect to the 



And conversely 

If two straight lines (c and I) touch a come, any two 
$foaight lines (fand g) drawn from any point (E) on their chord of 
contact will cut the two given tangents in points such that the 
straight Ime (a) joining them touches the conic 

275 Let us now investigate the correlative property Sup- 
pose three points A , B , C on a conic to be given, and the 
tangents b , c at two of these points (Fig 183) If a straight 
line e drawn arbitrarily through the point to cut AB in G and 
AC in F, then if GO and FB be joined they will intersect in 
omt D lying on the conic 

The four points A , ,D,C form a complete quadrangle 
two of whose diagonal points he on <?, therefore (Art 166) 

the point be and the point of 
intersection of the tangents at 
A and D will he on e The 
points G and F 9 being two of the 
diagonal points of the quadrila- 
teral ABCD, are conjugate with 
respect to the come , consequently 
If a triangle ABC (Fig 188) is 
inscribed in a conic, the points F 
and 6 in which two of the sides are cut by any straight line drawn 
through the pole 8 of the third side are conjugate to one another 
with respect to the conic 
And conversely 

If two gnen points (B , C) on a conic be joined to two conjugate 
points (G , F) which are cottmear with the pole (8} of the chord (BC) 
joining the given points, then the joining lines will intersect in a 
point (A] lying on the come 




Fig 1 88 




CHAPTEE XXI 

THE OBKTBE AND DIAMETEBS OF A CONIC 

278 LET an infinitely distant point be taken as pole, and 
thiough it let a transversal be drawn (Fig 189) to cut the 
conic in two points A and 
A' The segment AA f will 
be harmonically divided by 
the pole and the point where 
it is cut by the polar (Art 
250), this point will there- 



fore be the middle point of 

AA' (Art 59) That is to Fig 189 

say 

If any number of parallel chords of a come le drawn, the locus of 
their middle points is a straight line , and this straight line is the 
polar of the point at infinity in which the chords intersect* 

277 This straight line is termed the diameter of the chords 
which it bisects If the diameter meets the conic in two 
points, these will be the points of contact of the tangents 
diawn to the conic fiom the pole, i e of those tangents which 
are paiallel to the bisected chords If the tangents at the 
extiernities A and A' of one of these chords be diawn, they will 
meet in a point on the diameter If A A' and BB' are two of 
the bisected choids, the straight lines AS and A'B', AB f and 
A'Jl will intersect in pans on the diameter (Art 250) 

If, conversely, fiom a point on the diameter can be diawn 
a pair of tangents a and a f to the conic, their chord of contact 
A A' will be bisected by the diameter, and if through the 
same point there be diawn the straight line which is har- 
monically conjugate to the diameter with respect to the two 

* APOLLONIUS, Conic , lib i 46, 47, 48 , lib 11 5 6, 7, 28-31, 34-37 
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tangents, this straight line will be parallel to the bisected 
chords If from two points on the diameter there be drawn 
two pairs of tangents a and a' y 6 and &', the straight line join- 
ing the points ab and a'V and that joining the points aV and 
a'l will both be parallel to the bisected chords (Art 252) 

278 To each point at infinity, thai IB> to each pencil of 
parallel rays, corresponds a diameter The diameters all pass 
through one point , for they are the polars of points lying on 
one straight line, viz the straight line at infinity , the point 
in which the diameters intersect is the pole of the straight 
line at infinity (Art 256) 

279 Since every parabola is touched by the straight line at 
infinity, and the point of contact is the pole of this straight 
luxe (Art 2j54, II), it follows (Art 278) that all diameters of a 
parabola are parallel to one another (they all pass through the 
point at infinity on the curve) , and conversely, every straight 
line which cuts a paiabola at infinity is a diameter of the curve 

280 If S is any point fiom which a pair of tangents a and 
a' can be drawn to the conic (Fig, 189), the chord of contact 
AA', the polar of 5, will be bisected at 72 by the diameter 
which passes through S 3 for 8 and the point at infinity on 
AA' are conjugate points with respect to the conic If the 
diameter cuts the curve in If and IT, the tangents at these 
points are parallel to AA' t and MM' is divided harmonically 
by the pole S and the polar AA' (Art 250) 

If then the come is a parabola (Fig 1 90) the point M ' moves 
off to infinity, and therefore M is the 
middle point of the segment SR , thus 

The straight hue wJnch joins /Jtt, middle 
point of a choul of a patabola to the poL 
of the chord is luecfed ly the cu)V( * 

281 When the conic ib not a p nabola, 
the stiaight line at infinity is no longer 
a tangent to the curve, and consequently 
the pole of this btiaight line, or the point of mtu section of the 
diameters, is a point lying at a finite distance Since any two 
points on the conic which are collmeai with the polo aie 
separated harmonically by the pole and the polai (Ait 250), the 
pole will lie midway between the two points on the curve 
* APOLLONIUS loc oit , lib i 35 
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the polar lies at infinity* Every c^ord of the eomO 
therefore which passes through the pole of the straight line at 
infinity is bisected at this point 

On account of this property the pole of the straight line at 
infinity or the point in which all the diameters intersect w 
called the centre of the oomc 

282 Applying the properties of poles and polars in general 
(Arts 250 253) to the case of the 
centre and the straight line &t in- 
finity, it is seen (Fig 191) that 

If A and A' are any pair of points 
on the come collinear with the 
centie, the tangents at A and A r 
are parallel 

If A and A', and B' are any two 




Fig 191 



pairs of points on the conic which are collinear with the 
centre, the pairs of chords AS and A'B', AB' and A'JB are 
parallel, so that the figure ABA'V is a parallelogram 

If a and a' are any pan of parallel tangents, their chord 
of contact passes through the centre, as also does the straight 
line lying midway between a and a' and parallel to both 

If a and a', I and V are any two pairs of parallel tangents, the 
stiaight line joining the points ab and aVand that joining the 
points at/ and a'l both pass through the centre, in other 
words, if abefV is a parallelogram circumscribed to the conic, 
its diagonals intersect in the centre 

283, If the come is a hypeibola, the stiaight line at in- 
finity outs the curve , consequently the centre is a point 
extenoi to the curve (Art 254, I) in which intersect the 
tangents at the infinitely distant points, ? e the asymptotes 

(Fig 197) 

If the conic is an ellipse, the straight line at infinity does 
not cut the cuive , consequently the centie is a point inside 
the cuive (Figs 191, 192) 

284 Two diameters of a cential conic (ellipse or hypei- 
bola*) aie termed conjugate when they are conjugate straight 

* In the case of the parabola there are no pairs of conjugate diameters foi 
since the centre be. at infinity, the dwieter drawn parallel to ^MM 
are bisected by a given dimeter must coincide always with the straight line at 
infinity 
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Fig 192 



IneS with respect to the COIHC, i e when each passes through 
the pole of tfa* other (Art 255) 

Since the pole of a diameter is the point at infinity on any 
of the chords which the diameter 
bisects, it foBbws that the diameter 
*' conjugate to a given diameter 6 is 
parallel to the chords bisected by 5 , 
conversely, If teseefe th&dbodte which 
are parallel to 6 * 

Any two conjugate diameters forM 
with the straight line at infinity 
a self-conjugate triangle (Art 258), of which one vertex is 
the centie of the conic and the other two are at infinity 

Since in a self-conjugate triangle two of the sides cut the 
conic and the third side does not (Art 262), and since the 
straight line at infinity cuts a hyperbola but does not cut an 
ellipse, it follows that of every two conjugate diameters of a 
hyperbola one only cuts the curve, while an ellipse is cut by 
all its diameters 

285 PROBLEM Given Jive points A , B , C , D , E on a conic, to 
determine its centre 

Solution We have only to repeat the construction given in Art 
257, II (right), assuming the straight line 8 to lie in this case at 
infinity Draw through C a parallel to AB, and deteimme the point C f 
in which this parallel meets the conic again , draw also through B a 
parallel to AC, and determine the point B' in which this paiallel 
meets the conic again The straight line u which joins the points of 
intersection of the pairs of opposite sides of the quadrangle ACBC', 
and the straight line v which joins the points of intersection of the 
pans of opposite sides of the quadi angle ABCB', will meet in the 
required point 0, which is the pole of the straight line at infinity 
and therefore the centre of the conic t 

The straight lines u and v are the diameters conjugate lespec- 
tively to AB and AC , if through there he drawn the straight 
lines u', v' parallel to A B } AC respectively, then u and u, v and v' 
will be two pairs of conjugate diameters 

If the come is detei mined by five tangents, its centre may be 
found by a method which will be explained further on (Art 319) 

* APOLLONIUS, loc <yit , lib 11 20 

t If u and v should be parallel, the come is a parabola, whose diameters are 
parallel to u and v 
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286 Foui tangents to a conic forai a complete quadrilateral 
whose diagonals are the sides of a self-eoi&jitg$te 
(Art 260) Suppose the four tangents to be paaraUsi 
(Fig 191) , then one diagonal mil pass to infinity, 
consequently the other two will be conjugate 
(Art 284), thus 

The diagonals of any parallelogram circumscribed to a conw are 
conjugate diameters 

The points of contact of the four tangents form a complete 
quadrangle whose diagonal points are the vertices of the self- 
conjugate triangle (Arts 169, 260) In the case where the 
four tangents are parallel in pairs one of these diagonal points 
is the centre of the conic, and the other two lie at infinity 
That is to say, the six sides of the quadrangle are the sides 
and diagonals of an inscribed parallelogram , its sides are 
parallel in pairs to the diagonals of the circumscribed paral- 
lelogram, and its diagonals intersect in the centre of the 
conic 

287 Conveisely, let ABA'B' (Fig 191) be any inscribed 
parallelogram, and consider it as a complete quadrangle 
Since its three diagonal points must be the vertices of a 
self-conjugate triangle, one of them will be the centre of 
the conic, and the other two will be the points at infinity 
on two conjugate diameters, thus 

In any parallelogram inscribed in a come, the sides are parallel to 
two conjugate diameters and the diagonals intersect in the centre 

Or again 

The chords which join a variable point A on a come to the ex- 
tremities J5 and ' of a fixed diameter are always parallel to two 
conjugate diameters 

288 The following conclusions can be diawn at once from 

Art 286 

Any two parallel tangents (a and a') aie cut by any pair of 
conjugate diameters m two pans of points, the stiaight lines 
connecting which give two othei parallel tangents (4 and 4') 

If from the extremities (A and A'} of any diameter straight 
lines be drawn parallel to any two conjugate diameters, they 
will meet in two points on the curve, and the chord joining 
these will be a diameter 

Given any two parallel tangents a and a' whose points of 
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eontaet are A and A' respectively, and any third tangent b , if 
from A a parallel be drawn to the diameter passing through 
a'b this parallel will meet the tangent b at its point of 
contact B 

Given any two parallel tangents a and a' whose points of 
contact are A and A' respectively, and another point B on the 
conic , the tangent at B will m-eet the tangent & in a point 
lying on that diameter which is parallel to A'B> and it will 
meet the tangent a' in a point lying on that diameter which is 
parallel to AB 

289 Suppose now that the come is a circle (Fig 193), * e 
the locus of the vertex of a right angle 
AMB whose aims AM and BM turn round 
fixed points A and B respectively These 
arms in moving generate two equal and 
consequently projective pencils , therefore 
the tangent at A will be the ray of the 
first pencil which corresponds to the ray 
BA of the second (Art 143) The tangent 
at A must therefore make a right angle with BA , and simi- 
larly the tangent at B will be perpendicular to AB The 
tangents at A and B are therefoie parallel, and consequently 
AB is a diameter 3 and the middle point of AB is the centre 
of the circle (Art 282) 

I Since AB is a diameter, the straight lines AM and BM 
will be parallel to a pair of conjugate diameters, whatever be 
the position of M (Art 287) , therefore 

Every pair of conjugate diameters of a circle are at light angles fo 
one another 

II Since the diagonals of any parallelogram cncumscribed 
about the circle are conjugate diameters, they will intersect 
at right angles, thus any parallelogram which (tnuwstnbes a 
circle must be a rhomlus 

III In a rhombus, the distance between one pair of opposite 
sides is equal to the distance between the othei pair , thus by 
allowing one pan of opposite sides of the circumscubed rhom- 
bus to vary while the other pair remain fixed, we see that the 
distance between two paiallel tangents is constant This 
distance is the length of the stiaight line joining the points of 
contact of the tangents, for this straight line, which is a 
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4iameter, cuts at right angles the conjugate diameter and the 
tangents parallel to it , therefore all Ammeters of a wrote are 
equal in length 

IV The diagonals of any inscribed parallelogram $ 
diameters , but all diameters are equal in length * tfcerefee 
any parallelogram inscribed in a circle must be a rectangle 

290 Eeturning to the general case where the come is any 
whatever (Fig 189), let s be any straight line and 8 its pole 
All chords parallel to s will be bisected by the diameter 
passing through 8 , for since 8 and the point at infinity on s 
are conjugate points with respect to the conic, the polar of the 
^econd point will pass through the first We may also say that 

If a Ammeter pas* through a fixed point, the conjugate diameter 
will le parallel to the polar of thu point 

I If the diameter passing through S cuts the conic in two 
points M and M', then MM' is divided harmonically by the 
pole S and the polar a* , thus if is the middle point of MM\ 
that is, the centre of the come, and R the point where MM' is 
cut by the polar *, we have (Art 69) 

OS OR = M 2 

II From this follows a construction for the semi-diameter 
conjugate to a chord AA f of a conic^ having given the extremities 
A and A' of the chord and three other points on the conic 
We determine (Ait 285) the centie 0, and join it to the 
middle point E of AA' , we then construct the tangent at 
A and take its point of intersection S with OR If now a 
point M be taken on OR such that OM is the mean propor- 
tional between OR and OS, then OM will be the required 
semi-diameter 

If he between 7? and S, so that 07? and OS have opposite 
signs, the diameter OR will not cut the conic , but in this case 
also the length OM, the mean propoitional between OR and 
OS, is called the magnitude of tie semi-diameter conjugate to the 
chord A A' 

An analogous definition can be given for the case of any 
straight line (Art 294) 

III If the conic is a circle, the perpendicularity of the 
conjugate diameters m this case gives the theorem 

* APOLLONIUS, loc cit , i 34, 36 , 11 29, 30 
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The polar of any point with respect to a circle is perpendicular to 
th& diameter which passes through the pole 

291 From this last property can be derived a second de- 
monstration of the very important theorem of Art 263 (3), mz 

The range formed by awy wtimber of coilinear points, and the 
pencil formed by their polw wvbli i expect to any given conic, are two 
protective forms 

Consider as poles the$j3ite J.,B,, ^ tying on a straight 
hue * (Fig. 3-94),, the isaaaaetergr (^,.5, C; ) obteied by 

joining them to the e$fe& ^ 
the conic will form a pened 
which is in perspective with the 
range A,B,C, Another pencil 
will be formed by the polars 
a , 6 , c , of the points A , B , C, 
since these polars all pass through 
a point 8 (Art 256), the pole of 
^ I94 s If now the conic is a circle, 

y the property proved in Art 290, IH 5 the straight lines 
, , C 9 ) are perpendicular respectively to a , 6 , c , , and 
the two pencils are in this case equal The range of poles 
A,JB, C y is therefore projective with the pencil of polars 
a , b , c , with regard to a cncle 

This lesult may now be extended and shown to hold not 
only for a circle but for any conic For any given conic may 
be regarded as the pi ejection of a circle (Arts 149, 150) In 
the projection, to harmonic forms correspond harmonic forms 
(Art 51) , consequently to a point and its polar with regard 
to the conic will conespond a point and its polar with regaid 
to the circle, and to a range of poles and the pencil formed 
by their polars with regard to the conic will correspond a 
range of poles and the pencil formed by then polais with 
regard to the circle But it has been seen that this range and 
pencil are projective m the case of the circle , therefore the 
same is tiue with regard to the range and pencil in the case 
of the conic, and the theorem is proved 

292 THEOREM A quadrangle is inscribed in a come, arid a point 
t$ taken on tlie straight line which joins the points of intersection of the 
pairs of opposite sides If from this point be drawn the strai<jJit lines 
connecting it with the two pairs of opposite vertices, and albO a pair of 
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' to the wm^ these tfrmgU faies wiU be three Gow^uffate pairs of 
an involution 

Let AJSGD be a simple quadrangle imseribe& ra a ^eotee {Kg 
195) , let the diagonals AC , BD meet im F, and the pairs of opposite 
sides EC , A D and AB , CD m E 
and # respectively , the points 
E ,F,G will then be conjugate two 
and two with respect to the conic 
(Art 259) Take any point / on 
EG and join it to the vertices of 
the quadrangle, and draw also the 
tangents IP, IQ to the conic The 
two tangents are harmonically 
separated by IE , IF (Art 264), 
since these are conjugate straight 
lines, F being the pole of IE But 
the rays IE , IF are harmonically 
conjugate also with regard to I A , 1C , for the diagonal AC of the 
complete quadrilateral formed by AS , BO , CD , and DA is divided 
harmonically by the other two diagonals BD and EG-, and the two 
pairs of rays in question are formed by joining / to the four 
harmonic points on AC For a similar reason the rays IE , IF 
are harmonically conjugate with regard to 
IB , ID The pair of tangents, the rays 
I A , /<?, and the rays IB, ID are therefore 
three conjugate pairs of an involution, of 
which IE, IF are the double lays (Art 125) 

I By virtue of the theorem corielative 
to that of Desargues (Art 183, right), a 
conic can be inscribed in the quadrilateral 
A BCD so as to touch the straight lines 
IP and IQ 

II The theorem correlative to the one 
proved above may be thus enunciated 

If a ample quadrilateral A BCD (Fig 
196) is circumso ibed about a conic, and if 
through the point of intersection of its diagonals any transversal be 
dtawn, this will cut the conic and the pairs of op^wsite sides AB 
and CD, BC and AD, in thtee pairs of conjugate points of an invo- 
lution 

III By virtue of Desargues' theorem (Art 183, left), a come can 
be described to pass through the four vertices of the quadrilateral and 
through the two points where the conic is cut by the transversal * 

* CHASLES, Sections comques, Arts 122, 126 
Q 
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with regard to a come gives 



06* Wtt jJWHKtat Wf WWW W*~ -- ~J -* gTmrwr -r~, W *y f*V V$9%6 5 fPftfeft 

2^* t$ determined &y >* jpotnte or 6y j/fo tan&wte 
E * any two points Z7 and F, construct their polars 6 and n 
%$?\ aaad let e7' and F' be tibe points where these meet 5 If 
etetenmtted by the two pairs of reciprocal points (7 
T 7 , lfl *wo doable points if and N, these will be the 
of saiemwokoio of the conic with s If 17' and F' 
touches * at the point in which they 
has no double points, the conic does 

t w^wav- ~*v _- solved the problem to draw from 
pw of ttmgwte to a come which zs determined ly 

JZ***, M/MM.4 



& 



" Let A. and A f be a pair of points lying on a straight line s 
reb are conjugate with respect to the conic, and let be the point 
w&ere * meets the diameter passing through its pole S (the diameter 
chords parallel to s) Then will be the centre of the 
n fmrnprl nn K "by the pairs of conjugate points such as A 

, 125) 

OA OA f ^ constant 

mo vxmic in two points M and J\\ thee will bo the double 
points of the involution, and 

If s does not cut the conic, the constant \alne of O ( [' will be 
negative (Art 125), in tins case ther exists a pun // and 11' of 
conjugate points of the involution, or of conjupit< points with regaid 
to the conic, such that lies midway bet wit n the in and 
OA OA'=OH OH'=-0/!'= nil' 

The segment II H f has been called an nh<il th<u<l \ of the conic, 
just as MN in the first case is a real choid \ < < ptm<r tins didni- 
tion we may say that a diameter contains the nuddli points <.i all 
chords, leal and ideal, which are parallel to tin ( onju^ it< diann t< r 

When two comes are said to have a n il connm n < luud I/ \ it is 
meant that they both pass through the points M and \ \\ h< n two 
conies lie said to have an ideal common dioni ////' this minifies 
that II and // / are conjugate points with legaid to l>oth (oni(s,and 
that the diameters of the two conns whieh pass tlnougli the 
respective poles of HH' both pa^s through tin iniddlt point of 
EE' 

* STAUDT Geometric (let Lage, Art 30 s 
f PONCLLLI, loc cit p 29 
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295 A pencil of rays in involution has in general (Art 207) 
one pair of conjugate rays wluch include a right angle." 
Therefore 

Through a given pomt can always be drawn one pair of tfrmgH 
Imes which are conjugate with reqpeet to a given conic and wi*e 
mclude a nght angle , and these are the internal and external lw&* 
tors of the angk made with one another ly the tangents drawn from 
the given point, when this is exterior to the conic 

296 In Art 263 (Fig 183) let the point G be taken to 
Coincide with the centre of the conic (hyperbola or ellipse) , 
two conjugate lines such as GF, GE will then become conju- 
gate diameters, and we see that the pairs of conjugate diameters 
of a conwform an involution If the conic is a hyperbola, the 
Asymptotes are the double rays of the involution (Arts 264, 
283) , thus any two conjugate diameters of a hyperbola are har- 
monically conjugate with regard to the asymptotes * If the conic 
is an ellipse, the involution has no double rays 

Consider two pairs of conjugate elements of an involution , 
the one pair either overlaps 01 does not overlap the other, and 
according as the fiist or the second is the case, the involution 
has not, or it has, double points (Art 128) , thus 

Of any two pairs of conjugate diameters of an ellipse, the one 
aa' is always separated by the other W (Fig 192) , 

Of any two pain of conjugate diameters of a hyperbola, the one 
aa' is never separated by the othei II' (Fig 197) 

297 The involution of conjugate 
diameters will have one pair of con- 
jugate diameters including a right 
angle (Art 295) If there were a 
second such pair, every diametei 
would be perpendicular to its con- 
jugate (Art 207), and in that case 
the angle subtended at any point 
on the curve by a fixed diameter 

would be a light angle (Art 287), and consequently the conic 
would be a circle Every conic therefore which is not a para- 
bola or a ciicle has a single pair of conjugate diameters which 
are at right angles to one another These two diameters 
a and a' are called the axes of the come (Figs 193, 197) In the 
* DF LA HIRE, loc cit , book 11 prop 13, Cor 4 
Q 2 
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197) the axes are the bisectors of tke angle 
between the asymptotes m and n (Arts 296, 60) 

In the ellipse both axes cut the curve (Art 284) , the 
greater (of) is called the major, the smaller (a) the minor axis 
In the hyperbola only one of the axes cuts the curve , tins one 
(of) M called the transverse axis, the other (a) the canjugafe axis 
The points in which the conic is cut by the axis a' in either 
case are called the vertices 

Begardiug an axis as a diametei which bisects all chords 
perpendicular to itself, it is seen that the parabola also has 
an axis For since all chords at right angles to the common 
duection of the diameters are parallel to one another, their 
noddle points lie on one straight line, which is the axis a of 
the parabola (Fig 190) The parabola has one vertex at 
infinity , the other, the finite point in which the axis a cuts the 
curve, is generally called the vertex of the parabola 

9ft fi Since each of the orthogonal conjugate diameters of a 
jtyperbola) bisects all chords peipen- 
LOWS that the conic is symmetucal with re- 
VA t/ne diameters in question (Art 76) The ellipse 
nyperbola have therefore each two axes of symmetry, 
cue parabola, on the other hand, has only one such axis 

The ellipse and hyperbola are also symmetrical with respect 
to a point , the centre of symmetry being in each case the 
pole of the straight line at infinity 

In general^ given a conic, a point 5, and ? the polar of S with 

respect to the conic, if S be 
taken as centic and ? as axis of 
harmonic homology (Ait 70), the 
come is homological with itself 
(Art 250)* 

299 In the thcoidn of Ait 
275 suppose the inscribed tuang]< 
to be AA^M (lig iytt), that is, 
let two ot its vutictB A and / t 
be colhnear with the centre of the conic which IB tikon 
to be an ellipse or hyperbola The pole of tho Bide ///, will 
be the point at infinity common to the choids bisected by 
the diameter AA lt and the theorem will become tho following 

* See also Art 396, below 
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The straight hne* which join two <^ugate$owte P<wdP'tothe 
extremities A and, A of that Ammeter whose conjugate t& parallel to 
PP f inteneet on the conic 

300 The pairs of conjugate points takeo^ similarly to J* 
and P', on the diameter conjugate to AA form an involution* 
(Art 263) whose centre is the centre of the sonic If this 
involution has two double points JB and JSj , these lie on the 
curve, which is therefore an ellipse If the involution has no 
double points, the conic is a hyperbola (Art 284) 3 in this 
case two points and J B 1 can be found which are conjugate 
in the involution and consequently conjugate with respect to 
the conic, and which he at equal distances on opposite sides 
of (Art 125) In both cases the length of the diameter 
conjugate to AA^ is interpreted as being the segment 
(Arts 290, 294) 

In the ellipse we have (Art 294) 
OP OP'= constant ^ 



and in the hyperbola 

OP OP'=constant=:0jB 05,= - 

301 The foregoing theorem enables us to solve the problem 
To construct ly tmnt* a come, having given a pair of conjugate 
diameters AA l and BB 1 in magnitude and position 




In the cise of the ellipse (Jbit? 198) the four points A , A 1 , B,B l 
ill lie on the cuive, m the case of the hyperbola (Fig 199) let AA l 
be that one of the two given diamcteis \vhich meets the conic 

Construct on the diimetei BB^ seveiil pans of conjugate points 
P and P' ot the involution determined by having as centre 
and B and B l in the fiist cise is double points, in the second ca<e 
as conjugate points The straight lines AP and Af (as alo Af 
and AP') will intcisect on the curve 

302 The straight lines OJ\ , OX' diawn parallel to AP, A^P f 
respectively aie a pan of conjugate diameters (Ait 287) The 
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3^ of conjugate diameters form an involution (Art 296) , 
consequently the pairs of points analogous to J, X' (in which 
&e diameters cut the tangent at A) also form an involution, 
the centie of which is A, since OA and the diameter OB 
parallel to A X are a pair of conjugate diameters If the conic 
is a hyperbola, the involution of conjugate diameters has two 
double rays, which are the asymptotes , therefore the points 
K and K ls in which AX meets the asymptotes, are the double 
points of the involution XX' > * 

SOS Since OP AX is a parallelogram, AX= OP , and from 
the similar and equal triangles OP'A^ and AX'O, AX'= OP' f 
But OP OP'= 2 (Art 125) , therefore AX AX'= + 03*, 
or 

The rectangle contained ly the segments intercepted on a fixed tangent 
to a conic between its point of contact and the points where it is cut 
by any two conjugate diameters is equal to the square ( + OB 2 ) on the 
semi-diameter drawn parallel to the tangent 

304 We have seen (Art 302) that m the case of the hyper- 
he double points of the involution ot which 
X, X' a pair of conjugate points , thus 



Therefoie AK=0, and OAKJS is a parallelogiam Accoid- 



If a parallelogram be described so as to have a pair of conjugate 
semi-diameters of a hyperbola as adjacent sides, out, of its diagonals 
will coincide with an asymptote J 

Further, the other diagonal AB is parallel to ffo w ond avjwploie 
For consider the harmonic pencil (Art 296) formed by the two 
asymptotes and the two conjugate diameters 1 , 07>' The 
four points m which this pencil cuts AB will be haimomc, 
but one of the asymptotes OK meets AB m its middL point, 
therefore the othei will meet it at infinity (Ait 59) 

305 Let A 7 ! be the point wheie the diametoi \ meets the 
tangent at A l Since X' and OX 1 are a pan of conjugate 
lines which meet m a point on the chord of contact AA l oi 

* In Fig 199 only one of the points K, ", is shown 

f Jn order to iccount for the signs, it need only be observed th it in the case of 
the ellipse OP and OP' are similar, but AX and AX 1 opposite to one another 
in direction, while m the case of the hyperbola OP and OP' are opposite, but 
' 



' similir as regards direction 
% APOLLO MUS, loo cit , book n i 
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fee tangents AX and ^li , the straight toe JQ^ (ArL 274} 
will be a tangent to the conic i*v~ 

The point of contact of this tangent is K, th^qpgSi of iniesF 
section of AP and AJ?' (Art 299) 

306 It is seen moreover that X f X 1 is one diagonal of tiie 
parallelogram formed by the tangents at A and A I and t6& 
parallels to AA l drawn through P and P', this may also M 
proved in the following manner All points of a diameter 
have for their polars straight lines which aie parallel to the 
conjugate diameter (Art 284.) , if then through the conjugate 
points P and P' parallels be drawn to AA , the first will be 
the polar of P 7 and the second the polar of P , consequently 
these parallels are conjugate lines If now the theorem of 
Art 274 be applied to these conjugate lines and the two tan- 
gents at A and A^ we obtain the following proposition 

\/ If a parallelogram is such that one pair of its opposite sides are 
tangents to a conWj and the other pair are straight hnes> conjugate 
with regard to the conic and drawn parallel to the chord of contact of 
the two tangents^ then its diagonals also will be tangents to the conic 

307 This gives the following solution of the problem 

To construct a conic ly tangents, having given a pair of conjugate 
diameters AA l and BB 1 in magnitude and direction 

Suppose BBi to be that diameter which meets the conic in the case 
wheie the latter is a hyperbola On BB^ determine a pair of con- 
jugate points P and P' of the involution which has the centre of 
the conic as centre and the points B , B l either as double points or 
as conjugate points, according as the conic to be drawn is an ellipse 
or a hyperbola Draw through A and A l parallels to SB 19 and 
thiough P and P 7 paiallels to AA l , the diagonals of the parallelo- 
gram so obtained will be tangents to the requued conic 

308 The segments AX and A^ are equal m magnitude and 
opposite in sign , and it has been seen that AX AX' '= + CLB 2 , 
therefore AX' ^=03*, 01 

The rectangle contained ly the segments intercepted upon two 
parallelled tangents between their points of contact and the points 
where they aie cut ly a vanalle tangent (X'XJ is equal to the 
square (011*) on the semi-diameter parallel to thefaed tangents* 

309 Since the straight line OB is parallel to AX and A^ 
and half-waj between them, the segments determined by AM 



* See Art 160 
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J/ redeem eh on ^Jj and AX (measured from A l aad 
A respectively) are double of OP and OP' , but by the 
theorem of Act 300 the rectangle OP OP' is constant , thus 

The straight Imes connecting the extremities of a given diameter 
with any point on the conic meet the tangents at these extremities in 
two points such that the rectangle contained by the segments of the 
tangents mtercepted between these points and the points of contact is 
constant * 

310 Since Jis (Art 288) the point of intersection of the 
tangent at A and the tangent parallel to JT.^, the proposition 
of Art 303 may also be expressed as follows 

The rectangle contamed ly the segments (AX, AX') determined by 
two variable parallel tangents upon any fixed tangent is equal to the 
square (+ OB 2 ) on the semi-diameter parallel to thefxed tangent 

311 From the theorems of Arts 299, 300 is dem ed the solution 
of the following problem 

Ghven the two extremities A and A l ofa diameter of a come, a third 
point M on th? conic, and the direction of the diameter conjugate to 
AA 19 to determine the length of the latter diameter (Fig 199) 

Through 0, the middle point of AA lt draw the diametei whose 
direction is given , let it he cut by AM and A^M in P and P f respec- 
tively, and take OB the mean proportional between OP and OP', 
then OB will be the half of the length requned 

312 The proposition of Art 303 gives a construction for pairs of 

conjugate diameters, and in par- 
ticular for thf arcs, of an dlipw of 
which two conjugate semi diameters 
OA and ()B are giv( 11 iti magnitude 
and direction (l< ig 200) 

Through A diaw a parallel to 
OB, this will be tin tang( nt at A 
and will be cut by any two conju- 
gate dnmetiib in two points \ ind 
A ' such th it 
AX AX'=-OB* 

If now there be taken on the noimal at A iwo segments 1C and 
AD each equal to OB, eveiy circle passing through 6 and I) will cut 
this tangent in two points X and X f which possess tli< piop< rt> c x 
pressed by the above equition , these points lie thucfoic su< h that 
the straight lines joining them to the centre will give the direc- 
tions of a pan of conjugate diameters If the uicle be diawn 
* APOLLONIUS, loc cit , lib in 53 




Fig 200 
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th angle XOX' becomes a ngit angle, and consequently 
OX, OX' will be the directions of the axes 

Since the circular arcs J', X'Z> are equal, the angles COX', JfOI> 
are equal, consequently 03?, 03. are the internal and external 
bisectors of the angle which 00, OD make with one another Ik 
order then to construct the semi-axes OP , OQ in magnitude, let fefi 
perpendiculars AX^ AXf on OX, OX' respectively Then X and X,, 
X 7 and X/ are pairs of conjugate points, theiefore OP will be tihe 
geometric mean between OX and OX 1} and OQ the geometric mean 
between OX' and OX/* 

313 Through the extremities A and -4' (Fig 301) of two 
conjugate semi-diameters OA and OA' of a conic draw any two 
parallel chords AB and A'B' To find 

the points B and J?' we have only to 
join the poles of these chords, this 
will give the diameter OX 7 which passes 
through their middle points 

Let OX be the diameter conjugate 
to 01', ^ e that diameter which is 
parallel to the chords AS , A'B' The 
pencils O(XX'AB) and 0(X'XA'') aie each harmonic (Ait 59), 
and are therefore protective with one another , consequently 
the pans of rays 0(XX',AA',') are in involution (Art 123) 
But the two pairs 0(XX',AA') determine the involution of 
conjugate diameters (Arts 127, 296) , therefore also OS and OB' 
are conjugate diameters Thus 

If through the extremities A and A' of two conjugate semi-diameters 
parallel chords AB , A'' be drawn, the points B and B' will le the 
extremities of two other conjugate wmi-diaweteis 

Two diameters AA and BB determine four chords AB 
which foim a parallelogram (Arts 260, 287) The diameters 
conjugate lespectivcly to them foim in the same way another 
paiallclogram, which has its sides parallel to those of the first , 
that is every chord AB is paiallel to two choids A'B f , and not 
parallel to two othei choids A'W 

314 Let 11, K be the points where IB is cut by OA', OB' 
respectively The diametei OX' which bisects AB' will also 
bisect UK , therefoie AB and UK have the same middle point , 
thus All = KB and AK=1IB The tuangles OAK and OBH 

* CHASLES Aper^u hi to? tque, pp 45, 362 , Sections complies, Art 2O 3 
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ase i&erefoie equal in area (Euc I 37), as also AKB' and 
J3JEL4', and therefore also OAB' and O./4'.B are equal Accord- 
ingly 

The parallelogram described on two semi-diameters (OA , OB') as 

adjacent sides is equal in area to the parallelogram described similarly 
on the two conjugate semi-diameters 

In the same way the triangles OAB and OA'B' can be 
proved equal 

The tnangles AHA', BKB' are equal for the same reason , 
and OAR, OBK are equal, and therefore also QAA' and OBB ' 
Therefore 

The parallelogram described on a pair of conjugate semi-diameters 
as adjacent sides is of constant area * 

315 Let M and N he the middle points of the non-parallel 
chords AB and A'B' Since AB and A'B' are parallel to a 
pan of conjugate diameters (Art 287) and since ON is the 
diameter conjugate to the chord A'B', therefore ON will be 
parallel to AB , so also OM will be parallel to A'B' The 
angles OH A and ON A' are therefore equal or supplementary , 
1 since the triangles OMA and ON A' are equal in area 
W c5ing halves of the equal triangles OAB and OA'B'}, we have 
(Euc VI 15), 

OM. AM=ON T3A'\ 

Now project (Fig 302) the points A , M , 1! , //', N , B' from 
the point at infinity on // as centre 
upon the stiaight lino Jl'H' The 
ratio of the paialld B(gmonts 1M 
and ON, OM and A /' is equal to 
that of then piojt ctions , wo con- 
clude thtrtfoic lioiu the equality 
just piovcd that th< J 

contained by the pioj< clions of 
OM and AM is ujuil to that 
contained by the piojtetious of 
ON and NA' As the pi ejecting 
rays are parallel to OB, the pi ejections of )/ ami ^// aie 




Fig 202 



* APOLLONIUS, loc cit,lib vn 31, 32 

t The signs + and caused by the relative direction of the segments 
OM ,NA and ON ,AM correspond respectu dy to the case of the ellipse (Fig 
201) ind to that of the hyperbola (Fig 202) 
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aeh equal to half the projection of BA or of QA. Since # 
xs the middle point of AB', the projection of ON wiH be equal 
to half the sum of the projections of OA' and Oj?', and the 
projection of NA' will fee equal to half the projection of&A', 
that is, to half the difference between the projections of OA' 
and OB' We have therefore 
(proj 



or 



(OA'+OB') 
xproj (OB'-O^f), 
(proj 040 2 (pjrJ 0^) 2 =(proj OJ') 2 
In the same manner, by piojecting the same points on OB 
by means of rays parallel to OB' (Fig 303), we should 
obtain 

(proj 0^) 2 (proj 0^') 2 =(pn>J OSf 

This proves the following proposition 

If any fair of conjugate diameters are projected upon a fixed 
diameter ly means of parallels to the 
diameter conjugate to ths last, then 
the sum (in the ellipse) or difference 
(in the hyperbola) of the squares on 
the j,i', ' 'i /<* is egital to the sguare 
on thefxed diameter 

By the Pythagorean theorem 
(Euc I 47) the sum of the 
squaies on the orthogonal pro- 
jections of a segment on two 
stiaight lines at light angles to 
ono another is equal to the square on the segment itself If 
then a pan of conjugate diameteis are pi ejected orthogonally 
on ono of the axes of a conic and the squares on the pro- 
jections of each diametei on the two axes are added together, 
the following piopobition will bo obtained 

Tlic *MM (Jor the ellipse) ot dtfieunce (Jor the hypeMa) of the 

ats on any pa M of conjugate diamtlei s 2A constant^ and is equal 
to the sum or the difference oj the squares on the axes* 

316 If five points on a conic are given, then by the method 
explained in Ait 285 the centre and two pairs of conjugate 
diameters u and u', v and v' can be constructed If these pans 
oveilap one motliei, the conic is an ellipse, in the contraiy case it 




* ArOLLONItS IOC 



Vll 12, 13, 22, 2 
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is a hyperbola (Art 296) If in this second case the double rays of 
1&e involution determined by the two pairs u and u', v and t/ be 
constructed, they will be the asymptotes of the hyperbola 

If in either case the orthogonal pair of conjugate rays of the in- 
volution be constructed, they will be the axes of the conic 

The direction of the axes can be found without first constructing 
the centre and two pairs of conjugate diameters * Let A , B , C, F, G 
be the five given points (Fig 168), describe a circle round three of 
them ABC, and construct (Art 227, 1) the fouith point of intersection 
G f of this circle with the conic determined by the five given points 
Any transversal will cut the two curves and the two pairs of opposite 
sides of the common inscribed quadrangle ABCC' in pairs of points 
forming an involution (Art 183) The double points P and Q (if 
such exist) of this involution will be conjugate with regard to each 
of the curves (Arts 125, 263), ^ e they will be the pair common 
(Art 208) to the two involutions which are formed on the transversal 
by the pairs of points conjugate with regard to the circle and by the 
pairs of points conjugate with regard to the conic (Art 263) Suppose 
that the straight line at infinity is taken as the transversal As this 
straight line does not meet the circle, one at least of these two 
involutions will have no double points, and eonsequeiitly (Art 208) 
the points P and Q do really exist Sinee these points are infinitely 
distant and are conjugate with regard to both cuives they will be 
(Arts 276, 284) the poles of two conjugate diimeters of the cucle 
and also of two conjugate diameters of the come , but conjugate 
diameters of the circle are perpendicular to one another (Art 289), 
theiefore P and Q are the poles of the axes of the eomc further, 
the segment PQ is harmonically divided by either pan of opposite 
sides of the quadrangle ABCC' , consequently P and Q are the 
points at infinity on the bisectors of the angle H nit hided hy the 
pairs of opposite sides (Art 60) In order then to find the icquned 
directions of the axes, we have only to draw the histciois j- of the 
angle included by a pair of opposite sides of tin quadi tingle ABCC', 
foi example by AB and GO ' (Fig 168) 

317 Let qif>f (Fig 161) be a complete quadiiUtual and A 
any point It has ah eady been seen (Ait 18"> light) thai the 
pans of rays a and a' 9 h and 6', which join *S to t\\o pans of 
opposite vutices, belong to an involution of which tin t uiij< nts 
drawn fiom S to any conic inscribed in th< qua,<h ihi(< r<tl aio a 
pan of conjugate rays Suppose the m\olution to have two 
double lays m and n, they will be haimomcally conjugite 



, loc at , Ai t 394. 
Set also the nol/e to Art 887 
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wlfch regard to such & pair of tangents (Art, 126), and will 
consequently be conjugate lines with respect to the conic 
But (Art 218, right) m a&d n are the tangents at 8 to the 
two conies which can be inscribed in the quadrilateral 
so as to pass through S Therefore 

If two conies which are inscribed m a given quadrilateral 
through a gii>en point, fhevr tangents at this point are conjugate hnes 
with respect to any come inscribed in the quadrilateral 

Instead of taking an arbitrary point S, let m be supposed 
given If this straight line does not pass thiough any of the 
vertices of the quadrilateral, theie will be one conic, and only 
one, which touches the five straight lines m,q,r,s,t (Art 
152) Let 8 be the point where this conic touches m , there 
will be a second conic which is inscribed in the quadrilateral 
and which passes through 8 , let the tangent to this at S be n 
The straight lines m and n will then be conjugate to one 
another with respect to all conies inscribed in the quadrilateial , 
and therefore (Art 255), 

The poles of any straight line m with respect to all comes inscr 
in the same quadrilateral lie on another straight line n 
X Moieover, since the straight lines m and n aie the double 
rays of the involution of which the rays drawn from 8 to two 
opposite vertices are a conjugate pair, therefore m and n 
divide ' ir *, * y each diagonal of the quadrilateral 

318 I The correlative propositions to those of Art 317 are 
the following 

If a straight line touches two conies winch circumscribe the same 
quadrangle, the two points of contact are conjugate to one another 
with leaped to all comes circumscribing the quadrangle 
w The polars of any given point M with respect to all the comes 
circmncnlang the same quad) angle meet in a fixed point N The 
segment MNis diouled harmonically at the two points wlieie it is cut 
by any pan of opposite wh\ of ffa complete quadrangle 

II Suppose m the second theorem of 
Art 317 that the straight line m lies at 
infinity , then the polts of m will be the 
centres of the comes (Ait 281), and n will 
bisect each of the diagonals of the quadn- 
lateral (Ait 59), therefore 

The centres of all conies inscribed in the same quadrilateral he 
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(1% 204) ***** J^** Alwy* O 
fomt* of tie chaffon&U tfti* gmfafoteral* 

UL Suppose similarly in theorem I of the present Article 
tkat the point Jf Lee at infinity , the polars of M mil become 
the diameters conjugate to those which have M as their 
common point at infinity , titras 

In any come wwmwsnfaaff a given quadrangle^ the diameter which 
w cwyugate to one drew* in a gwen fined direction will pat* through 




319 Newton's theorem (Art SI 8, II) gives a simple method for 

the omtre of a come dkfcr- 
by Jive tangmt* a>b 9 c,d,e 
305) The ftmr tangents 
a,b,c,d form a quadrilateral, 
join the middle points of its 
diagonals Let the same be done 
with regard to the quadrilateral 
abce, the two straight lines thus 
obtained will meet in the required 
centre O 

The five tangc nt, taken four 
and font tog<ther t foim five quod- 
nlateraln, the fivo nt might lines 
which join the inuldli pointaof the 
diagonala of fndi of the ({tiaclri- 
latemlH v,\\l tlnnfon all mut in 
the centre O of tin <omr uiMnl>ed 
m the pentagon abcde 

The same theorem enables us to find tJtr tlntrftnii nf the dmimlfrtt 
of a paiaboltt which is determ^nfd hi/ four t<nt(jrntn (t h r <l I or 
each ]>oint on the straight line joining tin flmlilii points ol the 
diagonals of th< (juadrilatc ral abed IH th< ]ol< <f tin utinjjit hn< fit 
infinity with Kj^anl to HOHK >iu( HIM* nl>< <i in tin <ju uh ilittcral 
(Art 318 II) thucfoie the point at infinitx <n tin lint vill l>o 
the poll uith K^urd to the niHcrihul paiubola ( \itn J >1 III ami J ?) 
Th< hti iitfhf line thnfoie vhuh JOIHK th< nii(l<ll points of the 
IH itsc If a dmnittd of tht paialKilu ( 1 itf *O|) 

* NI-UTON, Pnncipia book i leinm* an < <r \ 
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RECIPROCAL FIGURES 



820 AN a&xiitary come Z being given, it has been seen 
(Art 256) that if a variable pole describes a fixed straight 
line its polar turns rou&d a fixed point, and reciprocally, that 
if a straight line considered as polar tuins round a fixed point, 
its pole describes a fixed straight line 

Consider now as polars all the tangents of a given curve c 
or in other words suppose the polar to move, and to e^ 
the given curve Its pole will describe another curve, w^ 
may be denoted by C' Thus the points of C' are the pole, 
the tangents of C 

But it is also true that, reciprocally, the points of O are 
the poles of the tangents of C' For let 
M f and N' be two points on C' (Fig 306) , 
their polais m and n will be two tangents 
to C and the point wn where they meet 
will bo the polo of the chord M'fl' (Ait 
2 r >(>) Now suppose the point N' to appioach 
)/' indi finitely, the choid Jl/'N' will ap- 
pioach inou and moio neaily to the position 

of tin taiun nt at Jll ' to the cuivc C' the 

"Fig 206 
straight line u will at the same turn ap- 

pioach won and nion neaily to convenience with w, and the 
point wn will tend inoie and 111010 to the point whcie m 
tou< In H C Jn ilu limit, when tin distance M'N f becomes 
indc finite ly small, the tangent to C' at J\I f will become the 
polai of UK point of contac t of m with C Just then as 
the tangents of C au the polais of the points of C', so also 
ait the tangents of C' the polais of the points of C , if a 
straight line m touches the curve C at 37, the pole M' of m 
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t&e #&ra*gM &** (^g >4) 

J*?^<^^IS2^0W^ 

III Suppose similarly in theorem I of the present Article 
tbfit the point M lies at infinity, the polars of M will become 
the diameters conjugate to those which have M as their 
common poyat at mfrnity , thus 

1% any come wcumMnfong a gwe* quadrangle^ tke dtamtter which 
is conjugate to one dr& t# a ffwtnfatd direction mil pats through 



319 Newton's theorem (Art SI 8, II) gives a simple method for 

finding the omtr* of a conic 




by Jh* tangents a , i , c , A , 
(Fig 305) The four tangents 
a , b , c , d form a quadrilateral j 
join the middle points of its 
diagonals Let the same be done 
with regard to the quadrilateral 
abet , the two straight linei thus 
obtained will meet in the required 
centre O 

The five tiuig< nts, taken four 
and four together, foim five quad- 
nlaterlH, the fivo straight lines 
which join the nuticilt points of the 
diagonals of <ach of the <|uadri- 
lateialn \\ill On r fort all n<rt in 
the centre O of tlu <ouic inwnlwd 
in the pentagon abcde 

The same theorem enables us to find tli? dnertwn of th? <innn<trru 
of a pat ahold which is determined by four tmu/tnttt a t> < <l I'oi 
each point on the Bti Right lino joining tin rtnlill pnmtM <>{ tlie 
diagonals of the quadrilatt ral abed w th ptlc nf tin Hh tight IHK at 
infinity \viili regard to SOUK <otu< inmnlMil in th i]iiaih i lateral 
(Alt T18 11), tluniore the ])oint at infuut\ on tin hiu \\ill l>e 
the pole with regard to the iiiRcrihul paniholn ( \itn 2 >i III and 2 J) 
Tlu sti ught liiu therefore ^liuh JOIIIK the middle points of th< 
diagonals is itself a diamttci of tin paialK)lu <I ig *O|) 

* NK\\TON, Pnncipia book i letnm* m < <>r 3 
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CHAPTER XXII, 

PO&AB EEOIPBOOAL FIGURES, 

82O, AN aaralwy eomc K being given, it has been seen 
(Ait 256) tfa&t if a variable pole describes a fixed straight 
line ate pol&r turns rotr&d a fixed point, and reciprocally, that 
if a straight line considered as polar tuins round a fixed point, 
ite pole describes a fixed straight line 

Consider now as polars all the tangents of a given curve 0, 
or m other words suppose the polar to move, and to ejtr 1 
the given curve Its pole will describe another curve, w 
may be denoted by C' Thus the points of C' are the pole, 
the tangents of 

Hut it is also true that, reciprocally, the points of C are 
the polos of the tangents of C' For let 
M' and N f be two points on C' (Fig 206) , 
their polais w and n will be two tangents 
to C and the point win where they meet 
will 1>< the polo of the chord M'N' (Ait 
2 r >f>) Now Hupposo the point N' to appioach 
M' melt finitely, tho choid M'N' will ap- 
pioachmou andmoio ncaily to the potation 
of the tangent at M' to the cuivt C', the 
Htnughl lino n will at tho sanu time ap- 
pioaeh mote and inou ncaily to coincidcnco with m, and the 
point tint will tdid moic an<l nioio to tho point where ^ 
toiidns C In the hunt, whon the distance M'N' becomes 
inele finitely Hinall, the tan^i nt to C r at M' will become the 
polar of the point oi contact of w with C Just then as 
tho tangents of C aio the polais of the points of C' 3 so also 
an tho tangents of C' the polais of the points of C , if a 
ntraight lino m touches the curve C at 37, the pole M' of m 
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fe ft point of the crave O' and the polar m' of Jf is a 
to the carve & at M' 

Two curves O aad C' such that each is the locus of the 
poles of the tangents of the other, and at the same time also 
the envelope of the polars of the points of the other, are said 
to be polar reciprocal** one of the other with respect to the 
auxiliary conic K 

32k An arbitrary straight line r meets one of the reciprocal 
curves in n points say > the polars of these points are n tan- 
gents to the other curve all passing through the pole -R' of r 
To the second curve therefore can be drawn from any given 
point R' the same number of tangents as the first curve has 
points of intersection with the straight line r the polar of R' , 
and wee versa In other words, ik* degree and cla** qf a curve 
are equal to the cla** and degree respectively of it* polar reciprocal 
with respect to a conic 

822 Now suppose the curve O to be a conic, and a, b two 
tangents to it, they will be cut by all the other tangents 
c , d t e, in corresponding points of two project! ve ranges 
(Art 149) In other words, O may be regaidod as the curve 
enveloped by the straight lines c , d , e , which connect the 
pairs of corresponding points of two projectivo ranges lying 
on a and b respectively (Art 150) 

The curve C 7 will pass through the polen /', It', < ', //, A", 
of the tangents a,6 9 c,d,e, of Tho Htnught hncH 
A'(C', D f , E\ ) will be the polars of th< points /* (/ , d, f , ) 
and will form a pencil projcctw with iho rnng of polin 
lying on the straight line a (Art 291) HO too tin wtiiu^ht IHHH 
JJ'fo',!}',} 1 /, ) will he the polar of tin points b(< % d t ) 
and will foim a pencil projcctivo \\ith th< iun^< ot polt s 1^ ing 
on b But the langis a((,d,t ) nnd /;(<///, ) an 
piojcctivc tluufoie alRO tho pt nciln / (f '/>/', ) and 

of tht points of -intersection of < orn hpomlm^ ni} s of i\vo 
piojoctivc pencils that is (Ait 1 50) a tonu \( < onhn^l\ 
T/tt jju/at tuijtiuntl oj a ionu inth nxpnt to anntht r t<>nt< /x a 

323 \\hcn an auxiliaiy conic K IB given and another tonic 

* 1 ON< KIBT, loc ctt , Art 232 
t Ibid, Art 231 
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wfeose pola* reciprocal C' is to be determined, the question 

ass whether O'tttadhpoe^ a hyperbola, or a parabola The 
straight luae a* mfeity i* the polar of the centre of K , there- 
fore the points at i&fimty on C' correspond to the tangents of 
O which pass through It follows that the come C' will be a* 
elkps* or a hyperbola according as thepowt is interior or exterior 
to the COMA C, and C' mil be a parabola when lies upon C 

If A is the pole of a slight line a with respect to C, and a' 
the polar of A and -4/4he pole of a with respect to K, then 
will A f be the pole <jy of with respect to C', since to four polea 
forming a haarmotp6 range correspond foui polars forming a 
harmonic pencd (Art 291) and vice versa Therefore the 
centre M' of O' will be the pole with respect to K of the 
steaaght line m which is the polar of wirfch lespect to C To 
two conjugate diameters of C' will correspond two points of 
m which are conjugate with respect to <C, See 

824 Let there be given in the plane of the auxiliary conic 
bfgure (Art 1) or complex of any kind composed of points, 
straight lines, and curves , and let the polar of every point, the 
pole of every line, and the polar recipiocal of every curve, be 
conatructed In this way a new figure will be obtained , the 
two figures are said to bipolar reciprocals one of the other, since 
each of them contains the poles of the straight lines of the 
otlui, tho polars of its points, and the curves which are the 
polar reciprocals of its curves To tho method whereby the 
Htcond figure has boon derived from tho first tho name of polar 
) quotation is given 

Two figures which aro polar iccipiocals one of the other are 
utrnltttnt JH/HICX in accordance with the law of duality m plane 
(\i oim tiy (Ait 33) , foi to i/vuy point of the one conesponds 
a straight lm< of the otht r, and to c vuiy langc in tho one coire- 
spondrt a pencil m the otlui They lio inoicovci m the same 
plain , th< n positions in tins ]>1 UK <uo dotmnmate, but may 
hn intt ichangtd, sm< ( ( v< ly point in the one figuie and the 
(omspondmg- stiai^ht Inn in th( oth< i aie connected by the 
itlation that they an pol< and polai with icspect to a fixed 
conn Thus t\\o polai Kdpnxal denies aio coi relative figures 
which are coplanai, and which have a special lelation to one 
anotht i with respect to tin 11 positions in the plane m which 
thoy he On the othu hand, if two figiues are meiely 




POLAB BECIPBOCAL FIOTBES 

correlative in accordance with the law of duality, there is no 
relation of any kind between them as regards then- position * 

825 If one of the reciprocal figures contains a range (of 
poles) the other contains a pencil (of polars), and these two 
corresponding forms are projective (Art 291) If then the 
points of the range are in involution, the rays of the corre- 
sponding pencil will also be in involution, and to the double 
points of the first involution will correspond the double rays 
of the second (Art 124) If there is a conic in one of the 
figures there will also be one in the other figure (Art 322) , to 
the points of the first conic will coi respond the tangents of 
the second, and to the tangents of the first will correspond the 
points of the second , to an inscribed polygon in the first 
figure will correspond a circumscubed polygon in the second 
(Art 320) If the first figure exhibits the proof of a theorem 
or the solution of a problem, the second will show the proof of 
the correlative theorem or the solution of the coirelative 
problem , that namely which is obtained by interchanging the 
elements ' point ' and ' line ' 

826 THIOK.EM If two triangles are loth self-conjugate with 
regard to a giien conic, their six vertices lie on a conic, and their six 
sides touch another conic t 

Let ABC and DEF be two triangles (Fig 207) each of 
which is self conjugate (Ait 258) with legard 
to a given conic K Let DE and DF 
cut BC in B 1 and C 1 respectively, and let AB 
and AC cut EF in E l and F^ respectively The 
point B is the pole of CA, and C is the pole of 
AB , B l is the pole of the straight line joining 
the poles of BC and DE, i e ofAF, and C l is 
the pole of the strnght line joining the poles of 
BC and DF, le of AE The range of poles BCBfi^ is theiefore (Art 
291) projective with the pencil of polars A(CBFE)> and thcrcfoie 
with the range of points F^^FE in which this pencil is cut by the 
tiansveisal EF Thus 




= (E^EF) by Art 45, 

which shows that the two rxnges m \vhich the straight lines BC and 
EF respecti\ ely aie cut by AB, CA, DE> FD are projectively i elated 

* STEIISER loo cit , p vn of the preface , Collected Work^ vol i p 234 
f STEINER, loc cit , p 308, 60, Ex 46 , Collected Works, vol i p 448 , 
CHASLES, Section* comques, Art 215 
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These six 

All touch a come C (Art 150, H). 
V, Tho poles of these six sides are the six rarfeuseB of ike im 

th^se vertices therefore all ke On another COSEKS C' wiaeh is ike i 

reciprocal of C with regard to the eome 

327 The proposition of the preceding Article may also be < 
as follows Given two triangles which are self-conjugate 

to the same come K, if a conic C touch five of the six sides it wifl 
touch the sixth side also, and if a conic pass through five of the six 
vertices it will pass tkrlmgh the sixth vertex also 

It follows that ^fa come C touch the sides of a triangle abc ic&tc& is 
self-conjugate with regard to another conic K, there are an mjmtte 
number of other tncmales which are self-conjugate vnth regard to fke 
second conic and which circumscribe tfie first 

For let d he any tangent to O , from Z>, its pole with regard to X, 
draw a tangent e to C, and let / be the polar with regard to K of the 
point de, then the triangle defvnH he self-conjugate with regard to 
K (Art 259) But O touches five sides a, 6, c, d, e of two triangles 
which are both self conjugate with respect to K , therefore it must 
also touch the sixth side/, which proves the proposition 

328 If the point D is such that from it a pair of tangents tf and 
/' can be drawn to K, the four straight lines e , /, ^, /' will form a 
harmonic pencil (Art 264), since e and / are conjugate straight lines 
with respect to the conic K , consequently the straight lines tf and / 7 
are conjugate to one another with respect to C 

The locus of D is the conic C' which is the polar reciprocal of O 
with regard to K , therefore 

If a conic C ts inscribed in a triangle uhich is self-conjugate unth 
respect to another conic K, the locus of a point such that the pairs of 
tangents drawn from it to the comes C and K form a harmonic pencil 
is a third come 0' which is the polar recipi ocal of C with respect to K 

329 Correlatively If a conic C' circumscribes a triangle which 
is self-conjugate with tespect to anothet conic K, there are an infinite 
number of other triangles uhich are inscribed in C x and are self con 
jugate uith respect to K , and the straight lines uhuh cut C' and K in 
two fxitrs of points which are harmonically conjugate to one another all 
touch a third conic C which is the i olar reciprocal of C' with regard 
to K 

* We may show independently that the wx vertices lie on a conic as follows. 
It has been seen that the pencil of polar* A (CBTfE} is projective with the range 
of poles JJC^Ci , it is th< lefore projective \\ith the pencil J)(BCS L C^ formed by 
joining these to the point D Iheiefoie 

A ^CBFE) - D v-BOBA) = D (BCEF} 

= D CBFE) by Art 45, 

which shows (Art 150, I that A,B,C D, E, F he on a conic 

R 2 
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THEOBEM ^ ^00 triangles circumscribe the same conic, 
their six vertices lie on another conic 

Let OQ'R' and O'PS be two triangles each circum- 
scribing a given conic C (Fig 208) The two tangents PS 

and Q'-ffi' are cut by the four 
other tangents O'P, OQ', OR', O'S 
in two groups of corresponding 
points PQRS and P'Q'R'S' of two 
projective ranges u and it (Art 
149) 3 consequently the pencils 
O(PQRS) and O'fP'Q'JZ'tf') 
formed by connecting these points 
with and 0' respectively are 
projective Therefore the points P, Q', R', S, in which their 
pairs of cori esponding rays intersect, lie on a conic ' (Art 150,1) 
passing through the centres and ', which proves the theorem 

331 The theorem correlative and converse to the foregoing 
one is the following 

If two triangles are inscribed in the same conic, thew six sides 
touch another conic * 

This may be proved by consideung the triangles OQ'R' 
and O'PS as both inscnbed in the conic C', and by reasoning 
in a manner exactly analogous, but correlative, to that above 

332 It follows at once that 
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If two triangles are inscnbed 
in the same conic, the conic which 
touches five of their sides touches 
the sixth side al&o 



If two tuangles circumscube 
the same conic, the conic which 
passes through five of their ver- 
tices passes through the sixth 
vertex also 

Or 

If two conies are such that a triangle can le inscnlted in the one 
so a& to circumscribe the other, then there exist an infinite number of 
othei triangles wJiich possess the same property^ 

333 There are in the figure (Fig 308) four piojective 
forms the two ranges u and u\ which deteimme the tangents to 
the conic C, and the two pencils and 0', which deteimme the 
points of C/, the pencil is in perspective with the lange u 

* BBIANCHON loo cit,^ 35, STBINEB, loc cit , p 173, 46, II, Collected 
Works, vol ip 356 

f PONCELET, loc Clt , Art 565 
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and the pencil & ss m $t8pedav6 wUli the range ti Iftfcen 
any tangent to C cut tite bases # and / of *fa$ two nsagee m 
A and -4' respectively, tbe rays CU and 0M' wiH iaeet ia a 
point Jf lying an C' , and, conversely, if aay point Jf oa C' fes 
joined to the centres and O^ the joining fajaas w31 cnfc aad 
/ respectively in two points A and ^' sseb thai the 
line joining them is a tangent to C Therefore 



If a variable triangle AA'M is 
such that two of its wde$ pass 
respectively through two faced 
points 0' and lying on a given 
conic, and the vertices opposite to 
them lie respectively on two faced 
straight lines u and u', while the 
third vertex lies always on the 
given conic, then the third side 
will touch a faced conic uhich 



If a, variable triangle AA'M is 
such tJiat two of its vertices he 
respectively on two faced tangents 
u and u' to a given conic, ctnd 
the sides opposite to them pass 
respectively through two fixed 
points O f and 0, whale the third 
side always touches the given 
conic, then tfie third vertex wiU Zw 
on a fixed conic which passes 
through ilw points an 



touches the straight lines u and u 

334 THEOREM If the extremities of each of two diagonals 



complete quaclnlate) al are conjugate points with respect io a 
come, the extremities of the thud diagonal also will be conjiigate 
points with respect to the same conic * 

Let ABXY (Fig 209) be a complete quadrilateial such 
that A is conjugate to X, and to Y, with respect to a given 
conic K (not shown in 
the figure) Let the sides 
A3 , XY meet in C, and 
the sides AY,BX in Z, 
then shall C and Z be 
conjugate points with 
respect to the come K 

Suppose the polais of 
the points A , -5 , C (with 
lespect to K) to cut the 
straight line ABC m A\ B\ C' lespectivelj The thret 
pairs of conjugate points A and A', B and B\ C and C' aie 
in involution, consequently, considering XI Z as a tuangle 
cut by a tiansversal A'B'C', it follows by Art 135 that the 

* HESSE De octo punch* intersections tnum superficierum secundi ordtm* 
(Disseitatio pro vema legendi, Kegiomonti, 1840^, p 17 




A.' 



C' B 

Fig 209 
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adfcaagkfc lines XA', 7B' 9 ZC' meet in one point Q Since 
evidently XA' is the polar of A and JB' the polar of B with 
respect to K, their point of intersection Q is the pole of AB 
Since then C is a point on AB and is conjugate to ', its polar 
will be QC' , but #C" passes through Z ', therefore C and Z are 
conjugate points, which was to be proved. 

335 The proof of the following, the correlative theorem, is 
left as an exercise to the student 

If two pairs of opposite sides of a complete quadrangle are conju- 
gate hnes with respect to a conic, the two remaining sides also are 
eow)%gate lines with respect to the same conic 

In order to obtain such a complete quadrangle, it is only 
necessary to take the polar reciprocal of the quadrilateral con- 
sidered in Hesse's theorem, i e the figure which is formed by 
t&e polars of the six points A and JT, B and JT, C and Z 

336 The following proposition is a corollary to that of 
Art 334 

Two tnangles which are reciprocal with respect to a conic are in 




Fig 210 



Let ABC (Fig 310) be any triangle , the polars of its 
vertices with respect to a given 
come form anobhei triangle A'B'C' 
reciprocal to the first, that is, such 
that the sides of the first tuangle 
are also the polars of the vertices of 
the second Let the sides CA and C'A' 
meet in E, and the sides AB and 
A'B' in F 

The points B and L aie conjugate 
with respect to the conic, since E lies on G'A', the polar of B , 
similarly tfand .Fare conjugate points Thus in the quadii- 
lateial formed by BC , CA y AB> and EF, two pans of opposite 
vertices B and E, C and F are conjugate, theiefoic the 
thud pair aie conjugate also, viz A and the point /) wlioic 
BC meets EF The polar B'C' of A theiefore passes thiough 
D, thus BC and B'C' meet in a point D lying on El 
Since then the pairs of opposite sides of the two tnangles meet 
one another in three collinear points, the triangles aie in 
homology, and the straight lines AA', BB', CC f which join 
* CHASLES, loc 6,Art 135 
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the pairs of vertices meet (Art 17) in a poxsi 0, tfaa pole of 
the straight line J?J|F 

337 By combining tte theorem wifii Hiat of Arl 155 tke 
following property may be eaaimeiated 

J^ ?0 triangles are reciprocals mt& respect to a give* come &;* 
the six pomU in wfack tie sides of tie one wder&ct ti& *&#- 
cow esponcUng * sides of tie ether hew, a conic C, and the &ae sfrcngU 
lines which, connect the vertices of the one with the non-corr&pondixg 
vertices of the other touch another conic C', the polar reciprocal &f 
C with respect to K (Art 322) , these straight lines are in fact 
the polars with regard to K of the six points just mentioned 

If one of the triangles A'B'C' is inscribed in the other 
ABC, the three comes C, C', and K coincide in one which is 
circumscribed about the former triangle and inscribed in the 
latter (Aits 174, 176} 

338 PKOBLEM: Given two triangles ABC, A'B'C' which are t 
homology , to construct (wkm it exists) the conic with regard fc 

they are reciprocal 

Take one of the sides, BO for example , the points in winch it n 
cut by C'A' and A'B ' are conjugate to the points B and C respectively, 
and these two pairs of conjugate points determine an involution 
(Art 263), the double points of which (if they exist) aie the points 
where BG is cut by the conic in question In order then to find the 
points in which this conic cuts BC, it is only necessary to construct 
these double points In this way the points m which the sides of 
the tiiangles meet the conic can be found, and the latter is determined 
Since A' and B are the poles of BC and C'A', these points and that 
in which C'A? meets BC will be the vertices of a self conjugate 
triangle (Ait 258) If then, m finding the points of intersection of 
the conic and the straight lines BC and G'A' in the manner just 
explained, it should happen that the t\vo involutions found have 
neither oi them double points, the conclusion is that no come exists 
such as is required , foi if it did exi^t, it must be cut by two of the 
sides of the self conjugate hi mgle (Ait 2b2) 

339 The centre oi homolooy Q O i the given tnangles (Fig 210) is 
the pole of the axis of homology DLF, and the piojectne corre- 
spondence (Ait 291) between the points (poles) Ijing on the axis, 
and the stiaight lines (polus) radiating fiom the centie of homologt 
is determined by the three pairs of corresponding elements D and 

* Two sides BO and B C of the triangles may be termed corresponding, when 
each hea opposite to the pole of the other And two vertices A and A ma> be 
termed corresponding, when each lies opposite to the polar of the other 
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4A', E and BB', F and CC' Consequently it is possible to construct 
with the ruler only (Art 84) the polar of any other point on the 
axis, and the pole of any other ray passing through the centre 

What has just been said with regard to the point and the axis 
of homology may also be said with regard to any vertex of one of 
tie triangles and its polar (the corresponding side of the other 
triangle) For if e g the veitex A* and the side EG be considered, 
the protective correspondence between the straight lines radiating 
from A' and the pomts lying on BC is determined by the three pairs 
of corresponding elements A'B' and C, A'C' and B, A'O and D 

This being premised, it will be seen that the polar of any point P 
and the pole of any straight line p can be constructed with the help 
of the ruler only For suppose P to be given , it has been shown 
"that the poles of the straight lines PO, PA, PB, PC, PA' t can 
be constructed, and these all he on a straight line X which is the 
required polar of P So again if the straight line p is given, the 
pokrs of the points in which it meets BG, CA, can be constructed, 
and will meet m a point which is the pole of p 

It will be noticed that all these determinations of poles and polars 
are linear (t e of the first degree) and independent of the construction 
(Art 338) of the auxiliary conic, which is of the second degree, 

it depends on finding the double elements of an involution 

onstruction of the poles and polars is theiefore always possible, 
evcjj. when the auxiliary conic does not exist In other words the 
two given triangles in homology determine between the points <md 
the straight lines of the plane a reciprocal correspondence such that 
to every point corresponds a straight line and to every straight line 
a point, to the rays of a pencil the points of a range piojective with 
the pencil, and vice versa Any point and the stiaight line corre- 
sponding to it may be called pole and polar, and tins assemblage of 
poles and polars, which possesses all the properties of tli it d tci mined 
by an auxiliary come (Art 254), may be called i polar sysfc/w 

Two triangles in homology accoidingly deteimme i pol ir system 
If an auxiliary conic exists, it is the locus of the points \Uuch he 
on the polars respectively corresponding to them, and it is it the 
same time the envelope of the stiaight lines which p iss thiou^h the 
poles respectively corresponding to them If no auxihuy conic 
exists, there is no point which lies on its own polar * 

* STAUDT, loc cit , Art 241 
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FOCI * | 

340 IT has been seen (Art 263) that the paars of 
lines passing through a given point S and conjugate to one 
another with respect to a given conic form an involution. Lei 
a plane figure be given, containing a conic C 3 and let the figure 
homological with it be constructed, taking S as centre of homo- 
logy , let C' be the conic corresponding to C in the new figure. 
Since in two homological figures a harmonic pencil corre- 
sponds to a harmonic pencil, any pair of straight lines through 
S which aie conjugate with respect to C will be conjugate 
also with respect to C' The polais of S with respect v 
two conies will be coriesponding straight lines , if ther 
polar of S with respect to C be taken as the vanishing 
m the first figure, the polar of S with respect to C' will 
he at infinity, ^ e the point S wiU be the centre of the 
conic C' 

In this case therefore any two straight lines through S 
which are conjugate with respect to C will be a pair of conju- 
gate diameters of C' If S is extemal to C, the double rajs of 
the m\olution foimed by the conjugate line* thiough S are 
the tangents fiom S to C 5 and theiefoie the asymptotes of C', 
which is in this case a hypeibola If S is internal to C, 
the involution has no double lays, and therefore C' is an 

ellipse 

We conclude then thatjto eienj point S in the plane of a gnen 
conic C corresponds a tonic G) homoloyical with and haung it* ^ 
centre at 8, which ronu~b' i* a hyperlola 01 an ellipse according as 
8 is external or internal to the gnen conic C 

* STEINER Vorlesungenube* synthetische Geometric (ed Scooter ,!!* ^b dmitt, 
35 , ZECH, Hohere Geometne (Stuttgart, x8 5 7), 7 , Bm, toometn* der Luye 
(2nd ed, Hannover, 1877), Vortrag 13 
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If the involution has no double points, each of the 
points (Art 128) at which the pairs PP' subtend a right angle 
will be a focus of the conic Foi every pair of mutually 
perpendicular straight lines which meet in such a point will 
pass through two points P, P', and will therefore be conju- 
gate lines with respect to the conic 

From this it follows that one at least of the two axes of a 
conic contains two foci Further, a conic has only two 
foci, for every straight line which joins two foci is an 
axis (Art 341), and no conic (except it be a circle) has more 
tbaa two axes 

Consequently a central conic (ellipse or hyperbola) has twofoci, 
fyktch are the double points of the involution PP' on an axis and are 
also the points at which the pairs of points PP' of the involution on 
the other atms subtend a right angle 

The axis which contains the foci may on this account be 
called the focal axis Since the foci are internal points, it is 
seen that in the hypeibola the- focal axis is that one which 
ts the curve (the transverse axis) 

Since the centre of the come is the centre of the 
involution PP' 9 it bisects the distance between the two 
foci 

From what has been said it follows that two perpendicular 
straight lines which are conjugate with respect to a conic meet the focal 
a%is tn two points which are harmonically conjugate %itli respect to 
the foci , and they determine upon the otfier axis a segment which 
subtends a right angle at either focus 

344 The normal at any point on a curve is the perpen- 
dicular at this point to the tangent Since the tangent and 
noirnal at any point on a conic are conjugate lines at light 
angles, they meet the focal axis in a pan of points harmoni- 
cally conjugate with lespect to the foci , and they dcteimme 
on the other axis a segment which subtends a light angle at 
eithei focus (Art 343) Accordingly 

If a circle be dtawn to pass through the two foci and t/uonyh any 
\ I point on the conic, it will have the two poinU in whuli 1he non-focal 
I axis is cut ly the tangent and normal at that point as exit emitter oj 
I a diameter 
^ And again (Art 60) 

The tangent and normal at any point on a conic are the bisectors 
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vfthe angle made with one another ly the rays which ywn, that pong 
to the foci* 

These lays are called the focal radii of the given point .^ , 

345 A pair of conjugate lines which intersect at raghfc ""* ~* 
angles in a point 8 external to the conic are harmonically 
conjugate with respect to the tangents from 8 to the coiuc 

(Art 264) as well as with respect to the rays joining 8 to the 
foci (Art 343) , therefore 

The angle between two tangents and that included ly the straight 
lines which join the point of intersection of the tangents to the foci 
have the same bisectors f 

346 In the parabola, the point at infinity on the axis, 
regarded as a point P, coincides with its correspondent P' , 
for the straight line at infinity, being a tangent to the conic 
at the said point P, passes through its own pole 

Accordingly one of the double points of the involution 
determined on the axis by the pairs of conjugate n-Hli normal 
rays, i e one of the foci, is at infinity The other a* 
lies at a finite distance, and is generally spoken of a 
of the parabola 

Since in the case of the parabola one focus is at 
the theorems proved above (Arts 343-345) becom* 
following 

Two conjugate orthogonal iays> and in particular ike tangent and 
normal at any point on the parabola^ meet the axis in two point* 
which are equidistant from the focus 

The tangent and normal at a point on a parabola aie the bisectors 
of the angle whtch the focal tadms of the point makes with the 
chawtter passing through the point % 

The straight line which connects the focus with the point of inter- 
sec f ion of two tangent 8 to a paiabola makes with either of the 
tangent** the same angle that the axis wake? uith the other tangent 

347 iiom the last of these may be immediately deduced 
the following theorem 

The circle ciitumscubinq a inangh foimed by thiee tangents to a 
pat abola pa^set thiough the focus 

Let PQS (Fig 212) be a tnangle formed by three 

* APOLLONIUS, loc cit , m 48 

f Ibid in 46 

DE LA HIKE, loc cit , lib vm prop 2 
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tangents to a parabola, and let I be the focus Considering 
the tangents which meet in P, the angle FPQ is equal to that 

made by PR with the axis , and 
considering the tangents which 
meet in -B, the angle FRQ is 
equal to that made by RP with 
the axis Hence the angles 
FPQ,!RQ are equal, and there- 
fore P, Q 3 jffi , F lie on the same 
circle 

COBOLLAEY The locus of the 
foci of all parabolas which touch the 
three sides of a gwen triangle is the 
circumscnbing circle of the triangle 
This coiollary gives the construction for the focus of a 
parabola which touches four given straight lines And since 
only one such parabola can be drawn (Art 157), we conclude 
that 

Given four straight lines, the circles circumscribing the four 
triangles which can be formed ly taking the lines three and three 
together all pass through the samejpoint 

348 The polar of a focus is called a directrix 

The two directrices are straight lines perpendicular to the 

transverse axis and external to the conic, since the foci lie 

on the transverse axis and are internal to the come (Art 343) 

In the case of the parabola, the straight line at infinity 

is one dn ectrj x , the other 
' Q lies at a finite dibtance, 

and is gcneially spoken 
Q" of as ffo directrix of the 

paiabola 

If F bo a focus, and if 

the tangent at any point 
X on a conic cut the 
coi responding dncctnx m 

F lg 213 Y> this point Twill be the 

pole of the focal ladms 

FX Therefore FX, FY aie conjugate lines with icspect to 
the conic, and since they meet in a focus, they will be at 
right angles consequently 




P' 



Poor 255 

The fart of a tangent to & conic intercepted between its point of 
contact and a directnx subtends a right angle at the corresponding 

focus 

i 
349 Let the tangent and normal at any point M on a 

conic meet the focal axis m P, P 7 respectively, and let them 

meet the other axis in Q , Q' respectively (Fig 313) Fiom M 

let perpendiculars JfP", M Q" be drawn to the axes * ' 

From the similar triangles OPQ , Q"M Q * 

OP OQ=Q"M Q"Q, 
and from the right-angled triangle Q'MQ 

Q"M Q"Q = Q'Q" Q"M, 
OP OQ = Q'Q" Q"]f 
= Q'Q" OP", 
or OP OP" = OQ Q'Q" 



so that OP OP"-OQ OQ" = OQ Q'O (1) 

But P and P" are a pair of conjugate points, since HP" is 
the polar of P, similarly Q and Q" are conjugate points 
Therefore (Art 294) 

OP OP"=OA* and OQ OQ" = OB* 9 
wheic OA, OS are the lengths of the semiaxes, and the double 
sign icfers to the two cases of the ellipse and the hyperbola 
Again, the points Q > Q' subtend a light angle at either of the 
two foci /', 7'" (Art 343) so that 

OQ Q'()= 01* 

Substituting, (l) becomes 

0/< 2 = OA*+OJl* 

ThiH shows that in the ellipse 1 > OJi , so that the focal 
axis is the axis major 

Re lei mig now to Fjgs 214 arid 21 5, 



K /) be tlio point in whicli a due (tux cuts the focal axis, 
the vertices A ind A' of tin conic will be haimomcally conju- 
gate \\ith lespect to A and the point I) wheie the polar of F 
cuts I A' (Ait 204), tlieieioie, since bisects AA', 
01*= 01 01) 
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Fig 212 



to a parabola, and let Floe the focus Considering 
the tangents which meet in P, the angle -KPQ is equal to that 

made by PR with the axis , and 
considering the tangents which 
meet in R, the angle FRQ, is 
equal to that made by RP with 
the axis Hence the angles 
FPQ,FRQ are equal, and there- 
fore P, Q , R , F lie on the same 
circle 

COEOLLAEY The locus of the 
foci of all parabolas which touch the 
three sides of a given triangle is the 
circumscnbing circle of the triangle 
This corollary gives the construction for the focus of a 
parabola which touches four given straight lines And since 
only one such parabola can be drawn (Art 157), we conclude 
that 

Given four straight lines, the circles circumscribing the four 
triangles which can fie formed ly taking the lines three and three 
together all pass through the same point 

348 The polar of a focus is called a directrix 

The two directrices are straight lines perpendicular to the 

transverse axis and external to the conic, since the foci he 

on the transverse axis and are internal to the come (Art 343) 

In the case of the parabola, the straight line at infinity 

is one directrjx , the other 
lies at a finite distance, 
and is generally spoken 
of as Uie directrix of the 
paiabola 

If F be a focus, and if 
the tangent at any point 
X on a conic cut the 
coi respond ing directrix in 

Fjg 2I3 JT, this point T will be the 

pole of the focal radius 

FX Therefore FX, IY aie conjugate lines with lespect to 
the conic, and since they meet in a focus, they will be at 
right angles consequently 




Q" 
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The part of a tangent to a. conic intercepted letween its point of 
contact and a dvrectnx subtend* a right angle at the corresponding 
focus 

349 Let the tangent and normal at any point M on 

conic meet the focal axis in P, P' respectively, and let them 

meet the other axis in Q , Q' respectively (Fig 313) From M 

let perpendiculars MP",MQ" be drawn to the axes , 

From the similar triangles OPQ , Q,"MQ 

OP Oq=q"M Q"Q, 
and from the right-angled triangle Q'MQ 

q"M q"Q = Q'Q" q"M, 
OP Oq = Q'Q" q"M 
= Q'Q" Of", 

or OP OP" == oq q'q" 



so that OP op"-oq oq"=oq q f o (i) 

But P and P" are a pair of conjugate points, since MP" is 
the polar of P, similarly q and q" are conjugate points 
Therefore (Art 294) 

OP OP"=OA 2 and Oq Oq" = OB*> 
wheio OA, OJB aie the lengths of the semiaxes, and the double 
sign refers to the two cases of the ellipse and the hypeibola 
Again, the points Q , Q 7 subtend a light angle at either of the 
two foci A, F' (Art 343) so that 

OQ Q 

Substituting, (l) becomes 
01* *= 

ThiH Hliowy that in the ellipse OA > OB , so that the focal 
axis is the a\is major 

Rcluimg now to Iigs 214 and 21 5, 
FA ^ frO+OA, 



It J) be tho point in which a diuctux cuts the focal axis, 
the vertices A ind //' of tl\( ( onic will bo haimomcally conju- 
gate \\ith lespect to A uul the point I) where tho polar of F 
cuts \A f (Ait 204) , thoiofoic, since bisects AA', 
01*= Of OD 
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The parabola has one vertex at infinity, consequently 
the other lies midway between the focus and the directrix 



, 

f 350 If a focus F of a conic O be taken as centre of homo- 
logy, and a conic 0' be constructed homological with C and 




Fig 214 



having its centre at F, it has been seen (Arts 340, 341) that 
C' is a circle But by what has been proved in Art 77, if 
M and M' are a pair of corresponding points of C and C', 

FM 

-=qrp MP = constant, 

or jrrp = FM' x constant, 

where MP (Figs 214, 215) is the distance of M from the 
vanishing line, that is from the polar of F, i e the correspond- 
ing dnectrix Now FM' is constant, because C' is a cncle, 
therefoie 

The distance of any point on a conic from a focus bears a constant 
ratio to its distance from the corresponding Hired) u 

Moreover, f/iu> ratio is tJie same for f/ie two fo<t ioi let 
(Figs 214, 215) be the centre of the conic, 7'', /'" the foci, / , /' 
the veitices lying on the focal axis, D, I/ the points in which 
this axis is cut by the directrices , then (Ait 29 1) 

OA* = OA'* = OF OD = 01' Oh' 

But OF / = - OF, so that A'D' = - AD and 7 'A' = - 1 A, 
and therefore I A AD = F'A' A'D', 
which shows that the ratio is the same for /"and for F' 

In the case of the parabola the ratio m question is unity, 
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because (Art 349) the vertex of a parabola is equally distant 
from the focus and th$ diuec^rix; Therefore , 

The distance of any point on a parabola from the focus is equal to 
its distance from the directrw 

351 Conversely, the locus of a point M which is suck that its 
distance from a fixed point F bears a constant ratio c to its distance 
from a fixed straight line d is a conic of which F is a focus and d 
the corresponding directrix* 

For let HP (Figs 214, 215) be drawn perpen( 
then by hypothesis 

FM 



Let now the figure be constructed which is homological 
with the locus of M , F being taken as centre of homology, 
and d as vanishing line If M' be the point corresponding to 
M, then (Art 77) 

MP = constant 



These two equations show that FM ' is constant , thus the 
locus of J/' is a circle, centre F The locus of M is there- 
fore a come (Art 23) having one focus at F(Art 341) And 
since the stiaight line at infinity is the polar of F with 
icspcct to the circle, the stiaight line d is the polar of F with 
icspoct to the conic , i e it is the directrix coiiespondmg to F "* v 

352 The length of a chord of a conic diawn through a focus 
peipciidiculdi to the focal axis is called the latus lectum or 
tho pantHHftt of the conic 

Let Jl/I'Jl/' (Ing 216) bo a clioid of a come diawn through a 
focus V and let N be the point wheie it cuts the coiiosponding 
dneetnx let A A// be the latus icctuin diawn thiough F 
Then Hinco the dnectiix is the polai of the focus, N and 1< 
an haimorue coiijii^iUs with icgaid to M and M' There- 
ioie 

2 - T 4- * 

TV/' "~ JNM JVM'' 

and if peipendiculus MK,l'l),M'K f be let fall on the 
diieetnx, 

a - ] + T 

I'D ~~ M'k' J/A 

* PAH us, Math Collect , lib VH prop 238 

8 
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ewac, half i&e fatou reefvm M a harmomc mean between 




COKOLLABT E M , M' be taken at A', i renptctively, 



"" * Af FA' 

A /V A 

= ,QM (by Art M ( )), 



so that JF! = - 

which gives the length of the semi-latuB mlum in turns of 
the semi-a>,es 

In the parabola, = o, so that FL = 2 /< 7 yl 

353 THEOREM / the ellipse the sum, and in iho fii/pnlola fhe 
*erence, of the focal radii of any point on fh< auvt ** constant* 
Let M be any point on a central conic (Figs a 1 4, 2 1 5) whose 

* APOLLONIUS, Zoc cif, m 51, 52 



259 



foci axe F, I' and directrices d, d' , and let (M,d) &c denote 
as usual the distance of If from d, &c By Art 351 

FM _ I'M 
(M,d)~ (FX)- ' 
FM+I'M 



But (Fig 314) in the ellipse (M, d)+(M, d'), and (Fig 315) 
in the hyperbola (M, d)~(M, d') is equal to the distance DD' 
between the two directrices , therefore 

FMI'M = e DW, 
which proves the proposition 

Conveisely The locus of a foint the sum (difference) of whose 
distances from two foxed points is constant n an ellipse (a hyperbola) 
of which Ike ffiven points are the foci 

864 If in the proposition of the last Article the point M be 
taken at a vertex A, 



so that the length of the focal asci? ?<? the constant value of the sum 
o? difftnnct of the focal radii It is seen also that the constant 
6 is equal to the ratio of tho length of the focal axis to the 
distance between the dncctiices 
355 Since by Ait 204 

OA*= OF 07), 

or AA'*=J*P' />//, 

//,/' IF' 



RO that UK constant e is o<jinl to UK ratio of the distance 
b(_twM tho foci to th( Un^th ol tli< local axis Now in the 
ellipse 1 1*' <A t', in th< hyjx bol i frl< v >AA', in the parabola 
/'/'"= / /'=: co, in tht ciich //'=o Tluicfore the conic is 
an clh|)s(, a h^ptibola, a paiabola, or a ciicle, according as 
^<j, >i, e= i, 01 6 = This constant c is called the 
eicinh i< ihj of the conic 

356 Tin OKI M Tin /Ws of flic fid of perpendiculars let fall 
f/ow a Jocnv upon the tang<nl\ to an ellipse or hyperbola is the 
circle dtstnbtd on the jocal asi\ at diameter* 

* AIOLLONIUH, loc at , m 49, 50 
S a 




^31 7) If F>F are the: 
; '^7pgmt offth^ftuitv^join F'M a&d produce it to $ 

' - FQ will (Art 354) be equal 

4^A! whatever be the posi- 
E ^ ^ of Jfef , thus the locus of G 
a circle, centre F' and radius 
equal to 4^ 

If FQ be joined, it will cut 
the tangpnt ^t Jjf perpendicu- 
*Wly, smpe this tangent (Art 
" 344) bisects the an^le FMG , 
anfl ffie pbini Z7" where the two 
lines\ntersect will be tte mid- 
dle point of FG because IMG 
is an isosceles triangle There- 
! anil equal to \F'G> that is, to OA, 



'& parallel 
^ e the locus of !7is the circle^on A A' as diameter 

A similar proof holds good for the hyperbola, except that from the 
greater of the two MF> MF f mdflt be cut off a pait MG equal to the less 

357 If FU,FU' (Fig 217) are the peipendiculars let fall 
from a focus F on a pair of parallel tangents, U , F , U' will 
evidently be collinear And since U and W both he on the 
circle described on AA f as diameter, 

FU FU' = J^ I A' 

= + 05 2 (Art 349), 
according as the conic is an ellipse or a hypeibola 

Thus the product of the distances of a pair of pa tall* I tanguds 
from a focus is constant 

Since the perpendicular let fall from the otlioi focus J<' on 
the tangent at 3/is equal to 2?U' t it follows that 

The product of the distances of any tangent to an <lli/>v (In/ pet - 
bola) fiom the two foci is constant, and equal to tin \qnan oj half 
the minor (conjugate) ams 

Comersely The enielope of a straight line which 7o?es in stuh a 
uay that the product of its distances from two fixed ;>uw/s ?s <onbtnnt 
is a conic , an ellipse if the value of the constant is pomtnt , a h t/pt rhola 
if it is negative 

358 Let I (Fig ai8) be the focus of a parabola, A the 
vertex, M any point on the curve, N the point of mtei section 
of the tangents at M and A If NF be drawn to the infinitely 
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ixstant focus l v (i e if NI' be drawn parallel to the axis), fife 
angles ANF', TNMwR be equal (Art 346) But ANF is a 
right angle , thei ef ore FNM 
is a right angle also Thus 
The foot of the perpen- 
dicular let fall from the focus 
of a parabola on any tangent 
he$ on the tangent at the 
vertex 

COROLLARY Since any 
point on the circumscribing 
circle of a triangle may be 
regarded (Art 347) as the focus of a paiabola inscribed in the 
triangle, it follows at once from the then em just pioved that if from 
any point on the circumscribing circle of a triangle perpendiculars be 
let fall on th three sides, their feet will be collinear * 

359 The theorem of Art 356 may be put into the following foim 
// a right (ingle move in its <pla,ne in such a uay that its vertex 
describes a fixed circle, while one of its arms passes always through a 
fixed point, the envelope of its othe) arm will be a conic concentric with 
the given circle, and having onefocu? at the fi^ed point TJie conic is 
an ellipse or a hyperbola according as the given point lies within ot 
without the (iivcn circled 

Ho too the corresponding theorem (Ait 358) loi the pirabola may 

be expressed in i bimilai form as follows 

IJ a right anyle inovt, in its plane in wch a way that its 

dcscnbf* ajiud ilratt/ht line while 

one of it* a inn jHtswt always thiouijh 

a Jned point, tin ollu / at ni will ui- 

itlope a parabola lummy llu Jtxtd 

I 01 tit for jod^ and th( Jiud ttraiyht 

Inn /<>/ tantjod at it* ttttet 

36O I let the tangdils at 

the vutucs of a ccnti il umu 

IK (ul in / j , I }/ by tlu t<ui^( nt 

at any point M (tig zuj) 

tin co tangtnlH loim a tn 

cncuinsuibcd about tho conic, 

two of the vciticcs of winch 

arc P arid P', the tliiid (at infinity) being the pole of the 

* I or olhoi pioofs of thiH RCC Ait 416 

f MACLAUBIN, Geometna Oryamca, para ll n prop xi 
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_ _ Therefore (Art 274) the straight lines drawn from 
JP and P' to any point on the axis will be conjugate to one 
another with respect to the conic Thus, in particular, the 
straight lines joining P and P' to a focus wiU be conjugate 
to one another, but conjugate lines which meet in a focus 
are mutually perpendicular (Art 343) , consequently the circle 
on PP' as diameter will cut the axis A A' at the foci* 

II Let the tangent PMP' cut the axis AA' at N, then N is 
the harmonic conjugate of M with respect to P , P' (Art 194) 
Consider now the complete quadrilateral formed by the 
IP,TP,FP',F'P' Two of its diagonals are II' and 
, the third diagonal must then cut IF' and PP' in points 
are harmonically conjugate to N with regard to F,F' 
P,P' respectively It must theiefore be the normal at 

M to the comcf 

381 Let TM , TN (Fig 320) be a pair of tangents to a conic, 
M and N their points of contact, 
F a focus, (I the corresponding 
directrix If the chord MN cut d 
in P, this point is the pole of TP 9 
therefoie TFP is a right angle 
(Art 34 3) J 

But MN is divided harmonically 
by FT and its pole P, thus 
F(MNTP) is a harmonic pencil, 
and consequently FT, IP are the 
bisectors of the angle MFN Accordingly 

One of the bisectors of the angle which a chord of a conu \ub fends 
at a focus passes through the pole of the choid The othn biuc/or 
meets the chord at its point of intersection wiih the <litndn r<- 
sponding to the focus 

Or the same thing may be stated in a diffeient inannci, thus 
The straight line which joins a focus to f he point oj inhibition of 
a pair of tangents to a conic makes equal (or tupjihmtulaty) angle* 
with the focal radii of their points of contad 

* APOLLONIUS, loc cit , m 45, DESABGUES, (Euvres, \ pp 209 210 
f APOLLONIUS, loc <yit , m 47 

I If the points M and N are taken indefinitely near to one another this reduces 
to the theorem already proved m Art 848 
Da LA HIBE, loc wt , lib viii prop 24 
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302 Let the tangents TM, TNloe cut by any thud tangent 
in M ', N' respectively (Figs 331, sm) let L be the point of 
contact of this third tangent The following relations will 
hold among the angles of the figures 



whence by addition 

N'lZ + LFM' = \ (NFL + LFM\ 
or N'FM' = \NFM = NFT = TVM* 

Let now the tangents TM , TN be fixed, while the tangent 
M 'N' is supposed to vary By what has just been proved, 
the angle subtended at the focus by the part M'N' of the 





*lg 221 Fig 222 

vauablc tangent intercepted between the two fixed ones is 
coimtant As the vauablc tangent moves, the points Jf', N' 
(hsmlx two piojuim ian<ns (Ait 140), and tho aims 
/;)/', / V ol tin constant angle /I/'/' TV' tiace out two con- 
t<ntiu and dinctly <qual pciuils (Ait 108) Accoidmgly 

* In thiR i< Moiling it m HnppoBtd that / M IN' J< 1 au all intunal bisectors 
, t tint utlui tin conn IH in tllips( 01 a paiabola 01 that if it is i hyperbola, 
tho thnt tant,iitH all toiK h UK HIU.M hi tin h ( IMJ, 2 i) It on the contrary two 
of th taiu,il forixaiiiph 1M and / V ton < h oiu hi andi and the third M'N 
tho other hrmch (Iu & 22 ), tlu n *M and /'N will be external bisectors In 
that caae 

NH-\. 



Ll<M + - 



Uho angloB I 



HJ, moaHiued all in tho same direction), 

N /< M - J JV/'JWf, just aa in the case above 



'MB^'Mltirf isi tf v&nable tangent to a come determines on two 
** pry&teA from eriher focus fy means of two 



flfo thoora& clearly holds good for the cases of the parabola and 
ife tttferiely distant focus, and the circle and its centre For the 
gm&oJft *t becomes the following 

jfae jfovti feaggfti* 40 a parabola intercept on any variable tangent 
to $* *0M9 a jj^m^nl CQ&G& prcgectwn on a line perpendicular to the 

mi* * $f mK*f fa*ft& 

Jl *Sfc> AraWtti 4fewra*i msy also be put into the following form 

fruwgle M'FN' is fixed, and the angle 
, ^ x wicwe respectively on 
of the side M'N' is a 




% a focus, <md which touches the given lines TM, TN 
problem, ^twn the two foci F, F' of a come and a 
tangent t } to construct the come, is 
determinate, and admits of a single 
solution, as follows 

Join FF f (Figs 223, 224) and let 
it cut t in P , take P r the harmonic 
conjugate of P with respect to F and 
F' If a straight line P'M be drawn 
perpendicular to t, it will be the 
F aa . normal corresponding to the tangent 

t (Art 344), i e M will be the point 

of contact of t Draw MP" perpendicular to FF' , it will be the 
poUr of P> and P, P" will be conjugate points with respect to the 





tig 224 

conn If then fF' be bisected at 0, and on FI" there be taken 
two points i i' such that Oi =ai /2 =OP OP", A and 4 X will 
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drawn 



'and 



the 



fee the vertices of the conic The conic is therefore completely deter- 
mined , for three points on it are known (M, A, A*} and the tangents 
at these three points (t and the straight lines AC,A'C 
through A, A! at right angles to A A'} 

An easy method of constmctmg the come by tangents is to 
any circle through F and F* 9 cutting A C, A'C' in U and K, H 
lespectively (Fig 224) Then if the chords HK', H'K be 
which intersect crosswise in the centre of the circle (which 
the non-focal axis), these will be tangents to the conic (Art 
Every circle through F and F' which cuts AC and AfC f thus 
mines two tangents to the conic 

The conic is an ellipse or a hyperbola according as t 
segment FF' externally or internally 

The conic is a parabola when F' is at infinity (Fig 225) In this 
case produce the axis PFto P f making FP' equal to PF, and draw 
P'M perpendicular to t , then M will be the point of contact of the 
given tangent t Draw MP ff perpendicular to the axis , then P and 
P r/ will be conjugate points with 
respect to the parabola And since 
the involution of conjugate points 
on the axis has one double point 
at infinity, the middle point A 
of PP" will be the other double 
point, i e the vertex of the parabola 
The paiabola is theiefoie com 
pletely determined, since two points 
on it are known (M and A\ and 
the tangents at these points (t and 
the straight line diawn through A 
at right angles to the axis) 

364 On the othei hand, the pioblem, To constiuct the conic which 
has its foci at two giten point* F, F f and which passes through a 
gnen point M, which is alto a determinate one, admits of two solutions 
Foi if the locus of a point be sought the sum of whose distance from 
F and F' is equal to the constant value FM+F'M t an elh^e i^ 
ai rived at, but if the locus of a point be sought the difference of \ihoe 
distances fiom ^and $' is equal to FM*^FM', a hyperbola is iound 

This may also be seen from the theorem of Ait 344, vhith sho\\b 
that if the straight lines t, t' be diawn bisecting the ingle FMF' 
(Fig 223) each of these lines will be a tmgent at J/ to a come -which 
satisfies the pioblem, the other line being the corresponding normal 
to this conic The finite segment FF' is cut or not by the tangents 
according as the come is a hyperbola or an ellipse There will 
consequently be two comes which have F, F f for foci and \vlnch pass 
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Jf , * hyperbola having for tangent at M that bisector tf 
00*8 the segment FF r ? and for normal the other bisector t , 
an oftiped haying * for tangent at Jfef and t f for normal 

two comes, having the same foci, are concentric and have 
They will cut one another in three other points 



Jf , and their four points of intersection will form a rectangle 
circle of centre and radius OJf , in other words, 



IB 



the thrae other points will be symmetrical to M with respect to the 
two axes aad the centre* This is evident from the fact that a conic 
18 0ymia*fcrio*J with respect to each of its axes 
S8S. Throagfe erery point Jf in the plane then pass two conies, 
aad a hyperbola, having their foci at F and J" In other 
tbe system of confooal comes having their foci at F and F f is 
aa infinity of ellipses and an infinity of hyperbolas , and 
HtfOiSg^ arosry point in tbe plane pass one ellipse and one hyperbola, 
jgUak got one another there orthogonally and intersect in three other 



Two conies of the system which are of the same kind (both 
ailipeee or both hyperbolas) clearly do not intersect at all 

Two comes of the system however which are of opposite kinds 
(one an ellipse, the other a hyperbola) always inteisect in four points, 

I cut one another orthogonally at each of them This may be 
Been by observing that the vertices of the hyperbola are points lying 
within the segment FF*, and therefore within the ellipse On the 
other hand, there must be points on the hyperbola which lie outside 
the ellipse , for the latter is a closed curve which has all its points 
at a finite distance, while the former extends in two diiections to 
infinity The hyperbola therefore, in passing from the inside to the 
outside of the ellipse, must necessai ily cut it 

No two conies of the system can have a common tangent ; because 
(Art 363) onl) one conic can be drawn to have its foci at given 
points and to touch a given straight line 

Am fetrught line m the plane will touch a deteimmate conic of 
the system, and vull be noimal, at the same point, to another 
conic of the <s\*Uin, belonging to the opposite kind The fiist oi 
tluht conn is a Ij^ptrbola or an ellipse according as the gi\en 
ftjaidit hut di es or dots not cut the finite segment FF f 

366 It fust point /' lies at infinity, the problem of Art 364 
becomtb the follow ing Gnen the axis of a parabola, the focu* F, and 
a punt V on the curie, to construct the parabola 

Just as in Ait 364, there are two solutions (Fig 226) The 
tangents at V to tht two parabolas which satisfy the problem are 
the bisectors of the angle made by MP with the diameter passing 
through M, therefore the parabolas cut orthogonally at M and 
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consequently intersect at another point, symmefcneai to M wiife 
respect to the axis The parabolas cannot intersect in any o&er 
finite point, since they touch one another at infinity * 

The tangents to the two parabolas at M cut the axis in two point* 
P, P' which lie at equal distances 
on opposite sides of F , and if P" is 
the foot of the perpendicular let fall 
from M on the axis, the vertices A , A' 
of the parabolas are the middle points 
of the segments PP", P'P" respec- 
tively 

Suppose A and P"to fall on the same 
side of F Then since P'P"<P'P, 
and P'A' is the half of P'P", and 
P'F the half of P'P, therefore 
P'A'<P'F, t e 4 and A' fall on 
opposite sides of F It follows that in 
the system composed of the infinity of 
parabolas which have a common axis 
and focus, two parabolas intersect (orthogonally and in two points) 
or do not intersect, according as their vertices he on opposite sides 
or on the same side of the common focus 

Since F, A , A.' are the middle points of PP', PP", P'P" respec- 
tively, we have the relations 

FP + FP'=o, 
=FP+FP", 




Fig 226 



whence the following are easily deduced 



FP =F-i-FA'=A'A, 
FP' =FA'-FA = I A' 

These last relations enable us at once to find the points P } P' 3 P" 
when A and A f aie known The point M (and the symmetrical point 
m which the parabolas mteisect again) can then be conducted b) 
observing that $ M is equ il to FP 01 FP' 

"-""""BeV It has been seen that a conic is detei mined \iheii the two 
foci and a tangent aie given It can also be shown tint a come 
is determined when one focu* and thtee tangent* are gnen, this follows 

* That is to say, if the figure be constructed which is homological with that 
formed by the two parabola^ it will consist of two conies touching one another 
at a point situated on the vanishing line of the new figure, and mter&ectmg in 
two other points 

t Hence the middle point of AA* is also the middle point of FP" 




m 



^^^ tke p*\>|x>&tion at the end of Art 362 For let LMN 
4&l} fee the triangle formed by the three given tangents, and F 

j& Than the come is seen to be the envelope of the 

base M / N / of a variable triangle 
M'FN', which is such that the 
vertex F is fixed, the angle 
M'FN' is always equal to the 
constant angle MFN 9 and the 
vertices M', N' move on the fixed 
straight lines LM , LN respec- 
tively 

In order to determine the 
other focus F', we make use of 
the theorem of Art 345 At 
the point M make the angle 
LMF' equal to FMN , and at 
the point N make the angle 
LNF' equal to FNM (all these 




Fig 227 



being measured in the same direction) , then the point of 
cfeon of MF', NF / will be the second focus F / 
The investigation of the circumstances under which the conic is an 
ellipse, a hyperbola, or a parabola, is left as an exercise to the student 
Tbe following are the results 

(1) The conic is au ellipse if F lies within the triangle LMN, 01 
if F lies without the circle UK r LMN and within one of 
the (infinite) spaces bounded by one of the sides of the tiiangle and 
the other t\\ o produced 

(2) a hyperbola if F lies inside the circle but outside the triangle , 
or if it he b within one of the (infinite) T-shaped spaces which have 
one of the angular points of the triangle LMN foi vertex ind aie 
bounded b} the sides meeting m that angular point, both pioduced 
backwards 

(3) a parabola if F lies on the circle circumsciibing the tiiangle 
L ViV, as ue have seen already (Ait 347) * 

368 Let TV, TN (Fig a3 8) be a pan of tangents to an 
ellipse 01 hyperbola which intersect at right angles If pei- 
pendiculars H.F'l' and W.I'V be let fall upon them 
respectively from the foci F and P', then evidently TV = 7J> 
and 11 '=}'!' But by Art 357 we have FF V'F'= + OB Z 
therefore II Tl '= + OB* But since U and V bothlie on 
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th$ circle described upon the focal axis AA! as diameter (Art 
356), the rectangle TU TV' is the power of the point T wrffc 
respect to this cucle, and is equal to OT 2 OA* Thus 

OT- = OA* 0& = constant, 
so that we have the following theorem * 

The locus of the point of intersection of two tangent* to an 
or a "hyperbola which cut at right angles i% a concentric circle 

This circle is called the director circle of the conic f 



In the ellipse OT Z = OA* + OB*, so that the director circle 
scribes the rectangle formed by the tangents at the extremities of 
the nmrjor and minor axes In the hyperbola 0r*=(L* QB* 9 ^ 
that pans of mutually perpendicular tangents exist only if OA>QB 
If OA = OB, ^ e if the hyperbola is equilateral (Art 395), the di- 
rector cir Je reduces simply to tbe centre , that is, the asymptotes 
aie the only pair of tangents which cut at right angles If OA<OB y 
the director cucle has no real existence , the hyperbola has no pair 
of mutually perpendicular tangents 




369 Considei no^vv the case of the parabola (Fig 229) Let 
t be the focus, A the \eitex, TH and TL a pair of mutually 
peipendiculai tangents If these meet the tangent at the 
veitex in // and A lespectively, the angles FIIT ', FLT will be 
light angles (Ait 358), so that the figuie TEIK is a rectangle 
Theiefore TH=. KF ', and since the tuangles TEH \ 1AK are 
evidently similar, TE = AF The locus of the point T is 



* DE LA HIRE, loc cit lib vui props 27, 28 
f GASKIN, The geometrical construction of a conic section, 
85^ chap m prop 10 et seqq 
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staught line parallel to HK> and lying at the same 
SK (on the opposite side) that F does That is 



vf ikepowt qf intersection of two tangents to a para- 
rf o r#> angles %* the directrix * 

gum the director circle of a conic is concentric with the latter, it 
in &e case of the parabola have an infinitely great radius. In 
wzda, it must break up into the line at infinity and a finite 
line. And we have just seen that this finite straight line is 



5be director circle possesses a property in relation to 
the self-conjugate triangles of the 
conic which we will now proceed 
to investigate Let XJZ (Fig 230) 
be a triangle which is self-conjugate 
with respect to a conic whose centre 
is Join OX and let it cut TZ 
in Jf and the conic in A' Draw 
OW parallel to TZ, let it cut XT 
in L and the conic in B' , and draw 
ZZ/paiallel to OX to meet OB'm L' 
Then OA' and OB' are evidently 
conjugate semi-diameters , also J and 
X', L and L' are pairs of conjugate 
points with respect to the conic Theiefore 
OA Q\ f = QA'\ and 01 OL' = 




lg 33 



where the positive or the negative signs are to be taken 
according as the semidiameters OA' , OB' are real 01 ideal 
(Art 294) 

Thus for the ellipse 

OX OX' +01 OL' = OA' 2 +0' 2 



and fur the In perbola 

0\ Ol'+OL 



so that m both cases (Art 368) 
01 OV+OZ 
where OT is the radius of the director circle 

* DK LA HIRE, loc ctt , lib vui prop 26 



(i) 
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Now let a circle be described round the triangle XYZ, and 
let U be the point where it cuts OX again, then 
FT X'Z=X'X X'U, 

'V 
JfZ 



(from the similar triangles OLX, X'YX) 

OL 

= OX L 
Therefore equation (1) gives 

OT*= OX OX'+OX JfU 

= OX OU, 

that is to say The centre of a come has with respect to the circum- 
scribing circle of any triangle self-conjugate to the conic a constant 
power^ which is equal to the square of the radius of the director 
circle 

Or in other words 

The circle circumscribing any triangle which is self-conjugate with 
regard to a conic u cut orthogonally ly the director circle * 

The following particular cases of this theoiem are of interest 

I The centte of the circle circumscribing any triangle which is self- 
conjugate with respect to a parabola lies on tJie directrix 

II The circle cu cumscnbing any triangle which is self-conjugate 
with respect to an equilateral hyperbola panes through the centre of 
the conic 

371 Consider a quadrilateral circum c cnbed about a conic Since 
each of its diagonals is cut hai momcally b} the other t\\o, the circle 
descubed on any one of the diagonals is diameter is cut orthogonally 
by the circle -which circumscribes the diagonal triangle (Art G9) 
But the diagonal tiringle is self conjugate \\ithrespect to the conic 
(Art 260), and theiefoie its circumscnbing cncle cuts oithogoutlh 
the director ciicle (Art 370) Consequent!) the director cnde and 
the thiee circles desciibed on the diagonals as diameters all cut 
orthogonilly the ciicle circumscribing the diagonal triangle Xow 
by Newton's theoiem (Art 318) the centres of the four fiist-namcd 
circles aie colhnear , and circles who c e centies are collmeai and 
which all cut the same ciicle orthogonally have a common ladical 
axis Therefoie 

The director circle of a conic, and the three cucles described on 

* GASKIN, loc cit , p 33 




quadrilateral as diameters, are 

IB the parabola the director circle reduces to the directrix and 
Hw gtraigtit tae at infinity > in this case then the above theorem 
bflflOTftflp th following 

If ^ quadrilateral is ctreiemsonbed about a parabola, the three 
oM d&onbtd on the diagonals of &IA quadrilateral as diameters have 
& <fcnM*rta?/or tkstr isosmm radical axis 

$ffl$L If IB tJie bex3rem of Art. 371 the quadrilateral be supposed 
i& bo grras, aod ^be oome to- vary, we arrive at the following 



otrcJw of <& ike comes inscribed in a given quadn- 
86pps to cft&tcA foZ0w# ^ ^r66 cwcfcs hawng 
&* 3*a$<maLs of ike quadrilateral 

38 one circle of soeh a system which "breaks up into two 
Saee that namely which degenerates into the radical axis 
Ik! flte atodght Itae at infinity Now the director circle breaks up 
ig$f} 'two straight lines nz the directrix and the line at infinity 
IB tlie case of a parabola (Art 369) Therefore the common radical 
cos of the system of coaxial director circles is the directrix of the 
parabola which can be inscribed m the quadrilateral 

If the circles of the system do not intersect, there are two of them 
which degenerate into point-circles (the limiting points) Now the 
director circle degenerates into a point in the case of the equilateral 
hyperbola (Art 368) Therefore when the circles do not cut one 
another, the two limiting points of the system are the centres of 
the two equilateral hyperbolas which can in this case be inscribed 
m the quadrilateral If the cucles do intersect, the system has no 
real limitiug points , and in this case no equilateral hyperbola can be 
inscribed in the quadrilateral 

The circles which cut orthogonally the circles of a coaxial system 
form another coaxial sjetem, if the first system lias real limit- 
ing points, the second system has not, and vice versa In ordei 
then t) inscribe an equilateral hyperbola in a given quadnlatf>ral, 
it is cuih necess-in to describe circles on two of the diagonals of the 
quadril iteral as diameters, and then to draw two circles cutting the 
former t\\o orthogonally When the problem is possible, these two 
orthogonal cucle* vill inter ect , and then two points of intersection 
are the tenire*. of the t\\o equilateral hyperbolas \\hicb satisfy the 
conditions of the prubKni 

873 li fne points aie taken on a conic, five quadrangles may be 
firmed b\ t iking thee points four and four together, and the 
diagonal truiigk* of the^e fhe quadrangles are each of them self- 
conjugate uith n>pect to the conic If the circumscribing circles of 
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these five diagonal triangles be drawn, they will give, when taken 
together in pairs, ten radical axes. Tbese ten radical axes will all 
meet in the same point, viz the centre of the conic 

374. Consider again a quadrilateral circumscribing a conic, let 
P and P 7 , Q and Q\ R and R' be its three pairs of opposite vertices. 
If these be joined to any arbitrary point S, and if moreover from this 
point S the tangents t, t f are drawn to the conic, it is known by the 
theorem correlative to that of Desargues (Art 183, right) that t and *', 
SP and SP', SQ and SQ', SB and SR' are in involution. Now let 
one of the sides of the quadrilateral (say P'Q'R') be taken to 
be the straight line at infinity, so that the inscribed conic is 
a parabola , and let S be taken at the orthocentre (centre of perpen- 
diculars) of the triangle PQR formed by the other three sides of 
the quadrilateral Then each of the three pairs of rays SP and SP\ 
SQ and SQ' 9 Sit and SR / cut orthogonally, therefore the same will 
be the case with the fourth pair t and t' But tangents to a para- 
bola which cut orthogonally intersect on the directrix (Art 369) 3 
therefore 

The orthocentre of any triangle circumscribing a parabola lies on 
the directrix 

375 If in the theorem of the last Aiticle the triangle be supposed 
to he fixed, and the parabola to vary, we obtain the theoiem 

The directrices of all parabolas inscribed in a given triangle meet in 
the same point, viz the orthocentre of the triangle 

Given a quadrilateral, one parabola (and only one) can always be 
mscubed m it By taking the sides of the quadnlateial three and 
three together, four triangles are obtained , and the four ortho- 
centres of these triangles must all lie on the dnectrix of tbe parabola 
It follows that 

Given four straight lines, the orthocentres of the four triangles 
formed "by talcing them three and three together are colhmar 

376 Let C be any given come, and let C' be its polar 
leciprocal with lespect to an auxiliaij come K The paiticular 
case in which K is a ciicle whose centie coincides with a focus 
jFof the conic C is of gieat mteiest , we shall now proceed to 
consider it 

If r, / be any two stiaight lines which are conjugate with 
respect to C, and if R, R' be then poles with respect to K, it 
is known (Art 323) that R , R' will be conjugate points with 
respect to C' Consider now two such lines r , / which pass 
through F, they will be at right angles since e\ery pair of 
conjugate lines through a focus cut one another orthogonallj 

T 
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Xhw 'Wtfl ttaisfore be perpendicular diameters of the circle K, 
and tbaff poles S , jB' with respect to K will be the points at 
iafiaity on /, r respectively These points are conjugate 
*$& zwpecfe to C', and the straight lines joining them to the 
Ott&re of SUB ooruc are therefore a pair of conjugate diameters 
oc', coBsaquently two conjugate diameters of C' are always 
mutually perpendicular This proves that C 7 is a ciicle 9 i e 
He poltr reciprocal of a come, with respect to a circle which has 
& ttntn ** OM qfikefa* y M a circle 

By tdb&g the steps of the above reasoning in the opposite 
onfer, ttte ooaaverae proposition may be proved, viz 

Si* JP&P reciprocal qf a circle with respect to an auxiliary 
&>**<; ^txa^ ?^ focus at the centre of the auxiliary 



As n3t Art. 323, it is seen that the conic is an ellipse, a 
hyperbola, or a parabola, according as the centre of the 
auxili&ry cude lies within, without, or upon the other 
circle. 

877 If d be the directrix of the conic C corresponding to 
the focus F> and if its pole be taken with respect to the circle 
K, this point will evidently be the centre of the circle C' 
(Art 323) 

The radius of the circle C' may also easily be found For 
in Fig 216 let two points X, X' be taken in the latus lectum 
LJU such that 

FX IL = FX' FL' = P, 

where L denotes the radius of the cucle K , and lot straight 
lines be dravi n through T and A' peipendiculai to XFX ' These 
straight lints are evidently parallel tangents of the ciicle C', 
and the Jistanct AA' between them is theiefoie equal in length 
to tht diamitu of C' But 



2 

so that tlic radius of the circle C' is equal to 

FL 

The cccentiicit} t of the conic C may be expressed in a 
simple mannei m terms of quantities depending upon the 
two clicks K and C' For if 0' be the centre and /> the 




FOCI 

of the lattei cucle, it has been seen that the 
polar of 0' with respect to K , therefore (Fig 

FD FO'=X? 
Bat it has just been proved that 

FL p = Z?, 

therefore (Art 351), e = j^ = 

378 The proposition of Art 376 may be proved in a 
different manner, so as to lead at once to the position and size 
of the circle C' 

Take any point Mon the (central) conic O (Fig 317) , from 
the focus .Fdraw FU perpendicular to the tangent at M, and on 
FU take a point Z such that FZ FU = 2 , k being as before 
the radius of the circle K Then the locus of Z is the polar 
reciprocal of C with respect to K 

Now it is known (Arts 356, 357) that U lies on the circle 
on AA! as diameter, and that if UF cut this circle again at V 

FO FU' ' = + OB* 

Therefore FZ FU f = P + OS 2 , 

which proves (Art 23 [6]) that the locus of Z is a circle whose 
centre 0* lies on FO and divides it so that Fff FO = & 2 OJB 2 , 

and whose radius p is equal to P ^-^, that is, (Ait 352 Cor ) 
to j= And again, since 01 D = 1 2 and FD = FO+ OD, 
(Figs 214, 215), 

FD F0 = 



by what has just been proved 

/<9' 
i e O f is the pole of the directux rZ with lespect to Z 

In tlie particulir case where k = OJ5, p =: OA , tlut is to say 
The polar reciprocal of an elkpse (hypeibola) with respect to a circle 
having its centre at a focus and its radius equal to half the minor 
(conjugate) axu> is the circle described on the major (transierse) axis as 
diameter 

379 In the case where C is a parabola, let M be any point 
on the cui ve (Fig 218), let fall J^perpendiculai to the tangent 
at M, and take on FN a point Z such that FZ FN= tf Then, 

T 2, 
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tto bofcse, ifae loeos of Z will be the polar reciprocal of O with 
to BL Draw ZQ perpendicular to ZI to cut the axis 
of ^parabola in 
3S8n a circle will evidently go round QANZ, so that 

FA IQ = FN FZ = tf, 

JB a fixed point, and the locus of Z is the circle on 
as diameter If 0' be the centre, p the radius of this 
tircte, 



la ii jpartwfalar case where ^ is equal to half the latus rectum, 
, we have p = k, that is to say 

ocqproccLl of a parabola with respect to a circle having its 
* <&0 /ocws ow<i tfe ra^w5 e^^aZ to half the latus rectum is 



* bundle of ifo same radius, havwg its centre at the point of intersection 
&fike ascw ?tiA ike, directrix 



^ 

~> 



CHAPTEE XXIV 

COROLLARIES AND CONSTRUCTIONS 

380 IN the theorem of Art 275 suppose the vertices B and of 
the inscribed triangle ABC (Fig 188) to be the points at infinity on 
a hyperbola, then S will be the centie of the curve, and the theorem 
will become the following 

If from any point A on a hyperbola parallels be drawn to the 
asymptotes, they will meet any given diameter in two points P and G 
which are conjugate to one another with regard to the curve Or 

If through two points lying on a diameter of a hyperbola, which 
are conjugate to one another with regard to the curve, parallels le 
drawn to the t ynq 'o'< -*, they will intersect on the curve 

From this follows a method for the constt uctwn of a hyperbola by 
points , having given the asymptotes and a 2 oint M on the curve 

On the straight line M y which joins M to the point of inter- 
section S of the asymptotes, take two conjugate points of the in- 
volution determined by having S for centre and M for a double 
point These points will be conjugate to one another with respect 
to the conic (Art 263) , if then p \iallels to the asymptotes be drawn 
through them, the two vertices of the parallelogiam so foimed will 
be points on the hyperbola which is to be constructed 

881 Let similarly the theorem of Ait 274 be applied to the 
hyperbola, taking the sides I and c of the circumscribed tnangle ale 
to be the asymptotes 3 it will then become the following 

If through the points where the asymptotes aie cut by any tangent 
to a hyperbola any two parallel stiaight lines be drawn, these will 
be conjugate to one anothei with respect to the conic Or 

Two pai allel sti aiglit hne& which are conjugate to one anotJier mth 
respect to a hyperbola cut the asymptotes in points^ the straujht lutes 
joining which are tanjents to tlie curve 

Fiom this we deduce a method foi the construction, by means ofiU 
ta/i'jentb, of a hyperbola, liaiiny given the asymptotes b and c and one 
tangent m 

Di iw pai \llel to m two conjugate rays of the involution (Art 129) 
detei mined bj ha\mg m foi a double ray and the pai allel diameter 
foi cential lay The two stiaight lines so diawn uill be conjugate 
to one anothei with respect to the conic, if then the points uheie 
they cut the asymptotes be joined to one another, we shall have t\\o 
tangents to the curve 
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** w J? *ad tf be any two points on a parabola, and A the 
poifet where be carro is cut by the diameter which bisects the chord 
JtQ Lot JP *ad <? be two points lying on this diameter which are 
tooiMaa with respect to the parabola, ^ e two points equidistant 
jfam^4 (Art. 142), by the theorem of Art 275, J?^ and <7(r, and 
Hfcswiao S& ad (7^, wdl *&&* on ^ e curve 

aaftblee us to construct by points a jxirabola which circum- 
m*t frwmpfc j4jB(7 attrf Aas the straight line joinvng A to 



Or w Hy proceed according to the following method 
Oa BG take two poaafe H and H' which shall be conjugate to one 
gttd to tbe parabola, * e any two points dividing BG 
SK -S" wad H' are collinear with the pole of the 
g through j4, therefore by the theorem of Art 275, 
oa the parabok will be found by constructing the point of 
ilfc60fcto& of AH with the diameter passing through E', and another 
wifl bfc &m*d s the point where AH' meets the diameter passing 
through # 

S88 In the theorem of Art 274 suppose the tangent c to lie at 
infinity , then we see that 

If a and 6 are two tangents to a paiabola, and if from any point 
on the diameter passing through tbe point of contact of a theie be 
drawn two straight lines, one passing through the point ab and the 
other parallel to 6, these will be conjugate to one another with regard 
to the parabola 

Tins enables us to construct by tangents a parabola, having given 
two tangents a and t, tfo point of contact A of one of them a, and the 
direction of the diameters 

Draw the diameter through A and let it meet t in , the second 
tangent i' from lull be the straight line which is harmonically 
conjugate to t \uth respect to the diameter OA (the polai of the point 
at infinin on a) aud the paiallel through to a II now two straight 
Inlet, h and A' he dra\\n through which shall be conjugate to one 
another ^ith ugud to the ptrahola, i e two sti light lines which are 
humtiiuc c nj% iks with itgard to t and t' t the puallel to h' drawn 
fr m tht point Jt i and the parallel to h dri\\n fiom the point li'a 
will both h<_ tingentb to the required parabola 

384 If in the theorem of \rt 274 the straight line a be supposed 
to lit it mfiniU iud b Mid c to he two tangents to a parabola, we 
uht LIU the iullowin^ 

The paraUtl** draun tj tvo tangents to a parabola, from any point 
on tJinr chant of contact, are conjugate line* with regard to the conic 

B\ anothei appla Uion ot the same theorem we deduce a lesult 
all aid) pru\td in \it 178, \u that 
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4 ff* fr om a I? * n the chord of contact of a pair of tangents I and <? 
to & parabola, two straight hnes h and h' be drawn paraUd to 5 and <s 
#$ecfovdy, the straight line joining the points he and h'b will be 
& tangent to the curve * 

From this may be deduced a construction for the tangents to 
a parabola determined by two tangents and their points of contact. 

SS5 THEOREM: If a come cut the sides BC, CA, A3 of 
a tnangle ABC ^n the points D and ', E and IS', F and F 
respectively, then will 

BD BD' CE CE' AF AF' 



= i 



CD CD' AE AE' BF Bl 
This celebrated theorem is due to CABNOT f 
Consider the sides of the triangle ABC (Fig 






as 




Pig 231 

cut by the tiansveisals DE and D'E' m the points D and D 
E and E\ G and G' , by the theoiem of Menelaus (Ait 139) 



CD AE BG 
BD f CL' AG' 
and C2T' IE' ^ 

Again, DfiE'D' is a quadi angle msciibed in the conic and bj 
Dtsaigues theoiem (Ait 183) the transversal AS meets the 
opposite sides and the conic in thiee pairs of points in involu- 
tion, therefoie (Ait 130) the anhaimomc ratios (ASFG] and 
(B4F'G') aie equal, thus (Art 45) (ABlfff) = (ABG'F'), 01 
(ASFG) (ABG'F) = i, which gives 

AF AF' AG AG' _ (4) 

BF BF' BQ BG'~~ l } 

* DE LA HIRE, loc ctt , lib 111 prop 21 f Gtomttriedepcsitton, p 437 



Mofoptyiag togsifcer (2), (3), and (4), we obtaui the relation 



$86. Conversely, tf on tie tide* BC, CA, AS respectively of 
m tnemglt ABC ikere be take* three pairs of points D and D', 
S and y Fond F f sucA that the segments determined by them and 
ik* ttrta* tf tie tnangle satisfy the relation (1) of Art 385, 
itott *ts point* fa on a conic 

For 1st the oomc be drawn which passes through the five 
points J?, D\ E, %', F, and let I" be the point where it cuts 
AS again. By Ganwyfc's theorem a relation holds which differs 
only fitaa {1} m tibat it has I" in the place of X* This 
(1), gives 

= AF" BF", 



5d fiiflrafbare (Art 72, VH) J" coincides with J^ 

* Gl&sor's tlieorem, being evidently true for the circle (since in this case 
BZ> SI? CD CZX, &c ), may "be proved without making use of involution 
proprti as follows 

Let I, /, A be the points at infinity on BC , CA, AB respectively, and sup 
pooe Fig 231 to have been derived by projecting from any vertex on any plane a 
triangle A^C^ whose sides are cut by a circle in D L and D/, J^ and .#/, JPj and J^ 
respectively Let ^ , Ji , JBi be the points on the sides BiC lt C^ 9 A^ which 
project into 7, J, E reapectiveVy , they will of course be collmear Then 

7? 7") 

|g - (BODI) (Art 64) 

(Art 68) 



150 ci> 

BD BD 



LD LD' C& CM W 

^ (Euc 35, 36 ) 



(F < E' 



these three equations together, and remembering that by the 
the rem ot Altiuliui the j roduct on the right hand side is equal to unity, we 
hu-\t tht re ult rt^uired 

Carnot tLturein i true net < iilv for a triangle but for a polygon of any num 
btr of Mdea tlie ] i f ju*t ^ix en cm clearly be extended so as to show this the 
theunm tf MentUi s 1 ein a CHJ i! le of ex ension to the case of a pohgon 

Meialaua theurtiu i nicluckvl m that of Carnot It is what the latter reduces 
to when the cuuic degenerates into t\vo straight lines of which one lies at infinity 
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If the point A pass off to infinity (Fig 332) the ratios 
and AF' AW become in the limit each equal to unity, 
the equation (1) of Ait 385 accordingly reduces to 
SD BD' CE CW 
CD CD' BF F'~ I 

Braw parallel to BC a straight line to cut GEE' in Q 
t&eeomc in P and P' , the preceding equation, applied to 
tnangle whose veitices are C, Q, and the point at 
where PP' and BC meet, gives 

QE QW CD CD' 




Fig 232 

Multiplying togethei these last two equations, we obtain 
BD BD' _ QP QP' 



QE 

that is to say 

If through any point Q tftete le diawn in given cluectwns two 
trausiersah to cut a come in P, P' and E , W respectneli/^ then the 
rectangles QP QP' and QE QE' au to one another in a constant 



* APOLLOMUS loc at, lib in 16-23, DESYBGULS, loc eit , p 202, DE LA 
HIRE loc cit bk v props 10, 12 

+ 1 1 0111 tins follows at once tlie xebult alieady pro\ed in a different manner m 
Art 316, viz that ij a come z& cut l)y a cvtle, the ckoids of inte) section make 
equal aufflcb tilth the axe 

Foi let jP, P , ^ , E be the points of intersection of a circL with the conic, 
then (Euc in O s) QP QP - QP QJ7 But if MCM' h CN be the diameters 
of tlie conic parallel ie<ipe<tively to QPP and QhE , we have, by the theorem 
in the text, 

QP QP' QE QL =CM CM' CN CN' 

= CM CN* 

Therefore CM^CN, and consequently CM and CN (and therefore also QPP 
and QBE'} make equal angles with the axes 



AJTD OONS^TBUOTrONS [888 

S8&, Suppoee in eqrofcoa (5) of Art. 387 that the conic is a 
hyperbola mad that in place of -#<? is taken an asymptote SK 
< the cnrre, then the ratio ED ED' KD KD r becomes 
equal to omiy, and therefore 

HI HF' = JE# O", 
thaiisfcoeay 

{Imp* jr p0m* J7 (0r #') ?w# 0ra <**& asymptote there be 
, parallel to a gwe* ttoraigU lute, a transversal to cut a hyper- 
t* teo pouti* F **d F (D and D^ then tie rectangle 
Sf SFffi'J) H'!)*) continued by the intercepts will be constant 

If the duuettrter parallel to the given direction H'D meets 
HM carve, thai if 8 and S' are the points where it meets it, 
cad if IB the centre, 

J5TZ) B'jy=OS OS'^-OS* 2 

If the diameter OT parallel to the given direction .ZLP does 
not meet the curve, a tangent can be drawn which shall be 
parallel to it The square on the portion of this tangent 
intercepted between its point of contact and the asymptote 
will be equal to the rectangle HF HF f by the theoiem now 
under consideration, but this portion is (Art 303) equal to 
the parallel semidiameter OT ', therefore HF HF'=OT*, or 

If a transversal cut a hyperbola in F and F' (in D and D') 
and an aymptote in H (in #')> ^ rectangle HF HF' (H'D H'D') 
w equal to the square on the parallel sunnhametet OT (OS) , the 
po*ifne or ntyatue sign lung taken according as the cune has 01 
ha* not tangtnf* paralltl to the transtersal 

389 If the tian*5\eisal cuts the othei asymptote in L 
(in /') then b\ Art 193 

III ' = 1L 01 H'D' = DL', 
and c<.iiM.jiHiitl\ 

/ // / / = - Or or Dir L'= OS 2 , 



Ij n trtii\ni\t/ dm?' n from any point F (D) on a 
ntf ffie a\ > f f \ in 11 and L (in E f and L'), the rectangle 
111 II (DH /;7)/v tqiial to + the square on the parallel 
sent nltiuiettr , t/tt m quint or pontne sign being taken accoichng as 
the cunt hax or has nut tan quits parallel to the traimenal 




Fig 233. 



AND 



From the proposition of the last Arhele maj fee dedaoed a 
construction for the CKces of a hyperbola, hamng gtvan a pear o/GM^wgttfe 
s&mdiameters OF and, OT in magnitude cmd direction (Fig. 233). 

We first construct the asymptotes. Of tfce two given i 
let OF be the one which cuts the curve 
Draw through F a parallel to OT, this 
will be the tangent at F Take on this 
parallel FP and FQ each equal to OT , 
then OP and 0@ will be the asymptotes 
(Art 304) In order now to obtain the 
directions of the axes, we have only to 
find the bisectors of the angle included 
by the asymptotes, or, in othei words, the 
two perpendicular rays OX , T which 
are conjugate to one another in the in- 
volution of which OP and OQ are the double rays (Arts 296, 297) 

To determine the lengths of the axes, draw through F a parallel 
to OX, and let it cut the asymptotes in B and B r , and on OX take 
OS the mean proportional between FB and FB' Then will OS be 
the length of the semiaxis lu the direction OX , and OX will or will 
not cut the curve accoiding as the segments FB , FB f have or have 
not the same direction Again, constiuct the parallelogram of which 
OS is one side, which has an adjacent side along OF, and one 
diagonal along an asymptote, its side OR will be the length of the 
semiaxis in the direction OY (Art 304) 

391 In the plane of a triangle ABC take am two points and 
0' , if OA,OB } OC meet the respectively opposite sides BC ', CA AB 
of the triangle m D, E, F, Ce\a's theoiem (\rt 137) gives 

BD CL AT 

CZ> ~AE BF~~~* 

Similaily, if O'A , O f B , Q'C meet the icspectnel} opposite tides in 
/>', E', F f , then 



BD' 
CD' 



IF' 



If thtse equition-3 be multiplied togethei, equation (1) of 4rt 38o 
i& obt lined , tlieitiuit 

If from any tuo pui/it* the ititiceb of a tnaivjle me ; ru/af d vjon 
the re^~>et f nJy ojyo^ite 6^Je^, the t>\% point* so obtained lu (/* a <.OUIL 

loi e\implt, tlit micldk points of the side^ of a tmngle iud the 
feet of the pupendicuhis fiom the \eitices on the oppu ite 
are six points on i conic * 



* This conic is i en tie (the nine point circle) See STEINEE Annal d 

ontpelhtr, 1828), vol xi^ p 42, or his Collected \^ ork^ \<j\ i p 



AND CONSTRUCTIONS. 



A, B, C, and with regard to whtch the pears of 

a o/a involute** lyvng on a given s&rmgkt kne u shall 



~--y ip- - -- 

Lei j* and ^<7 (Fig 234) be joined, and let them meet u in D 
nd jf Lai the points corresponding m the involution to D and j 
> Z>' and E f , let 2>" be the harmonic conjugate of D 




with reapact to ^ and B, and let 2?"" be the harmonic conjugate of 
M wxtii respect to A and G Thus Z> will be conjugate (with respect 
to the required conic) both to D' and to D", and therefore D'D" 
will be the polar of D So too E'E" will be the polar of E 

Join BE , CD, and let them cut E'L" and D'L" m ^ and Z> 
respectively, then E Q will be conjugate to E and Z) to D If then 
two points B', ' be found such that the ranges BB'EE^ and 
CC'DD^ are harmonic, they will both belong to the required conic 

In the figure, F and I", G and ' are the pairs of points which 
determine on u the involution of conjugate points 

393 PROBLEM To construct a 
conic uhich si tall pass thiouyh four 
given points Q R , S, T and shall 
Jmde hai motucally a gnen seg- 
ment J/3 (rig 235) 

Let the pan& of opposite sides 
of the quidi angle QR^T meet the 
straight line JA\ in A and A', 
B and B' If the rtquned conic 
cuts J/JV the t\\o points of intei- 
section \vill be a pin of the invo- 
lution detei mined b) A ind i 7 , 
-Sand^^A.it 183) Ii then the 

j nnolution of \\luch M and N are 

the double points and the inv olution 

lttum ntd bv the j.m, uf points 4 and^', B and 5' have a pair 
P and 7 J in cumin, n the u 41111 ed conic will pass thiough each of 
the iHjiiitb P and 7 J/ <^\its 12o, 208) 
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In order to construct these points, deeoribe any eurefe (Art. 208) 
d from any point on it project ibe points A ,A', B, B' t M,N 
mpon the circumference, and let A l , A.J, B l 9 Bf, M l ,N l b& ttaur 
respective projections If the chords A^Af and , Bf meet in F, and 
the tangents at M l and N 1 meet in 7, all straight lines parang 
through Z7 determine on the circumference, and consequently (by 
projection from 0) on the straight line M N, pairs of conjugate points 
of the first involution, and the same is true, with regard to tba 
second involution, of straight lines passing through V If the straight 
line UT meets the circle in two points P l and P/, let these be joined 
to 0, the joining lines will cut MN in the required points P aad P* 
Let W he the pole of UV with respect to the circle. Every 
straight line passing through W and cutting the circle detei 
on it two points which are harmonically conjugate with regaru. 
PI and P/ , and these points, when projected from on M. N t will 
give two points which are harmonically conjugate with regard to 
P and P', and which are therefore conjugate to one another with 
respect to the required conic If then UV does not cut the circle, so 
that the points P and P' cannot be constructed, draw through W 
two straight lines cutting the circle, and project the points of inter- 
section from the centre upon the straight line MN , this will give 
two pairs of points which will determine the involution on MN of 
conjugate points with respect to the conic The problem therefore 
reduces to that treated of in the preceding Article 

394 PEOBLEM To constiuct a conic which shall pass through 
four g^^en points Q,R,S,T, and through tuo conjugate points 
(which are not given) of a known imolution lying on a straight l\ne u 

This problem is similar to the pieceding one, since it amounts 
to constructing the pair of conjugate points common to the given 
involution and to that detei mined on u bv the p-urs of opposite 
sides- of the quadrangle QRST (Ait 183) 

Such a common pan \\ill al\\x\s exi^t \\hen the given involution 
has no double points, and the t\\o points composing it -sull both lie 
on the lequiied conic If the gi\en involution Ins two double point* 
M and J\, the piesent problem becomes identical \uth that of 
Ait 393 

The problem cleaih idmits of onl) one solution ind the *iine i^ 
the ca^e \\ith legaid to those of the tuo preceding \rticle 

395 Considei a h}perbola whose asymptotes aie perpen- 
dicular to one another, and to which on this account is gnui 
the name of ledangular hypeibola (Fig 236) Since tht 
asymptotes aie haimomcally conjugate with regaid to 
any pair of conjugate diameters (Art 296), the} \\ill m 



be the baaaotes of the angle included between 
may each pair (Art. 60). Bat the parallelogram described 
0& two ooxyngafo Bemjdiameters as adjacent sides lias its 
diagonals parallel to the asymptotes (Art. 304) , in this case 
therefore every such parallelogram is a rhombus , that is, every 

duaneier is equal in length to its 
conjugate On account of this 
property the rectangular hyper- 
bola is also called equilateral* 

I Since the chords joining the 
extremities P and P' of any 
diameter to any point M on the 
curve are parallel to a pair of 
conjugate diameters (Art 287), 
the angles made by PM and 
P'H with either asymptote are 
equal in magnitude and of 
opposite sign If the points P and P' remain fixed, while M 
moves along the curve, the rays PM and P f M trace out two 
pencils which are oppositely equal to one another (Art 106) 

II Conversely, the locus of the points of intersection of pairs 
of corresponding rays of two oppositely equal pencils is an equilateral 




33$ 



For, in the first place, the locus is a conic, since the two 
pencils, are projective (Art 150) Further, the two pencils have 
each a pair of ra}s which include a right angle, and which 
are parallel respectively to the corresponding lays of the othei 
pencil (Art 106) , the conic has thus two points at infinity 
1\ ing in diuctions at right angles to one anothei and is there- 
foic an equilateral h\ pei bola It \vill be seen moieovei that the 
centie& 1* and P f of the two pencils aie the extiemities of a 
diameter tor the tangent /; at P is the ray con esponding to 
P P n^inltil as a 11} j/ of the second pencil, and the tangent 
y at P is the 1 1\ corresponding to PP / regarded as a ray q 
of tin fust pi. mil (Ait 150) , but the angles pq and j/j 7 must 
be cquil an<l opposite therefoie, smce p' and q coincide, 
p and / must lit paialkl to one another 

III The angular points of a triangle AC and its oitho- 
centrc (centre of perpendiculars) D are the veitices of a 
* APOLLOMLS, loc cit \n 21, DE LA HIRE loc cti,bookv prop 13 
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complete quadrangle in which each aide is peorpeadieaUr to 
the one opposite to it, and whose six sides determine oa the 
straight line at infinity three pairs of points subtending each 
a nght angle at any arbitrary point 8 The three paws of ISJB 
formed by joining these points to S belong therefoere to aa in- 
volution in which every ray is perpendicular to its conjugate 
(Arts 131 left, 124, 207) 

But this involution of rays projects from S tiie involution 
of points which, in accordance with Desargues' theorem, is 
determined on the straight line at infinity by the pairs of 
opposite sides of the quadrangle and by the comes (hyper- 
bolas *) circumscribed about it. The pairs of conjug 
therefore of the first involution give the directions 01 
asymptotes of these comes , thus 

If a come pass through the angular point* of a tnangk and 
through the orthocentre, it must be an equilateral hyperbola f 

IV Conversely, if an equilateral hyperbola be drawn to 
pass through the vertices A , B , C of a triangle, it will pass 
also thiough the orthocentre D For imagine another hyper- 
bola which is deteimined (Ait 162, I) by the four points 
A, B, C, D and by one of the points at infinity on the given 
hyperbola This new hyperbola will be an equilateial one by 
the foregoing theorem, and will consequently pass through the 
second point at infinity on the given cuive, and since the 
two hypeibolas thus have fi\e points in common (J,-5, C, and 
two at infinity) they must be identical, which pio\es the 
proposition Thei efoi e 

If a t) tangle oe viscnled in an tqiiilafentl type* Lola, rf* u/tJw- 
cenf)e is a 2^oint on the cune 

V If the point D appioach indefinite!} neai to A, i e if B iC 
becomes a light anglt, we ha\e the following proposition 

If 1 TG (Dig 236) is a inangle, iigU-angM at L, nJuJt M 

* !No ellipse or paiabola can be ciroum cribed about the quadnu a le here con 
Bideied (Art 219) 

f This may be deduced directh from Pascils theorem For let a cmic be 
drawn through A B C D and let I I and I I be the points where it meet* the 
line it infinity Since iBCDI^I^ is a hexagon inscribed m a come, the inter 
sections of AB and DI 15 of BC and IJ^ , and of CD and I,A are three collmear 
points Therefoie the straight line joining the point m which DI l meet 47 
to that in which A I meets CD must be parallel to BC Thus AT mu t be at 
right angles to >/,, and a* these lines are parallel to the aa>mp totes of the ccnic 
the latter is i rectangular hyperbola 
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I 4W 4jrt&^n^ 

to tk tyx****** FG 

Vt Through four given points Q, 5, /?, T can be drawn only 
one equilateral hyperbol* (Art 394) The orthocenfcre of each 
of ii* naagl6B QR8, SST, 8TQ , QST lies on the curve * 

VBL Q\ve*foxr iang&U* to cm equdateral hyperbola, to construct 



Since the diagonal triangle of the quadrilateral formed by the 
four tangents is self-conjugate with respect to the hyperbola, 
the centre of the latter will lie on the circle circumscribing 
this triangle (Art. 870, II) But the centre of the hyperbola 
iiB *!ao on. the straight line which joins the middle points of 
&A dugGBftls of the quadrilateral (Art 3 1 8, II) Either of the 
intersection of this straight line with the circle will 
give the centre of an equilateral hyperbola satisfying 
tiba problem , there are therefore two solutions For another 
method of solution see- Art 372 

YIII Tke polar reciprocal of any come with respect to a circle K 
k&ring t/t centre on the director circle is an equilateral hyperbola 

For since the tangents to the come from the centre of the 
circle K are mutually perpendicular, the conic which is the 
polar reciprocal of the given one must cut the stiaight line at 
infinity in t\\ o points subtending a right angle at That is 
to say, it must be an equilateral hypeibola 
^ 

896 Suppose given a conic, a point 8, and its polar s , and let a 

straight line passing through S cut the conic in A and A ' Let the 
figure be constructed which is homologicd ^ith the given conic, 
S beint; taken as centre of homology, s as axis of homology, and A , A ' 
as a pair of corresponding points Then every other point B f which 
corre ]*>iuK to a point B on the conic will lie on the conic itself 
For li 4B meet* the itxis s in P then B', the point of intersection of 
SB and I'F i* likewise a point on the conic (Art 250) The curve 
homolngu il \\ith tht given conic \\ill therefore he the conic itself 
Am t\\o curie pondniff points (or straight lines) are sepaiated hai- 
moimalh 1^ *? aid s this is in fact, the case of harmonic homology 
(\rt 70 2%) 

To the bt r light IHR it infinity 'will therefoie correspond the 

* These theonuib ire due to BKIANCHON and PoNCELBT , they were enunciated 
in n einoir put h hed in \< 1 xi of the Annales de Mathtmatique* (Montpelher, 
i^n and \vere ^i\ en ij,am iti \ol n (p 504) of Po\CLET 7 S Applications 
d" 4i a/v^ et tie Gt onuti ic Ian 1864 



Al&D 

t$mg& line j which * pawtfel to * and wiudi lies asdv&T fee**** 
$aaa s, and the points m whiehjrneete the come via 
to the points at infinity on the same conic. 

From this may be derived a very simpte method 
whether a given arc of a conic, however small, belongs to <m 
35, or a hyperbola* 



Draw a chord s joining any two points in the are , ooosfaraet 
pole /S 1 , and draw a straight line 



parallel to s and equidistant 
from 8 and s If j does not cut 
the arc, the latter is part of an 
ellipse (Fig 237 a) If j touches 
the arc at a point J, the arc belongs 
to a parabola of which 8J is a 
diametei (Fig 237 5) If, finally, 
j cuts the arc in two points J l , J" 2 
(Fig 2370), the arc will be part 
of a hypeibola whose asymptotes 
are parallel to /i and J 2 * 

397 PBOBLEM Given a tangent 
to a conic, its point of contact, and 



fa) 



\ 



at 



(t) 



Fig 237 



the position (but not the magnitude) of a pair of conjugate diameters, 
to construct the conic (Fig 238) 

Suppose the point of intersection of the given diameters, and 
P and Q the points in which they are cut by the given tangent 
Through the point of contact M of this tangent draw parallels to 
OQ, OP to meet OP , OQ in P / and $ lespectively Since the 
polar of M (the tangent) passes through P s the polar of P will pass 



(a) 




Fig 238 



through J/, and since the polar of P is parallel to OQ, it must be 
MP f , theicfore P and P 7 aie conjugate points 

If now points A and A' be taken on OP such that (9 4 aud (Ad' may 
each be equal to the mean proportional between OP and OP / , then 
A A' \vill be equal m length to the diameter m the direction OP 
(Art 290) In the *ame \\ \y the length of the other diameter BB' 
will be found by making OB and OB' each equal to the mean pro- 
portion \1 between OQ and OQ' 

* PONCEIET loc cit , Arts 225, 226 
U 
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If ifco jxaate J^aad J* &0 oaa the same side of (9, the involution 
4f ornqjogitft points ba * pair of doable points A and ,4' (Art. 128) , 
20 to a*y, tbe diai&etar OP meets the carve. If, on the other 
sad P* ke oa opposite sides of 0, tbe involution lias no 
pouts, *ad the diameter 0-P does not meet the curve In 
tbt* ocas ^ and A f are two conjugate points lying at equal distances 
ffoni Hie figure shows two cases that of the ellipse (a) and that 
of Ae hyperbola (6) 

896. PfcOBLU. <?ttw a jpotn* J^ on a come and the positions of 
two JNBT* of c0ftyw$afe cfawM&rs a arte? a' , 6 and 1' , to construct the 



L JW* 02vtto {S^g 239). Through Jkf draw chords parallel to 
kfih datoater, and Back that their middle points lie on the respec- 
dtatmeters The other ertremities A , A' > B, 1? of 





Fig 339, 

the four chords so drawn will he four points all of which he on the 
required conic 

II Sf*ond solution (Fig 240) Denoting the diameter MOM' by 
c, if the ra\ c f be constructed which is conjugate to c in the in- 
volution determined by the pairs of rays a and ', b and V, then c' 
will be the diameter conjugate to c (Art 296) Through U diaw 
J/P parallel to a, and through if x draw M'P' parallel to a' , these 
parallels ^ill mttrsect on the conic (Art 288) , let them cut c' in P 
and P res|>eUi\ely These last two points are conjugate with le- 
vpect to the conic ( \rt 299) , thus if on c' two other points be found 
which corr spund to one another in the imolution determined by the 
pair P P f uid the centril point 0, then MQ and M'Q' will intersect 
on the conic If then on c t\\o points JV and .A' be taken such that 
tlu di time of either of them from is a mean pioportional be- 
t \\et n UP uid OP', the^ will be the extremities of the diameter c' 
(*rt 290) 

III 7/im/ lo'utnm Thiough the extremities IT and M f of the 
dumeter which pi* c* thiough the given point draw parallels to a 
and a' , the\ w ill mett in i point A lying on the conic Through 
the same points driw parallels to 6 and b' , these will meet in another 
point B aLo lying on the cunic (Art 288) Produce AO to A', 
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OA? equal to AO , and similarly BO to l? y m&bBg O& egad 
to BO , then will A' and & be points also lying oil tbe required OOBM 
(Art. 281) 

399 PROBLEM Given in post&on two paws ofcovyttgatt dtetmatin 
a and a', I and If of a conic, and a tangent t, to construct i 

L First solution (Fig 241) Let 
be the point of intersection of the 
given diameters, that is, the centre 
of the conic Draw parallel to t and 
at a distance from equal to that 
at which t lies, a straight line tf', this 
will be the tangent parallel to t Let 
the points of intersection of t and if 
with a and of be joined, this will give two other parallel twagents 
u and vf (Art 288) Another pair of parallel tangents t? and i/ will 
be obtained by joining the points where t and t f meet 6 and If 

II Second solution The conjugate diameters a and a^ b and V, 
will meet t in two pairs of points A and A f , B and B' which deter- 
mine an involution whose centre is the point of contact of t (Art 302) 
The problem therefore reduces to one already solved (Art 397) If 
the involution has double points, the stiaight lines joining these points 
to, will be the asymptotes 

J/400 PROBLEM Given two point* M and N on a conic and the 
position of a pair of conjugate diameters a and a', to construct the 
conic (Fig 242) 

Let M f and N' be the other extremities of the diimeters passing 
through M and N Through M and M' draw ME , H'H parallel to 
a and a' respectively , similarly, through ^ and 3 ' diaw ML, N'K 
paiallel to a and o! respectively The points H and K will he on 
the required come 





Fig 242 Fig 2 43 

401 PKOBLEM Given two tangents m and n to a come and the 
position of a pair of conjugate diameters a and a', to constrw t the 
conic (Fig 243) 

Draw the straight lines mf and n' parallel respecti\ely to m and n, 
and at distances from the centre equal respectively to thoe at 
which m and n lie , then mf will be the tangent parallel to m and n' 

U 2 
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tt* teiynt ptaJkl to*. Joa 
if tjf Ae itmtgbt hMe * aa& ^ d tibe poiaie where n and ' meet 
* tad ^ trf tJbft Btrwght lines u and t/ The four straight lutes 
*, <\ * ^ 'n^ *Q ^ UJ^oate to the required conic (Art. 288} 



j&aZZ mafe **& <*w ano^Aar a guw* angle * 

Cwwtraci first * cbazaeter 14' of the came (Art 285) , and on it 
deimta * Mgraent of a circle oo&tumng an angle equal to tke given 
OCML Find the points tn which the circle of which this segment is a 
part cote th oonic gam (Art 227} , af IT is one of these points, AM 
*ad j^'JhT will be parallfli to n pair of conjugate diameters. Since 
tbaa ^ If^ i* equal to th* ^ven angle, the problem will he solved by 
tewiag ii* &mtim p^nullel to ^iT and ^Jf 

H Ao y^?f*^ ctewanbed is a semicircle, this construction gives 



PMOULJOC. jTo csnrfrwe* a ootiio t^A respect to which a given 
tkoll I* *df-oo*p*gai^ and a given point PshaU be the 



Let |> meet FO in A The polar of A will pass through E the 
pole of jft?, and through P the pole of ^;, and will therefore be 
JSP Similarly FP , #P will be the polars of the points B, Om 
which p is cut by GE , EP respectively Let A' be the point in 
which FG intersects JSP, then F and @, A and A', are two pairs 
of conjugate points with respect to the conic, and if the involution 
which they determine has a pair of double points L and L* ', these points 
will he on the required conic (Art 264) The same construction may 
be repeated in the case of the other two sides of the tiiangle EF@ 

If the point P lies within the triangle EFG the points A', JF, C f 
he upon the sides FG , GE , EF respectively (not produced t) The 
straight line p rna\ cut two of the sides of the tri ingle, or it may lie 
entirely outside the triangle In the first case the involutions lying 
on the two sides of the tiiangle \\hich are cut by^p are both of the 
non-overlapping (h>ptrbolic) kmd, and therefoie each possesses double 
points (\rt 128) these give four points of the required curve, and 
the problem reduces to thut of describing a conic passing thiough four 
gnen points and \\ith respect to which two other given points aie 
conjugates (Ait 393) In the second ca*e, on the other hand, the 
pairb of conjugate points on each of the sides of the triangle EFG 
o-veilap and the involutions have no double points (Ait 128), in 

* DE L\ HIKL It i at bo k 11 prop 38 

f STALUT ( (uinetrie der La<je Art 237 

t We shall saj that a j < mt A lies on the side F& of the triangle, when it lies 
between f and (* and that a strnght line cats the side FG, when its point of 
intersection with FO hts between f and ("* 
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ease the conic does not cut any of the sidee of tbe 

triangle , therefore (Art. 262) it doee oot exist 
If the point P lies outside the triangle, oae only of ibe 
points A', 2$', ff lies on the corresponding side, the two othera lie 
on the respective sides produced If these two otfesr odes are cnt by 
^>, none of the involutions possesses double points, and the coxuo does 
not exist If, on the other hand, p cuts the first eado, or if p bee 
entirely outside the triangle, the conic exists, and may be oonstracted 
as above 

In all cases, whether the conic has a real existence or not, &e 
jtxtfar system (Art 339) exists It is determined hy the self-eo^jgate 
triangle EFCr, the point P, and the straight line p To construct 
this system is a problem of the first degree, while the construct 
the conic is a problem of the second degree 

404 PBOBLEM Given a pentagon ABODE, to describe a come wtfk 
regard to which each vertex shall be the pok of the opposite side * 

Let j^be the point of intersection of AB and CD If the conic 
K be constructed (Art 403) with regard to which ADF is a self- 
conjugate triangle and E the pole of BO, then the points B and C in 
which BC is cut by AF and DF respectively will be the poles of ED 
and JEA, the straight lines which join E to the points D and A 
respectively Every vertex of the pentagon will therefore be the 
pole of the opposite side , that is, K will be the conic required 

If the conic C be constructed which p \sses through the five vertices 
of the pentagon, and also the conic C x vi hich touches the five sides 
of the pentagon (Art 152), these two comes will be polar reciprocals 
one of the other with respect to K (Art 322) 

405 PROBLEM Given five points A , B , C , D , E (no three of 

which are collinear), to determine 

a point M such that the penc.il 

M( ABODE) shall be protective with 

a gn en pencil abcde (Fig 244) 
Thiough D dia\\ two straight 

lines DD ', DL ' such that the pencil 

D(ABCD'L') is piojectue \\ith 

abcde (Ait 84, right) Construct 

the point E' in which DE f meets 

the conic -which passes thiough the 

four points A BCD and touches DD / at D (Art 165) , then construct 

the point M in which the ame conic meets EE' M will be the 

point requned Foi since M, A, B, C, D, E' lie on the same conic 

the pencil M (ABODE') is piojective with the pencil D(lBCD'L'), 

* STAUDT loc ctt , Arts, 238, 258 
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by QOiMtnttkQift 10 pnjeeferro with tbe given poacO 

Jf y *ad Jf JF are ibe waae ray, the problem is solved. 
A* MI ftxaarotae my bo solved the correlative problem, viz 



Nmnf, to frww <B 



* * ?*"* ^"V* ABODE * 



njfo points formwg 



40*. FmOBUW To <TMM< a ttw arc A3 of a circle t 
Ott the gmn *ro take (Fig 245) a point .A 7 , and from B measure 
m t&ft opposite direction to AN an are J3JV equal to twice tbe arc 
AN JIBTbe ihb tangeni i ^ and if be the centre of the circle 




245 



of which the arc A B is a part, the angles AON and TBN' are equal 
and opposite If JV and ^V \ar) tLeir positions simultaneouslj, the 
ra> s ON and 2L\ ' ^ ill descrihe two oppositely equal pencils, and the 
locus of their point of interbection Jf will therefore (Art 395, II) be 
an equilattral Inptrbola parsing through and B The asymptotes 
of this luperbula are parUlel to the bisectors of the ingle made by 
iO and BT \\ith one another, for these stiaight hues are con espond 
ing ia\s (bein^ th positions of the \aiiable ra\s ON and BN' for 
which tin ire- l^ and B"\' are each zeio) The centie of the 
h\jerl)ola is tle niiddle point of the straight line OB \vhich joins the 
it ntifN uf thi t\\o pencil* 

11 e li\jieiln h h nn j IKCII constructed bj help of Pascals theoiem, 
tht pant / \\ill III\L In tii luund in \\luch it cuts the aic AB Tv\o 
coiit^puinlinjr jMiuts A tud \' college in this point, therefore 
tht aic iP i- lull of tin. ire PB ind P is that point of bisection 
of the au l/> \v huh i> the ut tier to ^1 

r lhe li\ptrluli units tht tiuk in t\\oothei points R and Q The 
point R ih OIIL of tht points of tiibtction of the aic \vlnch together 

* ^TVt PT ?( C Clt \\ (^ 

f ^TAUDT, Lttti ye Vrf 4 ^2 , C H \SLES, bectums cowques, Art 37 
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makes up a semicircle, and the point g is one of tha paiota 
of tnsection of the arc which together with 4J? m&kee p the etreoo- 
ference of the circle 

407 It has been seen (Art, 191) that if P', P", Q' t Q" (Fig 2j 0) 
are four given colhnear points, and if any conic be described to pano 
through P' and P", and then a tangent be drawn to this conic from 
Q' and another from Q", the chord joining the points of contact 
of these tangents passes through one of the double pomta M', N' of 
the involution which is determined by the two pairs of points 
P' and P", W and Q" The two tangents which can be drawn from 
Q', combined with the two from Q", give four such chords of oonteefc, 
of which two pass through M ' and two through N' From this may 




Fig 246 

be deduced a construction for the double point* of the iniolution, 
P'P", Q'Q", or, what is the same thing (Art 125), for ike tw* 
points M f , N' which divide each of t7ie two guen segments P f P" 
and Q f Q," harmonically 

Describe any circle to pass through P / and P", and draw to it from 
Q f the tangents t' and u' t and fiom Q" the tingents t" and w" The 
chord of contact of the tangents t' ind t" and that of the tangents u f 
and u" will cut the ^traight line P' P" in the two required points 
J/'and-ZV' 

408 This constiuction his been applied b\ BII\NCHON * to the 
solution of the two problems coii&ukied in Art 221 MZ 

I To construct a conic of nhuh tuo point* P f >P n aul tJuee 
tan'jents q <7 / , q" are ^)^^en 

Join P'P", uid let it cut the tlnee gnui tangents 111 Q Q' ', Q ' 
iespecti\el} (Fig 246) De&uibe any ciule tlnough P', P' and 
diaw to it tingentfc, from Q , Q f , Q ' The choids vhith join the 
points of contact of the tmgents iium Q" to the pomt^ ui tunt itt cf 
the tangents fiom Q meet P'P" in tuo points M and -A and feinn- 
hilj the tangents fiom Q" combined \vith tho e from Q' Jeteimme 
two points M' and -A ' 

The chord of contact of the tangents q', q" to the lequned c nic 
will therefore pass through one of the points M, iV, and tint of tlu 

* BRIANCHON, loc cit , pp 47, 51 
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win pa* timmgfe ose of ibe points M', N f The 
jtfir', JfJT, ##', JOT' giTe the four solutions of 



lit prabtan therefore redrooe to the following To describe a oomc 
A3 fendt ** ?tv* **r**gte knts q,q ',$"** such a wag thai 
K> pa*r of tangents q , q"and q' \ q" shall 
k !KN> g*x*p<x*t8 M and Jf' Let QQ'Q" (Fig 
347) denote the tnangle formed by the 
three gmaa tangents, and let A, A', A" 
be the points of contact to be deter- 
Bflaed By a corollary to Desargues' 
theorem (Art 194), the ade q = Q'Q" 
is divided harmonically at the point of 
contact A and at the point where it is 
cat by the chord A' A." If these four 
harmonic points be projected on MQ" 
from A,* as centre, it follows that the segment RQ" intercepted on 
between q" and q' is divided harmonically by M and the 




Let then MQ f/ be joined , it will cut q" in some point R , and 
let the point V be determined which is harmonically conjugate to 
M with regard to R and Q" In order to do this, draw through M 
any straight line to cut q" and q' in S and T respectively, join 
8Q" &nd TR> meeting m U 9 and join QU, meeting RQ" in 7 
Join FV, it will meet q' and q" in A' and A" , and finally if 
MA" be joined it will cut Q'Q" in A 

II To ccm^tntct a conic of which three joints P, P' ', J"' and two 
tangents q , q' are given 

Tom PP' 9 and Itt it meet q and q f m (? and Q' i espectively , join 
PP", and let it meet q and ^' in ^ and R' iespecti\ely Describe 
a circle round PP f ' P", and to it draw tangents from Q and Q', the 
chords of contact \\ill meet PP f m two points M ind N Similaily 
dra\\ the tangents from R and R' , the chords of contact \ull meet 
PP ' m t\u othi r i oints l/ r and iV / Then e\ch of the stiaight lines 
M \ ' , \ \ ' }/' \ MM' \\ill meet the tangents q and q r in two of 
tlit ] int oi coiitut oi thce t\\o tangents with a come en cumscribing 
tht tiiinglt ^y"^" 

fins constiiKtion differs fn m that given in Art 221 (left) only in 
tlit mtthi d oi finding the double points and JV M' and ^ 7 

409 IJULUHMI Iftitofin/k* 1US and 10' S of gtien magnitude 
turn about their rey* tnr vertices and 0' in such a uay that the 
point of tnttttdtoun 9 of one pair of arms lies always on a fixed 
straight line it tfa point of intersection of the other pair of arms will 
describe a conn, (rig 248) 
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The proof follows at once from the property tfeat OHB 
traced out by the variable rays OA 
ad 08, 08 and O'S ,0'S and O^ 
aare projective two and two (Arts. 
42, 108), and that consequently ihe 
pencils traced out by OA and O'A 
are projective This theorem is due 
to NEWTON, and was given by Tntr^ 
under the title of The Organic De- 
scrtptton of a conic * 

410 The following, which depend 
on the foregoing theorem, may serve 
as exercises to the student 

1 Deduce a construction for a 

conic passing through five given points , 0', A , B , 

2 Given these five points, determine the magnitude of the angles 
AOS, AO'S and the position of the straight line u m order that the 
conic generated may pass through the five given points 

3 On the straight line 00 / which joins the vertices of the two 
given angles a segment of a circle is described containing an angle 
equal to the difference between four right angles and the sum of the 
given angles Show that according as the circle of which this segment 
is a part cuts, does not cut, or touches the straight line u, *o the conic 
generated will be a hyperbola, an ellipse, or a parabola. 

4 Determine the asymptotes of the come, supposing it to be a 
hypeibola , or its axis, in the case where it is a parabola 

5 When is the conic (a) a circle, (6) an equilateral hyperbola, 
(c) a pan of straight lines? 

6 Examine the cases in \\hich the two given angles are directlv 
equal, 01 oppositely equal, 01 supple 

mentary t 

411 THEOREM: If a lariahle triangle 
AJfA' mote in such a nay that its side 6 turn 
seieralfy round three gnen point* 0\S 
(Fig 249) y.lulc tu o of it* iprtices A \f <*hde 
along tico fixed straight lines u , u' re^pec- 
tttely, the locu* of the third vertex M is a 
come pasting through the following fiie points, 

viz , 0' \ uu f , and the intei sections B and C' of u and u' uith 
and OS respectively J 



* Pnnctpia lib i lemma xxi , Enumeratio hnearum tertn onhm 
1704) p 158, xxxi 

t MACLAURIN G-eoinetna Organica, (London, 1720), sect i prop a 
% See Art 1 56 
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of Art. 41 1 is a pariacnlar case of 
a way that tfe n sides torn 
S > 0^ 

(Fig 250) wfafc n i of its wrttees skde 
n i fixed sfraufhi faws 



ago. 



41& 



d*8Cirib*aooru6, and ihe locus of the point 
of tfttoraaofcon of&nypavr of norwufyawnt 

tUaiso ^ a come* 

proof of tins theorem and its cor- 
rabtrre IB left to the student t 

n<2 A' tangents AB> AC 
io a <x>nw, ^5 will the four points of 



&tA'G' XT* 

B ,>$', G f , cfrd tfx two given points A, A' dike on a conic 



Lot A'C f t A f 3' meet 5(7 in Z) and ^ respectively, these points 

wilt evidently be the poles of AC', AB' 
respectively The pencil A(BCB / C / ) 
is protective with the range of poles 
BC$D (Art 291), and therefore with 
the pencil A'(BCED) or A\BGB'G f }, 
which proves the theorem 

414. THEOEEM (correlative to that 
of Art 413) From two given points 
A and A' tangents AB , AC and A'B', 
A.'C* are drawn to a conic, then will 
the four tangents and the two chords 
of contact all touth a conic \ 

Fur (Fig 251) the lange of points 
BC(AB,AC, i ^ 1 'C') or BCED is 

project i ve ^ it h the pencil A (BC B'G'} foinied by then polus, but 
this jnnci] is pn.jtctne \uth the range B'C' (AB -1C, 4.'B', L'C'), 
thtrtfoie tht six hues IB, 1C, *'', \'Q' , BC , B'C' all touch 
a conic 

415 THE RMI (*n rath diagonal of a complete quad) (lateral is 
'X 11 a jtitr o/ j tint* tint /?//</ it harmonically if of thet>e bix points 
thrtf <>n< tn m t t h /ui / nal ) he in a btiaiyht line, the other three will 
it/ o h in (t tnn (It hn 

Coi ni j i! ^ Tit* mtJIlt points of the thiee diagonal* of a complete 
fjualritut tal <m t /'/// ir 




lue t. MMLURIN and BBVIKENBIDGE (Phil Trans, 
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416 THEOREM If from any powt O o &* cxrde 

a triangle ABO straight lines OA' , OB', OO / 1* tfgfeeta? *> 
stdes BGyCA, AB in A>, B' y G f resjuctorty, and to 
equal angles (both as regards sign 
and magnitude), then the three 
pomts A', B', Q' witt le coUmear 
(Fig 252) 

Through draw OA", OB", OQ" 
parallel to BG , CA , AB respec- 
tively, then it is easily seen that 
the angles AOA", BOB", COO" 
have the same bisectors The same 
will therefore be true with regard to the angles AOA', BOB', GOC' , 
consequently (Art 142) the arms of these last three Angles will form 
an involution, and therefore (Art 135) the points A f >B',G' will be 
collinear * t 

417 THEOEEM If from the vertices of a triangle circumscribed 
about a circle straight lines be inflected to meet any tangent to the 
circle, so that the angles they subtend at the centre may be equal 
(in sign and magnitude)^ then the tkiee straight lines will meet in 
a point J 

The proof is similar to that of the theorem in the preceding 
Article 

418 PROBLEMS (1) Given three collmeai segments A A', BB' t CC' , 
to find a point at ^hich they all subtend equal angles (Art 109) 

In what case can these angles be light angles? (See Art 
128) 

(2) Grven two protective ranges l^ing on the same straight line, 
to find a point which is harmonically conjugate to a given point on 
the line, with respect to the t\\o self cunespondmg points of the two 
ranges (which last two points 11 e not gnen) 

(3) Gnen t\\o pairs of points lung on a straight line, to detei- 
mine on the line a fifth point t=uch that the itctingle continue! In it 
distances* from the points of the fiibt pan shall be to that cont uned 

* CH \SLES loc at , Vit 386 

f OOwiiibe bmce the triangle^ BOC , COB are imilar, 

BC CB' = OB OC 

bo albo CA AC' = OC OA, 

and AB' BA' = OA OB 

whence by multiplication, pacing attention to the signs of the segments 

BC CA' AW=-C'A B'C AB t 
which shows (Art 139) that A , B' , C are collinear 

$ CHASLES, loc cit , Art 387 

CHASLES, G-eom tup , Art 269 
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(4). 3hroigli a green point to draw a transversal which shall cut 
off firom two gma straight lines two segments (measured from 
a ftx*d potot on each USM) which shall have a given ratio to one 
or, the rectangle contained by which shall be equal to 
ot 

418 It will be a naefol exercise for the student to apply the 
Amy of pole and polar to the ss&zfcon of problems of the first 
aad Moood degree, supposing given a ruler, and a fixed circle and 
Hi ea&trft, "We give sosae examples of problems treated in this 



I* IV dtaw CftrngA a pttvn jxnttf P a straight line parallel to 



pole <? of and the polar p of P (with respect to the given 
cfcraia) arast be found , if A be the point where p is cut by the 
sfaaight lino 0# joining Q to the centre of the circle, then the polar 
of A will be the straight line required 

EL 
hns q 

Draw through P a straight line parallel to OQ, it will be the 
perpendicular required 

HI To Insect a given segment AB 

Let a and 6 be the polars of A and B respectively, and c that 
diameter of the guen circle which passes through ah , if d be the 
harmonic conjugate of c with respect to a and b, the pole of d will be 
the middle point of AB 

IV To fa&ct a given arc MN of a circle 

CoDstiuct the pole S of the chord J/JV , the diameter passing 
through S uill cut J/\ in the middle point of the htter 

"V To bisect a gwn angle 

If fioin a point on the circle parallels be dra^vn to the arms of the 
gmn anjjle UK problem reduces to the preceding one 

\ I Gtnn a */tncnt 1C t) produce it to B so that AB may be 
JouUe of 1C 

Let a mil r be the pohrs of 4. and C respectively, d the diametei 
of the kneu uuk uliuh jis^es through ac, and b the ray which 
mikes the jtiail uUd luruiuim. , the pole of 6 will be the required 
B 

This is the j r 1 km de becti ne detennmata of APOLLONTUS See CHASLES, 
m tvp , Art 281 

t Theae are the problems de t-ectione ratioms ' and ' de sectione spatu ' of 
APOLLOMIS See CHA^LLS Ctt m #up , Arts 296, 298 
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VII. ^To construct the circle w&ove centre is at a g*&* pxmt ffmd 
whose radius is equal to a 0*we sira^kt 2m0 UA 

Produce A U to B, making (7,5 eq^al to AU (by 71), ad &*v 
perpendiculars at ^ and ^ to ^^ (by IT), Bisect the ngfct ^ta fc 
4 and B (by V), and let th* bisecting lines meet m tfaad i> W 
nave then only to construct the conic of which AB and ffl!> ace * p**- 
of conjugate diameters (Art 301) 

420 The following problems* depend for their aotafcaoti on &a 
theorem of Art 376 

I 6^7& ZAree pomts A,B, C on a come and otw foe** P t fe 
consrMc <Ae come 

With centre F and any radius describe a circle K, and let the 
polars of A , B , G with respect to this circle be a , 6 , c respecfciTly 
Describe a circle touching a , 6 , c and take its polar reciprocal with 
respect to K , this will be the conic required. 

Since there can be drawn four circles touching a, b t c (the inscribed 
circle of the triangle abc and the three escribed circles), there are 
four comes which satisfy the problem 

II Given two points A, B on a conic, one tangent t, and a focus F, 
to construct the conic 

Describe a circle K as in the last problem, and let a, 5 be the 
polars of A , B , and T the pole of t, with respect to 3L Draw a circle 
to pass through T and to touch a and 6 , the polar reciprocal of this 
circle with respect to K will be the conic required 

Since four circles can be drawn to pas* through a given point and 
touch two grven straight lines, this problem also admits of four 
solutions 

III Given one point A on a conic, two tangents b , c, and a focus F, 
to construct the conic 

Describe a cncle K as in the last t\*o problems, let a be the polar 
of A, and let B, C be the poles of 6 , c respectively \vith regard to this 
circle Draw a circle to pass thiough B and C and to touch a, its 
polar iccipiocal \\ith i expect to K ^ill be the conic requned 

Since t\vo circles c^n be desciibed thiough two gi\en points to 
touch a gi\en stiaight line, this problem admits of tuo bulutions 

IV Gnen three tanyenU a , I , c to a conic and otu focus F to 
construct the coma 

Desciibe a cncle K as m the list three pioblems, and let -1 , B C 
be the poles of a , b , c lespettnely \\ith legard to this circle Diaw 
the circle thiough A , B , and take its polar reciprocal with re-pect 
to K , this will be the conic required 

This problem cleaily admits of only one solution 
* Solutions of these problems were given by DE LA HIRE (see CHASLES, 
e y p 125), and by NEWTON (Pnncipia, lib L props 19 20, M) 
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If be ftttt osntx* of ibe conic, wad P , JP' and <? , #' the points in 
vhkh the two ooajogate lines respectively cat the fixes, then of the 
two prodrotB OP OP' ad OQ OQ', on will be positive and the 
oiikar iMgaiT Una determines which of the two given axes is the 
<m ypftt*jy*ug the loci If now & circle be circumscribed about 
ti tnt&gia formed by the two given conjugate lines and the non- 

it will cot the footi x at tite foci (Art. 343} 
The following are klb as exercises to the student 

tt axiBB of a aaic in poeatioa, and also a tangent and 
iste pouoi of Esi*cij cafcrttct the foci^ and determine the lengths of 




CHhm the focal axis of a conic, the vertices, and one tangent, 

; the foci (Art 860) 
S Given tbe tangent at the vertex of a parabola, and two other 
ttagenie, find the foe us, (Art 358} 

4. Given the axis of a parahola, and a tangent and its point of 
contact, find the focus (Art 346) 

5 Given the axis and the focus of a parabola, and one tangent, 
construct the parabola by tangents (Arts 346, 349, 358) 

6 The locus of the pole of a given straight line r with respect to 
any come having its foci at two given points is a straight line r' 
perpendicular to r The two bnes r , r' are Inrmonically separated 
hy the t* o foci 

7 The locus of the centre of a cncle touching two given cucles 
consists of two comes having the centres of the gi\ en en cles for foci 

8 The locus of a point whose distance fium t gneu straight line is 
equal to its tangential dibtance from a gi\en ciule consists of two 
parabolas 

9 In a central conic anj focal chord is piopoitioiial to the square 
nf the i>uallel diameter 

10 In i juu iliola tvuce the distance of airv focal choid fiom its 
j It i*> n me in ]iuj>ortional between the chotd ind the parameter 



'"T 

-IT* 



INDEX. 



Affinity, pp 1 8, 19 

Angle of constant magnitude turning 
round its vertex traces out two 
directly equal pencils, 91 
bisection of an, 300 
tnsection of an, 294 
Angles, two, of given magnitude , gene- 
ration of a conic by means of, 297 
Anharmonic ratio defined, 54, 57 
unaltered by projection, 54. 
of a harmonic form is I 57 
cannot have the values + 1, o, or GO , 

62 
of four points or tangents of a conic, 

122 

Anharmomc ratios, the six, 60, 61 
Apollomus, x, xi, xn 

on the parabola, 127, 218 

on the hjperbola, 130, 142 I 6 

158, 286 
on the diameters of a conic, 217, 223, 

230, 232, 234, 235 
on focal properties of a conic, 253, 

258 259 262 
section problems 300 
Are of a conic, detei mi nation of kind 

of conic to which it belongs, 289 
of a circle, tnsection of 294 
of a circle, bisection of, 300 
Asymptote*?, tin & ents> at infinity, 16 1 29 
meet in the centre of the conic 219 
determination of the, given fi\e 

points on the conic, 178, 179 
Auxiliary conic 203 239, 240 

circle of a conic, .60 
Axes of a, conic defined, 2^7, 228 
case f the- j ar tb( la 228 
focal and non focal 2^2 
bi^ectci* of the an le between its 
chords of intersection \\ith any 
cir le, 236 281 

4xes of a conic construction of the, 
given a pan of conjugate diuneters, 
232, 28^ 

given hve pomt, 236 292 
Axis of perspectue 01 homology, 10 
of affinity, ib 
of symmetry 64 

Bellavitis xi, 64, 161 
Bisection of a given segment or angle 
by means of the ruler only, 300 



Bnanchoo, x, n, xn, 1*4, I *$. 
Bnanchon's theorem, n, 124. 
points, the saxty, 136 

Carnot s theorem xi, 379, aStx 
Centre of projection, I, 3. 
of perspective or kotaokgy, 10, u, 

9~8 

of similitude, 18 
of symmetry, 64. 
of an involution, 102 
Centre of a conic the pole of the line at 

infinity, 218 
bisects all chords, 219. 
the point of intersection of the 

asymptotes, 219 
when external and when internal to 

the come, 219. 

locus of given four tangents, 237 
construction of the, given five points, 

220 
construction of the, given five tan 

gents 238 

Ceva, theorem of six segments, in 
Chasles, xi, xn 

on homography, 34. 

method of generating comes 127 

correlative to the theorem * ad qua 

tuor lineas, i -,9 
on the geometric method of false 

po&ition 194. 
solutions of problems of the second 

degree 200 

Cncle cunehoun. logic il \vi ha 14 ic 
generated by the intersection of twr 

duectly equal pencils, 114 
hainionic po nts and tan e ents. of a 

115 116 
fundamental projectue projemeb of 

pointb and tan^entb of a 1 1 -, 
of cur\ ature at a j omt on a conic 

190 
cuttin^ a conic the chords, of inter 

section make equal angles with 

the axes ^36 281 
circum cribing trian e le formed by 

three tangents to a parabola, 
auxiliary of a conic, 260 
Class of a curve 4. 

is equal to the degree of its polar 

reciprocal with regard to a conit 

240 
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Coefficient of homology, 63 
Collmear piojective ranges, 68 

their self corresponding points, 78 

9 1 , 9 2 93 

consti uction for these, 1 70 
Complementary opeiations, 33 
Concentric pencils, 69 

construction for their self-correspond 

ing rays, 169 

Cone, sections of the, 14, 1 8 
Confocal conies, 266 
Congruent figures, 64. 
Conic, homological with a circle, 15, 10 
generated by two projective pencils, 

119 
generated as an envelope from two 

piojective ranges, 120 
determined by five points or five 

tangents, 123 
fundamental projective property of 

points and tangents, 118 
projective ranges of points and series 

of tangents of a, 161 
homological with itself 228, 288 
polar reciprocal of a 240 
homological with a given conic, and 
having its centre at a given point 
249 

confocal with a given conic, and 
passing through a given point 260 
Come, construction of a, having given 
hve points or tangents, I3 1 * *49> *7 6 

179, 180 297 
toui points and the tangent at one 

of them, 1^7 177 
thru poinlM and the tangents at two 

of tin in H9 177 
tbiu t anoints and the points of con 

tait ol two of tluiii 14^ 1 77 
four Un^nta and the point of con 

ta< t ot one of them 146, 177 
four points and a t indent l8o 
four Un^ iits md i point 180 
thn c points and two tangents, 182, 

Unit tangents and two points 182, 



th^Hymptotes and one point or 

tun_int 77 

the tw > t (i <! <>e tangent 204 
thi U%< f<i uid one point 26^ 
out fixiiH and three tangents, 268, 

>OI 

oiu foiurt md three points 301 

, lu f<K H two points and a tangent 

oneloeuH, two tangents and a point, 
a p?ur of conjugate diameters, 229, 

a imir of conjugate diameters in posi 
turn, and two points or tangents, 
291 



a pair of conjugate diameters in posi- 
tion, and a tangent and its point 
of contact, 289 

two pairs of conjugate diameters in 
position, and one point or tan- 
gent, 290, 291 
two reciprocal triangles, 247 
a self conjugate triangle, and a point 

and its polar, 292 
a self conjugate pentagon 293 
three points and the osculating circle 

at one of them 190 
Conic, construction of a, homological 

with itself, 228, 288 
passing through three points and 
determining a known involution 
on a given line, 284 
passing through four points and di- 
viding a given segment harmoni- 
cally, 284. 

passing through four points and 
through a pan of conjugate points 
of a given involution, 285 
Comes osculating, 189 

having a common self conjugate 

triangle, 213, 214 
circumscribing the same quadrangle, 

u;o 214, 2^7 
inscribed in the same quadrilateral, 

150,213,214,237 
Conjugate axis of a hyperbola, 228 
Conjugate diameters defined, 219 
of a circle cut orthogonally, 222 
form an involution, 227 
parallelogram described on a pan as 
ad] icent sides is of constant area, 

sum or difference of squares is con 

stant 235 

construction of, given two pairs, 232 
construction of, given five points on 

the conic, 236 
including a given angle, construction 

of 292 
Gonmgite lines meeting m a point, one 

orthogonal pair can be drawn, 

ortholonal, the involution determined 
by them on an axis of the conic, 



2^1 

orthogonal with respect to a para 
o^ts and lines with regard 



to a come, 204 
involution properties of 209 
Corjugites haimonic, 46 

in an involution, ipi 
Construction of a figure homological 

with a given one, 13 
for the fourth element of a harmonic 

f Jth fouith point of a range whose 
anharmonic ratio is given, 55 



INDEX 



of corresponding elements of 
projective forms, when three 
are given, 70 

T the self corresponding elements 
of two superposed projective forms, 



u- 

for the sixth element of an involu 

toon, 109 
I pairs of elements of an involution, 

mven two, 104 

for the centre of an involution, 109 
&r the double elements of an in 

volution, 169, 175, 295 
for the common pair of two super- 

posed involutions, 173 
for the pole of a line or polar of a 

point, 205, 206 
of a triangle self-conjugate to a conic, 

a 7 * 

of the centre and axes of a conic, 

220 2^6, 238, 283, 292 
of conjugate diameters, 232, 236, 292 
for cbanvters of a parabola, having 

given four tangents, 238 
for the focus of a parabola, given 

four tangents, 254 

for the foci of a conic, given the axes 
and a pair of orthogonal conjugate 
lines, 302 

Copolar and coaxial triangles, 7, 8 
Correlative figures, 26, 8 , 24! 
Curvature, circle of, 190 

Degree of a curve, 4 
is equal to the cHss of its polar reci 
piocal with respect to a conic, 240 
De la Hire, x, xii 

Desargues,ix x, xn, 101 102, 107,148 
Desar^ues theorem, 148 
Descriptive, the term, as distinguished 

fi om meti ical, 50 
Diagonal triangle, of a quadrangle or 

quadrilatei al 30 

common to the complete qnidn 
lateral formed by foui tangents tr 
a conic, and the complete quad 
rangle formed by their points of 
contict, 140 

Diagonals of a complete quadrilateral, 
each is cut harmonically by the 
other two, 46 
their middle points are collinear, 

109 299 

form a triangle self conjugate to any 
conic lubcubed in the quadn 
lateral, 208 

if the extremities of two are conju 
gate points with regaid to a conic 
those of the third aie so too, 245 
Diameters ot a come defined, 217 
of a parabola, 218 
conjugate, 219 
ideal, 223 



of a parabola, construction lor, 

four tangents, 238 
Dimension of a geometric form, 25, 



generated by the motion of a seg- 
ment of constant length, 89. 
Directly equal pencils denned, 90. 
two, the projection of two concentric 

projective pencils, 89. 
two, generate a circle by their inter- 
section, 114. 

subtended at a focus of a conic by 
the points in which a variable 
tangent cuts two fixed ones, 364, 
Director circle, defined, 269 

the locus of the intersection of or- 
thogonal tangents, 269. 
cuts orthogonally the circumscribing 
circle of any self-conjugate tn- 
angle 270 
Directrix, denned, 254. 

property of focus and, 256 
Directrix of a parabola, the 1 
the intersection of orthogoi 
gents, 270 

the locus of the centre of the 
cumscribing circle of a self 
jugate triangle 271 
the locus of the orthocentre of c. 

circumscribing triangle 273 
Division of a given bisected segment 
into n equal parts, by means of 
the ruler only, 97 

Double elements of an involution, 102 
they separate harmonically any pair 

of conjugates, 103 
construction for the, 169 295 
Duality, the principle of 26-32 

Eccentncity 259 

of the polar reciprocal of a circle 
with respect to another circle 274 
Ellipse 1 6 

its centre an internal point 219 
is cut by all its diameters "20 
is symmetrical in figure, 228 
Envelope of connectois of correspond 
nig points of two projective ranges 
is i conic, 120 

if the langes are similar, it is a para- 
bola, 128 

of a straight line the product of 
whose distances from two given 
points is constant, 260 
Fqual ranges and pencils, 86 90 
Equianharmonic forms and figures are 
projtctive, and vice versa, 54,56, 
62,66 
Equilatenl hypeibola, why so called, 

286 
triangles self conjugate with regard 

to a, 271 
inscribed in a quadrilateral, 272 



I 
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Et triangle passes 
through the orthocentre, 287 
IB the polar reciprocal of a conic with 
legard to a point on the director 
circle, 288 
construction of given four tangents, 

272, 288 

Ikiclid porisms of, x, 96 
External and internal points with re 
gard to a conic, 203 

False position, geometrical method of, 

194. 
Focal axH of a conic, 252 

radii of a point on a conic, 253 
radii, their sum or difference is con 

stant, 258 
Foci, denned, 250 
are points such that conjugate lines 

meeting m them cut orthogonally, 

250 
are internal points lying on an axis, 

250 
are the double points of the mvolu 

tion determined on an axis by pairs 

of orthogonal conjugate lines, 251 
of a parabola, one at infinity 253 
of parabolas inscribed in a given 

triangle, locus of, 254. 
properties of, with regard to tangent 

and normal, 259-264 
reciprocation with lespect to the, 

274> ^75 

construction of, under various con- 
ditions, 302 
Focus of a parabola 253 

inscribed in a given triangle, locus 
of, 254 

recipiocal of the curve with regard 

to, 275 
Forms, geometric, denned, 22, 164 

elements of, 23, 164 

prime, of one, two, three dimensions, 
24 

dual generation of, 23, 24, 26 

projective, 31-3** 

harmonic, 39 49 

projectne when in perspective 67 

projective superposed 68 69 

Gaskin 189, 269, 271 
Gergonne, x 

Harmonic forms denned, 39, 40 
forms are projective, 41, 43 
pairs of points nece s irily alternate^ 
conjujiteq, 46 
point or ray construction for the 



Hesse, theorem relating to the ex- 
tremities of the diagonal* of a 
complete quadrilateral, 245 
Hexagon, inscribed in a line pair, 76 
circumscribed to a point pair, 76 
inscribed in a conic, 124 
circumscribed to a conic 124. 
complete contains sixty simple hexa 

gons 125 

Homographic the term, 34. 
figures, construction of, 81 
figures may be placed in homology, 

84 
Homological figures, construction of, 

13-20 

metrical relations between 63-65 
Homology, defined, 9, 10 
in space, 20 
plane of, 20 

coefficient or parameter of, 63 
harmonic, 64, 228, 288 
Homothetic figures, 18 
Hypeibola, tangent properties of a, 

129 130 
and asymptotes cut by a transversal, 

156, 282 

tangent cut off by the asymptotes 
is bisected at the point of contact, 
158 

centre is an external point 219 
is cut by one only of every pair of 

conjugate dumeters, 220 
is symmetrical in figuie, 228 
properties of the asymptotes and 

conjugate points and hues, 277 
equilateral, 285 

Ideal diameters and chords, 223, 226 
Infim t}, points and line at, 5 

line at a tangent to the parabola, 16 
plane at, 21 
Internal and external points with re 

gai d to a conic 203 
Interbection of a conic with a straight 
line, constructions 176, 177 180 
226 

of two conies constructions, 189 
Involution defined, 101 
the two kind< elliptic and hyper- 
bolic, 105, 1 68 
construction for the bixth clement of 

an, 109 
detei mined ty two pairs of conju 

gate*, 104 165 

of points or tangents of a conic 165 
construction for the double elements 

of an, 169, 295 
* *A K tt r\ a pnnir Tw a nencil 



Involution properties of the complete 

quadrangle and quadrilateral, 107 
of a conic and an inscribed or circum 

scribed quadrangle, 148, 225 
of a conic and an inscribed or cir 

cumscribed triangle, 152, 157 
of a conic two tangents, and their 

chord of contact, 154 
of conjugate points and lines with 

regard to a conic 209 

Lambert, ix, an, 96-98 

Latus rectum 257, 258 

Locus of the centre of perspective of 

two figures when one is turned 

round the axis of perspective, 1 2, 98 
of the intersection of corresponding 

rays of two protective pencils is a 

conic, 119 

ad quatuor hneas, 158 
of middle points of parallel chords 

of a conic, 217 
of poles of a straight hue with regard 

to comes mscnbed in a quadri 

lateral, 237 
of the centre of a conic, given four 

tangents, 237 
of foot of perpendicular from the 

focus of a conic on a tangent, 260 
of the intersection of orthogonal 

tangents to a conic, 269 

Maclaurm, xi, 127, 141, 185, 297, 298 
Major and minor axes of an ellipse, 228 
Menelaus, theorem on triangle cut by a 

transversal, 112, 280 
Metrical, the term, distinguished from 

descriptive, 50 

Mobius, theorem on figures in per- 
spective, 12 

on anharmomc ratio, x, 56, 61 
Monge, XH 

Newton, locus of centre of a conic in 

scribed in a quadrilateral, 238 
organic description of a conic, xi, 

2 97 

Nine point circle, 283 
Noiinal, 2^2 

Oppositely equal pencils 90 

they generate an equilateral liypci 

bola by their intei section, 286 
Oppositely equal ranges 88 
Organic de cription of i come, 297 
Orthocentre of a triangle circumbi nbing 
a parabola lies on the direcliix, 273 
nf a tninirle inscribed in an equi 



pair p 

come, 227 
conjugate lines w*^ respeet to i 

conic, 251, 252 
Osculating comes, 189 
circle of a conic, 190 

Pappus, x, xu 
on a hexagon inscribed m a lime 

pair, 76 

ponsms of, 95, 96 
fundamental property of the an 

harmonic ratios, 54 
problem ' ad quatuor hneas, 158 
on the focus and directrix property 

of a conic, 257 
Parabola, touches the line at infinity, 

16 
is determined by four points or tan 

genta, 127 
two fixed tangents are cut propor 

tionally by the other tangents 

128 
generated as an envelope from twc 

similar ranges, 1 28 
diameters of a 218 
construction of tbe diameters, having 

given four tangents, 238 
focal pioperties of the, 253 254 
focus and directrix property 257 
self-conjugate triangle, property of 

271 
inscribed in a tiiangle its directns 

passes through the orthocentre, 

273 

Puabola construction of a, given four 

points, 181 

given four tangents, 135 
given three tangents and a point, 

182 
undei various conditions, 138, 139, 

143 146 
kiveu the axis, the focus, and one 

point 266 
given two tangent , the po nt of con 

tact of one of them, and the 

direction of the axis 278 
^iven two tangents and their points 

of contact, 279 

Paiallel lines meet at infinity 5 
projection, 19 
lines, construction of, with the ruler 

only, 96, 300 
Parallelogiam, in cubed in or circum 

scribed ibout i conic, 219, 221 
described on a pair of conjugate semi 

diameters of a come is of constant 

irea 234 
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harmonic, 40, 43 

m involution, 101 

in involution, orthogonal pair of 

rays of a, 172 
cut by a oomc in pairs of points 

forming* an involution 166 
Pentagon, inscribed in a conic, 136 
circumscribed to a conic, 145 
self conjugate with regard to a conic, 

293 
Perpendiculars, centre of, see Ortho 

centre 
from a focus on tangents to a conic, 

the locus of their feet a circle, 259 
from the foci of a conic on a tangent, 

their product constant, 260 
from any point of the circumscribing 

circle of a triangle to the sides, 

their feet collinear, 261, 299 
construction of, with the ruler only, 

9 r, 300 

Perspective, figures in, 3 
triangles in, 7, 8, 246 
forms in 35 
plane 10 
relief, 20 

Plane of points or lines, 22 
Planes, harmonic, 42 
involution of 101 

Points, harmonic, on a straight line, 40 
harmonic, on a circle, 1 16 
harmonic, on a come, 122, 157 
projective ranges of, on a conic 161 
Polar reciprocal curves and figures, 

240, 241 
of a conic with respect to a come is a 

conic, 240 
of a circle with respect to a circle, 

274 
of a conic with respect to a focus, 

274 275 
of a conic with lespect to a point on 

the director circle, 288 
Polar system, defined, 248 

determined by two triangles in per 

spective, 248 

determined by a self conjugate tri 
angle and a point and its polar, 293 
Pole and polar defined, 201 202 
recipiocal property of, 204 
theory of, applied to the solution of 

problems, 300 

conduction of 205, 206, 248 
Poles, ran^e f projective with the 
pencil formed by their pol irs, 209, 
224 
of a straight line with regard to all 



circumscribed to a come whose ver- 
tices slide on fixed lines, 152, 186 
whose sides pass through fixed points 

and whose vertices lie on fixed 

lines, 184 
Poncelet, ix, x, xii 
on variable polygons inscribed in or 

circumscribed to a conic, 151, 184- 

187 

on ideal chords, 226 
on polar reciprocal figures, 240 
on triangles inscribed in one conic 

and circumscribed about another, 

244. 

Ponsms, of Euclid and Pappus, 95, 96 
of in and circumscribed triangle, 94, 

244. 
of the inscribed and self conjugate 

triangle, 243 

of the circumscribed and self-con- 
jugate triangle, 243 
Power of a point with respect to a 

circle, 58 

Prime forms, the six, 24 
Problems, solved with ruler only, 96-98 
of the second degree, 176-200 
solved by means of the ruler and a 

fixed cncle, 194 300 
solved by polar reciprocation, 301 
Projection, operation of, 2, 22, 164. 
central 3 
orthogonal, 19 
parallel, 19 
of a triad of elements into any other 

given triad 36 
of a quadrangle into any given quad 

rangle, 80 
of a plane figure mto another plane 

figure, 8 1 

Projective forms and figures, 34 
forms, when in perspective, 67 
forms when hazmonic, 69 
ranges, metncil relations of, 62 
foims, construction of, 70-74 
figures, construction of, 81 84 
plane figures can be put mto homo 

logy, 84 
properties of points and tangents of 

a circle, 114-1 17 
properties of points and t ingents of 

a conic, T 1 8- 1 30 
Projectivity of any two forms .47^0 

and A J5 C" 36 

of two forms A BCD ind JiADC 38 
of harmonic forms, 41, 43 
of the anharmomc ratio, 54 
of any two plane qu xdran^les, 80 
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harmonic properties, 39, 47 
involution properties, 107, 225 
inscribed in a conic, 138, 140, 208 

225 

if two pairs of opposite sides are con- 
jugate lines -with regard to a conic, 
the third pair is so too, 246 
Quadrangles having the same diagonal 
points , their eight vertices he on 
a conic or a line-pair, 210 
Quadrilateral, complete, denned, 29 
harmonic properties, 39, 46 
involution properties, 107, 225 
middle points of diagonals are col 

linear, 109, 299 
circumscribed to a come, 142, 208, 

225, 272 
locus of centres of inscribed comes, 

237 

theorem of Hesse relating to the ex- 
tremities of the three diagonals, 
245 

Quadrilaterals having the same dia- 
gonals, their eight sides touch a 
conic or a point pair, 212 

Bange, denned, 22 

harmonic, 40 

Ranges, projective on a conic, 161 
Ratio, of similitude, 18 

harmonic, 57 

anharmomc, 54-62 
Reciprocal figures, 85 

points and lines with regard to a 
conic, 204 

triangles, two, are m perspective, 246 
Reciprocation, polar 241 

with respect to a circle, 274, 275 

applied to solution of problems, 301 
Rectangul ir hyperbola see Equilateral 
Ruler only, pioblems solved with, 96- 

98 

Ruler arid fixed circle, problems solved 
by help of the, 194, 300 

bee tion, operation of, 2, 22, 164 
of a cout, 14, i h 
of a cy limit i 19 
Segment, dividing two given ones hai 

mom tally 58 103 -295 
of constant magnitude sliding along 
a line generates two ilire< tly equ il 
ranges, 8<j 
bisected its division into IL equ il 

parts by aid of the mler only 97 
beginents of a btiaight line, inctiieal 

yl at ltA CTC9 



Self-conjugate triangles with regard t< 

a conic, two, probities of, 2-42* 
Self corresponding elements, defined, 67 
of two superposed projective forms 

68, 69, 78, 91-93* 
general construction for these, 169 
of two coplanar projective figures, 79 
of two projective ranges on or series 

of tangents to a come, 162, 163. 
Sheaf, denned, 22 
Signs, rule of, 51 
Similar ranges and pencils, 86, 87 

128 

and similarly placed figures, 18 
Staudt, vi, vu. 

on the geometric prune-forms, 24 
on the principle of duality, 26 
on harmonic forms, 39 
on the construction of two projective 

figures, 8 1 

on the polar system 248 
on an involution of points on a conic, 

165 
Sterner, vu, x xii 

on the sixty Pascal lines and Brian 

chon points, 125 

on the solution of problems of the 
second degree by means of a rulei 
and a fixed circle, 194 
Superposed geometric forms, 68, 69 
construction of their self correspond 

ing elements 169 

plane figures, if projective, cannoi 
have more than three self corre 
spending elements, 79 
Supplemental chords, 221 
Symmetry, a special case of homology 
64 

Tangents, harmonic of a circle, 116 

117 

harmonic, of a conic, 168 
to a conic, series of projective, 163 

164 

orthogonal, to a conic, 269 
to a conic from a given point , con 

structions, 176, 177 179 226 
common, to two comes , construe 

tions, 190 

letragrim and letrastigm, 29 
lownsend, 200 
Iransveisal, cut by the sides of a tri 

angle 112 
cutting a quadrangle or a quadn 

lateral, 107, 108 
cutting a conic and an inscnbec 

quadi angle, 150 
drawn throuth a point to cut 



Triaagle, inscribed in one triangle and 

circumscribed about another 94 
inscribed m a conic, 143 216 
cireumseiibed to a conic, 144 216 
inscribed or circumscribed, mvolu 

tion properties, 152, 157 
self -conjugate with regard to a conic, 

207 270 
circumscribed to a paiabola 253, 

self conjugate with regard to a para 

bola, 271 
self conjugate with regard to an 

equilateral hyperbola 271 
cut by a conic, Carnot's theorem, 

279 
inscribed in an equilateral hyper 

bola, 287 



Triangles, two, self-conjugate with re- 
gard to a conic , properties of, 242 

inscribed in one come and self-con- 
jugate to another, 243 

en cum scribed to one conic and self- 
conjugate to another, 243 

inscribed in one conic and circum- 
scribed to another, 244 

reciprocal, are in perspective, 246 

formed by two pairs of tangents to a 
conic and their chords of contact, 
298 
Tnsecbion of an arc of a circle, 294 

Vanishing points and lines, 5 

plane, 21 
Vertex of a conic, 228, 256 

circle of curvature at a, 190 
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in Chinese Tin kc stan earned out and described under the orders of H M 
Indian Gox trnment by M AUBEL STEDT Vol I Text, with descriptive ksl 
oi antiques, 78 illustrations in the text, and appendices Vol II 119 collo- 
type and other illustrations and a map 2 vols 4to 5 5s net 

Catalogue Of the Coins in the Indian Museum, Calcutta, including 
the Cabinet of the Asiatic Society of Bengal (Published for the Trustees oJ 
the Indian Museum ) Royal 8vo, with numerous collotype plates Vol I 
by V A SMITH, 30s net, or Part I (Early Foreign Dynasties and Guptas) 
15s net, Part II (Ancient Coins of Indian Types), 6s net, Part III (Persian 
Mediaeval, South Indian, Miscellaneous), 10s 6d net Vol II, by H N 
WEIGHT (the first section of Part II by Sir J BOURDILLON), 30s net (Sultdn* 
of Delhi, Contemporary Dynasties in India) Vol III, by H N WRIGHT 
40s net (Mughal JEmperors) 

Ancient Coptic Churches of Egypt By A j BUTLER. 2w 8vo sos 
A Catalogue of the Cyprus Museum By J L MYRES and 

MAX OHNEFALSCH RICHTER 8vo With eight plates, 7s 6d. net 

A Catalogue of the Sparta Museum ByM N TOD and 

A J B WACE 8vo 10s 6d net 

Catalogue of the Greek Vases in the Ashmolean 

Museum By P GARDNER Small folio, linen, with 26 plates 3 3s net 

The Cults of the Greek States By L R FARNELL 8vo 

Five volumes, 207 plates I-II, 32s net III-IV, 32s net V 18s 6d net 

The Stone and Bronze Ages m Italy and Sicily By 

T E PFEI Hvo, illustrated 16s net 

Classical Archaeology in Schools By P GARDNER and J L 
MYRES 8vo Second edition Is net 

Introduction to Greek Sculpture By L E Urcon o 8vo 4s ed 

Marmora Oxomensia, mscnptiones Graecae ad Chandlen exempla 

editae cur GUL ROBERTA 1791 Crown 8vo 3s 6d 
De AntiqUlS Marmoribus, Blasu Caryophih 1828 7s 6d net 

Fragmenta Herculanensia (Oxford Fragments ) By w SCOIT 

Royal 8vo JLl Is Engravings from the Fragments folio l()s 6d large 




English History . 

Baedae Opera HlStoriCa, edited by C PLUMMEK. Two 
Crown 8vo, leather back. 1 Is net 

User's Life of Alfred, with the Annals of St 

edited by W H STEVEKSON Crown 8vo 12s net 

The Alfred Jewel, an historical essay With illustrations and a map 
by J EARLE Small 4to, buckram. 12s 6cL net 

Two of the Saxon Chronicles Parallel , with supplementary 

extracts from the others A Revised Text, edited by C PLUMMER and 
J EARLE Two volumes Crown 8vo Vol I Text, appendices and 
glossary 10s 6d net VoL II Introduction, notes, and index 10s 6d net 

The Saxon Chronicles (TST-IOOI A D ) Crown 8vo, stiff covers ss 
handbook to the Land-Charters ByJ EARLE. Crown 8vo IGS 

Che Crawford Collection of early Charters and Documents, now in 
the Bodleian Library Edited by A S NAPIER and "W H STEVENSON 
Small 4to, cloth 19s net 

The Chronicle of John of Worcester, nis-iwo Edited by 

J R H WEAVER Crown 4to 7s 6d net 

DialogUS de ScaccariO Edited by A HUGHES, C G CRUMP, and 
C JOHNSON, with introduction and notes 8vo 19s 6d net. 

3 aSS10 et Miracula Beatl Olaill Edited from the Twelfth-century 
MSbyF METCALFE. Small 4to 6s 

''he Song of Lewes Edited from the MS, with introduction and 
notes, by C L KINGSFORD Extra fcap 8vo 5s 

shromcon Galf ndi le Baker de Swynebroke, edited by Sir 

E MAUNDE THOMISON, K C B Small 4to ISs cloth, gilt top .1 Is 

Chronicles Of London Edited with introduction and notes, by 
C L KIN&SFORD 8vo 10s 6d net 

raSCOlgne's Theological DlCtlOliaiy ( Liber Ventatum ) selected 
passages illustrating the condition of Chinch and State 1403-1458 With 
an introduction by J E TIIOROI n Roc EKS Small 4to 10s 6d 

^ortescue s Governance of England A revised text edited 

with introduction etc by C PIUMMFR ^vo leather back 12s 6d net 

tOW\ Survey Of London Edited by C L KINGSFORD 8vo, 9 vols 
with a folding in ip of London in IWM) (by ILMEH\ WALKER and H W CHIBB) 
and other illustrations 50s net 

'he Protests ot tht Loids, from 1624 to 1874, with introduction* 
By J E .TiioKOLi) Ko< i its In thice volumes Svo 




e Clarendon Pres^J>eipe& of Charters,, 
Statutes, etc 

From the earliest tunes to 1307 By Bishop STUBBS 

and other illustrations of English Constitutional History 
Crown 8m 8& 6d. 
F*oa0a U0& to 1695 By G W PBOTHERO 

tstutes sad other Constitutional Documents of 
Leigns of Elizabeth and James I Third edition 

From 132$ to I960 By S R GARDINER 

istitutional Documents of the Puntan Revolu- 

Third edition. Crown 8vo 10s 6d. 

Calendars, etc 

ar 0f Charters and Rolls preserved in the Bodleian Library 
1 11s, 6d. net. 

ar of the Clarendon State Papers preserved m the 

a Library In three volumes 1869-76 

From 1523 to January 1649 8vo 18s net Vol II From 1649 
\&L 8vo 16s net Vol III From 1655 to 1657 8vo 14s net 

t's Principal Navigations (See p 12 ) 

'S * Brief Lives,' set down between the Years 1669 and 1696 
from the Author's MSS by A CLARK Two volumes 8vo 1 5s 

xsk's Memorials (1625-1660) 4vois 8vo iios 

'S Memoirs (1625-1672 ) Ed C H FIRTH 2 vols 8vo 1 16s 
Ts Diary (1678-17U ) Six volumes 8vo 1 10s net 

s History of James II 8vo 9s 6d 

SirM Hale, with tells Life of Dr Hammond Small 8vo. 2s 6d 
rs of James md William Dukes of Hamilton Svo 7s 6d 
5 History of My Own Time A new edition, based OB 
ofM J Ron in by OSMUND AIRY Two vols each 12s 6d net 
)lement, derived from Burnet's Memoirs, Autobiography, etc all 

rto unpublished Edited by H C fcoxcaon 1<>(>2 Bvo 16s net 

ntefooid Papers (1739-1810 ) Kd w A s HEWINS 8vo i^s 6d 
History of Oxford 

tnplcte list of the Publications of the Oxford Historical Society 
( an be obtained from Mr * wowm 

not Materials relating to the History of Oxford , 

(1 in UK print td t italoKues of the Bodleian and College Libraries 

IAIMN Hvo 7s <>d 

rl V ( ) xf 01 d I J reSS A Bibliography of Printing and Publishing 

,rcl 11(>H l>i<> With notes appendices and illustrations By 

^s Svo J^s 




Bishop Stubbs's and 



The Constitutional History of I!*ngfa#el 5 W 

Development. By WSruBBs Library edftSL Tfetee . 

8vo. 2 8s Also in three volumes, crown Svo praee Ife eaek, / 

Seventeen Lectures on the Study of Mediaeval and Modem 
and kindred subjects, 1867-1884. By the same. TbtdedSaci^ise 
enlarged, 1900 Crown 8vo, half-roan. 8s. 6d. 

History of the Norman Conquest of En 



Hesults By B A. FKEEMAN Vols I, II and VC 
out of print 

Vols III and IV 1 Is each VoL VI (Index) 10s. 6d. 

Slxort History of the Norman Conquest of England 

Third edition By the same. Extra fcap 8vo 2s. 6d. 

The Heign Of WlUiam RufuS and the Accession of Henry the 
By the same Two volumes 8vo 1 16s 

School Books 

Companion to Enghsh History (Middle Ages) Edited by F P 
With 97 illustrations Crown 8vo 8s 6d. net 



School History Of England to the death of Victoria, With maps, 
plans, etc By O M EDWARDS, R S RAIT and others Crown 8vo 3s 6d. 

Perspective History Chart By E A G LAMBOHN Ss 64 net 

% 

Oxford Countv Histories 

Crown 8vo, with many illustrations, each Is 6d net (Also m superior 
bindings, 2s 6d net ) 

Berkshire, by E A G LAMBORN 
Dlirliam, by F S EDEN 
Essex, by W H WESTON 
Hampshire, by F CLARKE 
Oxfordshire, by H A LIDDELL 

Others in preparation 



Leeds and its Neighbouihood By \ c PRICE 

Also for junior pupils, illustrated, each Is 

Stories from the History of Berkshire By E A G 
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Special Periods and Biographies 
Ancient Britain and the Invasions of Julius Caesar* B 

T RICE HOLMES 8vo 21s net, 

Life and Times of Alfred the Great, being the Ford Lecture 

for 1901 By C PLUMMEH 8vo 5s net 
The Domesday Boroughs By ADOLPHUS BALLAKD 8vo 6s 6d ne 

Villainage in England Essays in English Mediaeval History B 
P Vrsro&HADOFF 8vo 16s* net 

English Society in the Eleventh Century Essays 

English Mediaeval History By P VnroaRADoiT 8vo 16s net. 

Oxford Studies in Social and Legal History Edited i 

PAUL Viyo&BADoiT 8vo Vol I English Monasteries on the Eve of ti 
Dissolution By ALEXANDER SAVINE Patronage under the Later Empu 
ByF DEZuLUETA 12s 6d net 



The Gild Merchant a contribution to British municipal history 1 
C GB.OSS Two volumes 8vo, leather back, 1 4s 

1C Welsh Wars Of Edward I , a contribution to mediae 
military history By J E Momus 8vo 9s 6d. net. 

The Great Revolt of 1381 ByC OMAN With two maps 8 
8s 6<L net 

Lancaster and York (AD 1399-H85) By Sir J H RAMSAY T 

volumes 8vo, with Index, 1 17s 6d Index separately, Is 6d 

Life and Letters of Thomas Cromwell By R B MERBIM 

In two volumes [VoL I, Life and Letters, 1523-1535 etc Vol II, Lett 
1536-1540 notes, index, etc ] 8vo 18s net 

Edward Hyde, Earl of Clarendon A lecture by c H FI 

8vo Is net 

A History of England, principally in the Seventeenth Century 
L VON RANKE Translated under the superintendence of G W Km 
and C W BOASE Six volumes 8vo 3 3s net Index separately, 1 

Sir Waltei Ralegh, a Biography, by W STEBBING Post 8vo 6s 

Henry Birkhead and the foundation of the Oxford Chair of Po( 
ByJ W MACKAIL 8vo Is net 

Biographical Memoir of Dr William Markham, A 

bishoo of York by Sir CLEMENTS MARKHAM, K C B 8vo 5s net 



Life and Letters of Sir Hepiy Wottoii 

SMITH. 8vo Two volumes @5s vdt 

Great Britain and Hanover By A. w 
History of the Peninsular War ByC 

in six volumes, Svo, with many maps, plans, and portrail 

Already published Vol I 1807-1809, to Corunm 

Talavera. Vol III 1809-10, to Torres Vedras 14s m 

Anglo-Chinese Commerce and Diplomat 

nineteenth century By A J SAKGENT 19s 6d. net. 

Fredenck York Powell, A Life and a select! 
and Occasional Writings By OLIVER ELTON Two vo 
photogravure portraits, facsimiles, etc 21s net 

David Binning MonrO a Short Memoir Bj 
8vo, stiff boards, with portrait 2s net 

F W Maitland Two lectures by A. L SMITH 



European History 

Historical Atlas of Modern Europe (See 

Genealogical Tables illustrative of Modern H 
GEORGE Fourth (1904) edition Oblong 4to, boards 

The Life and Times of Jaines the First < 

F D SWIFT 8vo 12s 6d 

The Renaissance and the Reformation At 

History, 1494-1610 By E M TANNER Crown 8vo, v 

The Fall of the Old Order A textbook O i 

1763-1815 By I L PLUNKET Crown 8vo, with 10 map 

A History of France By G w KHCHIN Cr 

(to 1453), by F F URQUHARI , Vols 11(1624), III (17 
10s 6d each 

De Tocqueville's L'Ancien Regime et 

Edited with introductions and notes by G W HEADLA 

Speeches of the Statesmen and Orators 

Revolution 1789-1795 Ed H MORSE STEPHENS Twovol 

Documents of the French Revolution, 1 

L G WICKHAM LECC Crown Hvo Two volumes 1' 

Napoleonic Statesmanship Germany i 

8vo, with maps 12s 6d net 
BonapartlSm Six lectures by H A L FISHER 




' History and Geography of America 
and the British Colonies 

For other Geographical books, see page 59 

History of the New World called America By B J PAYN*. 

Vol 1 8vo 18s Bk.1 The Discovery Bk. II, Parti Aboriginal America. 
VoL II 8vo 14s. Bk. II, Part II Aboriginal America (concluded) 

A History of Canada, 1763-1812 By Sir c P LTTCAS, K.C M G 

8vo With eight maps 12s 6d. net 

The Canadian War of 1812 By Sir c P LUCAS, K.C M G avo 

With eight maps 19s 6d.net 

The Union Of South Africa BytheHon R.H BBAiro{1909). 
8vo 6s net. 

Historical Geography of the British Colonies By Sir c P 

I^TCAS, K C M G <Jrown 8vo 

Introduction New edition by H E EGERTON 1903 (Ongin and 
growth of the Colonies ) With eight maps 3$ 6d. In cheaper binding, 
Is 6d. 

Vol I The Mediterranean and Eastern Colonies 

With 13 maps Second edition, revised and brought up to date, by 
R E STUBBS 1906 5s 

Vol II The West Indian Colonies With twelve 

maps Second edition, revised and brought up to date, by C ATCHLEY, 
ISO 1905 7s 6d. 

Vol III West Africa Second Edition Revised to the 

end of 1899 by H E EGERTON With five maps 7s 6d 
Vol IV South and East Africa Historical and Geo- 
graphical With eleven maps 9s 6cL 

Also Part I Historical 1898 6s 6d Part II 1903. Geographical 
3s 6cL 

Vol V Canada, Part I 1901 6s Part H, by H E EGERTON 

4s 6d Part III (Geographical) in preparation 

Vol VI Australasia. ByJ D ROGEKS 1907 With 22 maps 

7s 6d Also Part I, Historical, 4s 6d Part II Geographical 3s 6d 

History of the Dominion of Canada. By W P GRESWELT Crown 8vo 7s 6dL 

Geography of the Dominion of Canada and Newfoundland By the same author 

With ten maps 1891 Crown 8vo 6s 

Geography of Africa South of the Zambesi By the same author With maps 
1899 Crown 8vo 7s 6d 

The Claims of the Study of Colonial History upon the 
attention of the University of Oxford An inaugural lecture 

delivered on April 38, 1906, by H E EGERTOJT 8vo, paper covers Is net 
HlStoncal Atlas Europe and her Colonies 27 maps 35s net 

^ 11 r ^ > TVOO^ n tlm fiowrnmpnt of Deoen- 




Rulers of India 



Edited by Sir W W HUSTEK Crorotfvo 3s 

(There is also a special Indian Edition ) 

B&bar ByS LANE-POOLE 

Albuquerque ByH MOESE STEPHENS 

Akbar By Colonel MALLESON 

Aurangzib ByS LANE-POOLE 

Dupleix By Colonel MAIXESO^ 

Lord Clive By Colonel MAIXESON 

Warren Hastings By Captain L J TROTTER 

Maidhava Rdo Sindhia By H G KEENE 

The Marquis of Cornwallis By W S SETON-KARR 

Haidar All and Tipu Sultdn By L B BOWRING 

The Marquis Wellesley, KG By W H HUTTON 

Marquess of Hastings By Major ROSS-OF-BLADENSBTJRG 

Mountstuart Elphmstone By J S COTTON 

Sir Thomas Munro By J BRADSHAW 

Earl Amherst By ANNE T RITCHIE and R EVANS 

Lord William Bentmck By D C BOUTGER 

The Earl of Auckland By Captain L J TROTTER. 

Viscount Hardinge By his son, Viscount HARDINGE 

Ranj it Singh By Sir L GRIFFIN 

The Marquess of Dalhousie By Sir W W HUNTER 

James Thomason By Sir R TEMPI E 

John Russell Colvm By Sir A COLVIN 

Sir Henry Lawrence By Lieut General J J MLEOD 

Clyde and Strathnairn By Major General Sir T BURKE 

Earl Canning By Sir H S CUNNINGHAM 

I ord Lawrence By Sir C AIICHISON 

The Earl of Mavo By Sir W W HUNIER 

Asoka B> V A SMUII Second edition, 1909 3s 6d net 

Sketches Of Rulers of India Abridged from the Rulers of India 
by G D OSWEI i Vol I The Mutiny and After Vol II, The Company s 
Governors Vol III The Governors-General Vol IV The Princes of India 
^ ~ _ o ^ > rt ^^4-^0 K Ai ork f wn vn ] Q 7,, fid ne j. separately each 



aperial Gazetteer of India. New edition, 190$. The 

f*0*fe fe* 96 TOis., elc* 5 nefc, Bawpceo back 6 6s net The 4* vote. 
fcfe Indian BmpSre' separately, doth 6s. net each, morocco back 
&o& Atlas, cloth 15s net, morocco back 17s 6d net , the remaining 
^ doth 4* 4e. i^t, IBOTOCCO back 5 5s net 
r dl Descriptive. 
roLIL Historical 
r oi. Ill Economic, 



Alphabetical Gazetteer 
rL XXV Index, 
Tot XXVI Atlas 
rohmae contains a map of India specially prepared for this Edition 

Reprints from the Imperial Gazetteer 

of the Flora of British India. By Sir JOSEPH HOOKER 8vo Paper 

Is net 
kg* Army A sketch of its History and Organization 8vo Paper 

Is, net 



sf History of the Indian Peoples By Sir w w HUNTER 

*d up to 1908 by W H HUTTON Eighty-ninth thousand. 3s 6d. 

OVemment Of India, being a digest of the Statute Law relating 
o, vith historical introduction and illustrative documents By Sir 
ILBEHT Second edition, 1907 10s 6d net 

iarly History of India from 600 B c to the Mu- 

XOadan Conquest, including the invasion of Alexander the 
By V A SMITH 8vo With maps plans and other illustrations 
d edition revised and enlarged 14-s net 

)xford Student s History of India By v A SMITH 

i 8vo Se< ond Edition With 7 maps and 1 1 other illustrations 2s 6d 

Hglish Fac tones in India By W FOSTER Med 8vo (Published 
the patronage of His Majesty s Secretary of State for India m Council ) 

ree Vols 1618-21, 1622-3, 1624-9 19s 6d net each 
li< RIX previous volumes of Letters received by the East India Company 

from its Servant* in the East (1602-1617) may also be obtained, price 

I JH ea< h \olume ) 

Minutes of the East India Company By E B 

HI K\ Introduction by W FOSIFR Mcd Hvo 13s 6d net each 
to \ols 1(> J5-.JM l()40~4i 

< ( ourt Minutth previous to !*>*,> have been ( alendared in the Calendars 
Stat< Pap* rs l^a?t Indies published by the Public Record Office 

sley S I )esp<ltches, Treaties, and other Papers relating to his 
mm nt of Indm Selection edited by S J OUEN Hvo 1 4s 

I )pstmtches Treaties, and other Papers relating to 




GEOGRAPHY 

Historical Atlas of Modem Europe, *_. _ 

Roman Empire 90 maps, with kttecraess to- eacfe fbeM$ pi 
W &A K JOHNSTON, LtcL, and the Trfwlee&ted by B^Ffetf*. 
In one volume, imperial 4ta, half-Persian, B 16s. &L net; 0s & H 
sets Bntish Empire, etc, at varaoos jpnoes &OBBL 90s. * Sfi*. aefiK 
or in single maps, Is. 6d. net eacb. Prospectus OB * *-- 

The Dawn of Modern Geography. By a B. , _ 

volumes 2 10s net VoL 1 (to A.IX 900> Not eeid flqBfiriMJr* 
(AD 900-1260) 15s net Vol HI 90s. aefe. 
HeglOnS of the World Geographical Meraote wkr He 
editorship of H J MACKDTDER Medium Svo. 7s. cL oefc pan 

Britain and the Bntish Seas Ed. & By BL X 

Central Europe By JOSH PAXKGE 

Nearer East By D G &oe*xm. 
North America By J ROSSRIX. 

India By Sur THOMAS HOLDICH 

The Far East By ARCHIBALD LITTLE 

^Frontiers RomanesI^tiire(l9()7)byIx)rdCuE2NOFKzDLiafr^ 8vo % 
The Face of the Earth By EDUABD SUESS. See p. 92. 

The Oxford Geographies 

The Oxford Geographies By A. J HERBERTSO^ Crown 8vo 

Vol I The Prehminary Geography Ed. 3 it maps a 

diagrams, Is 6d 

Vol II The Junior Geography Ed 2 iw maps ***^ 

grams 2s With Physiographical Introduction 3s With Questions 
Ind Statistical Appendix, 2s 6d (In preparation ) 



n , 

Vol m The Senior Geography Ed s 

diagrams, 2s 6d With Physiographital Introduction, 3s 
Questions and Statistical Appendix 3s 

Physiographical Introduction to vois n and HI is ^ 
Questions^on the Senior Geography By F M KI.K 

with Statistical Appendix byE G R T,,LOH Is 

The Elementaiy s B F D HERBERT.ON 



II in and A.DOUI: our laiem^o *= *-- * . 

VII The BnbBh Isles Is bd Others in preparahon 

Practical Geography By J F UVSTEAB Crovm 8vo Parti 
F S Saps and dmSals ^Part II 21 maps and d.agrams each Is l 

together 2s 6d 

Relations of Geography and History By H B 

With two maps Crown 8vo Fourth edition 4s 6d 

Geography for Schools, by A^H,* o c * 2s M 



Introduction 



Anthropology 

sactions of the Third (1908) International Congress 

the History of Religions Royal 8vo gvols. 25s.net 

LTOpologlCal Essays presented to DWABI> BUBKETT TYLOB. in 
our of his seventy-fifth birthday Imperial 8vo 21s net 

Evolution of Culture, and other Essays, by the late 

it Gen A LANE-FOX Pnr-ErvEBs , edited by J L MYKES, with an 
eduction by H BALFOUR 8vo, with 21 plates, 7s 6d net 

tropology and the ClaSSlCS Six lectures by A. EVANS, 
LAJTG, G G A MURRAY, F B JEVONS, J L MYRES, W W FOWLER 
bed by R E MARETT 8vo Illustrated 6s net 

-Memory By WALTER JOHNSON 8vo Illustrated. 12s 6d.net 

c Folklore Welsh and Manx By J RHYS svois 8vo i is 
tes in the Arthurian Legend By J RHYS 8vo iss ed 

nd and the Faroes By N ANNANDALE With an appendix 
he Celtic Pony, by F H A MARSHALL Crown 8vo 4s 6d net 

DIS' Hindu Manners Translated and edited by H K BEAU- 
MP Third edition Crown 8vo 6s net On India Paper, 7s 6d net 



studies in their Anthropology and Folk-Lore By 

i CODRINGTON 8VO 16s net 

Masai, their Language and Folk-lore By A c HOLUS. 

h introduction by Sir CHARLES ELIOT 8vo Illustrated 14s net 

Nandi, their Language and Folk-lore By A c HOLLIS 

h introduction by Sir CHARLES ELIOT 8vo Illustrated 16s net 



Races Of the Thebaid an anthropometncal study 
\RiHirR THOMSON and D RANDALL-MAC I VER Imperial 4to with 6 collo 
s 6 lithographic charts and many other illustrations 42s net 

Earliest Inhabitants of Abydos (A cramoiogicai study ) 

D RANDALI-MACIVER Portfolio 10s 6d net 
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LAW 

Jurisprudence 
Bentham's Fragment on Government Edited fey F e, 

MONTAGUE 8vo 7s 6<L 

Bentham's Introduction to the Principles of Morals and 

Legislation Second edition Crown Svo, 6s Od. 

Studies in History and Jurisprudence* By the Ragkt H***. 

JAMES BRYCE 1901 Two volumes 8vo 1 5s net. 

The Elements of Jurisprudence By T & HOELAHB. *&& 

edition 1906 8vo 10s 6d 

Elements Of Law, considered with reference to Principles of General 
Jurisprudence. By Sir W MARKBY, K C I E Sixth edition revised, 1905. 
8vo 12s 6d. 

Roman Law 
Imperatons lustimam Institutionum Libn Quattuor, 

with introductions, commentary, and translation, by J B MOYLE. Two 
volumes Svo VoL I (fourth edition, 1903), 16s , VoL II, Translation 
(fourth edition, 1906), 6s 

The Institutes of Justinian, edited as a recension of the Institutes 
of Gaius By T E HOLLAND Second edition Extra fcap Svo 5s 

Select Titles from the Digest of Justinian By T E HOLLAND 

and C L SHADWELL. Svo 14s 

Also, sold in parts in paper covers Part I Introductory Titles 3s. 6d. 
Part II Family Law Is Part III Property Law 2s 6d. Part IV 
Law of Obligations No 1 3s 6d No 2 4s 6d. 

Gai Institutionum Juris Civilis Commentarii Quattuor 

with a translation and commentary by the late E POSTE Fourth edition 
Revised and enlarged by E A WHITTUCK, with an historical introduction 
by A H J GREENIDGE Svo 16s net 

Institutes of Roman Law, by R SOHM Translated by J C 
LEDLIE with an introductory essay by E GRUEBER Third edition 190? 
Svo 16s net 

nfamia , its place in Roman Public and Private Law By A H J 
GREENIDGE Svo 10s 6d 

Legal Procedure in Cicero's Time By A H J GREEVIDOE 

8vo 25s net 

The Roman Law of Damage to Property bemg a commentary 

on the title of the Digest Ad Legem Aquiham (ix 2), with an introduction 
to the study of the Corpus luris Civihs By E GRUEBER Svo 10s bd 

Contract of Sale m the Civil Law By J B MOYLE 8vo ios ed 
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English Law 
Principles of the English Law of Contract, and of Agency 

its relation to Contract By Sir W R. Ajraoeff Twelfth edition 1910, revis 
byM L GWYER 8vo 10s net 

Law and Custom of the Constitution By Su w R AXK 

In two volumes 8vo 

VoL I Parliament Fourth edition 1009 10s ad net 
Vol II The Crown. Third cdi lion Part 1, 1907 10s6d.net Part 
1908 8s 6d net 

Introduction to the History of the Law of Real Propert 

By Sir K E DIGBY Fifth edition 8m 12s 6d. 

Legislative Methods and Forms By &r c P ILKEET, K c s 

1901 8vo 16s 

Modern Laud Law ByE JENKS 8vo ua 

Essay on Possession in the Common Law By sir 

POLLOCK and Sir R S WBIGHT 8vo 8s 6d. 

Outline of the Law of Property By T RAIJS&H 8vo TS e 

Law Ul Daily Life By BUD VON JHEBJNG Translated with Nol 
and Additions by H GOTJDY Crown 8vo 3s 6d. net 

Cases illustrating the Principles of the Law of Tort 

with table of all Cases cited. By F R Y RADCIXPFE and J C MILES 8^ 
1904 12s 6d. net 

The Management of Private Affairs By JOSEPH KM, F T 

BlGHAM, M L GWYER, EDWIN CAXNAN, J S C BRIDGE, A M LATTI 

Crown 8vo 2s 6d net 

Calendar of Charters and Rolls, containing those preserved in t 

Bodleian Library 8vo 1 11s 6d. net 
Handbook to the Land-Charters, and other Saxomc Documen 

By J EAHLE Crown 8vo 16s 

Fortescue's Difference between an Absolute and a Limits 

Monarchy Text revised and edited, with introduction, etc, by 
PLUMMER 8vo, leather back, 12s 6d. net 
Villainage m England By P VINOGRADOFF 8vo 16s net 

Welsh Mediaeval Law the Laws of Howel the Good Te 

translation, etc, by A W WADE EVANS Crown 8vo 8s 6d net 

Constitutional Documents 

Select Charters and other Illustrations of English Constitutional Histoi 
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